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Series Editors’ Foreword 

The series Advances in Industrial Control aims to report and encourage 
technology transfer in control engineering. The rapid development of control 
technology has an impact on all areas of the control discipline. New theory, new 
controllers, actuators, sensors, new industrial processes, computer methods, new 
applications, new philosophies…, new challenges. Much of this development 
work resides in industrial reports, feasibility study papers and the reports of 
advanced collaborative projects. The series offers an opportunity for researchers 
to present an extended exposition of such new work in all aspects of industrial 
control for wider and rapid dissemination. 

In control conferences around the globe, there is much activity today on all 
aspects of control in networks; computer networks, communication networks, 
wireless networks, sensor networks, and so on. Another highly visible topic is 
control in the field of vehicles; automobile control, engine control, control of 
autonomous vehicles on land, at sea and in the air, and cooperative control and 
formation control of convoys, fleets and swarms of autonomous vehicles are all 
areas of current interest. Although such topics are exciting state-of-the-art 
technological developments, it is too easy to overlook the continuing need for 
control engineering to optimize or at least to improve the processes of heavy or 
primary industries. Some of these industries, like energy production and 
petroleum refining, are quite mature users of advanced control technology, but 
others in this economically important category have only recently automated their 
process units and are now ready to exploit the additional benefits that more 
advanced control systems can bring. A case in point is the mining and mineral 
processing industry. Automation of this industry’s processes is widespread but 
the control used is simple, open-loop, or closed-loop using rule-based and 
classical PID control. The process lines are large-scale and mechanically 
vigorous, so the control emphasis is on achieving continuous operation (with as 
little downtime as possible) and efficient extraction performance. However, some 
control engineers are now beginning to realize that it is possible to do better, and 
when the end product is a commodity like gold, copper, zinc, cobalt or another 
valuable mineral, it is easy to see that enhanced extraction performance quickly 
brings an economic return but there are some important communication and 
training barriers to overcome: 
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viii  Series Editors’ Foreword 

• a need for a general awareness in the industry of the benefits that 
more advanced control systems can bring; 

• a need for engineering specialists in the industry to be conversant 
with control concepts and ideas; and 

• a reciprocal need for engineers, researchers and academics from the 
control community and related research groupings to understand the 
processes, the technology, the process objectives, and the technical 
language of the mining and mineral processing industries.  

This Advances in Industrial Control monograph, Advanced Control and 
Supervision of Mineral Processing Plants, edited by Professors René del Villar 
(Canada) and Daniel Sbárbaro (Chile) should be seminal in initiating the dialogue 
needed to understand the measurement and control of processes in the industry. 
The monograph covers the types of process variables to be measured, novel 
measurement methods, the status of industrial control products currently used, the 
objectives of control and what the control community can contribute to enhance 
the performance of mineral processing units. The Editors (who also contribute to 
the book as authors) have brought together a strong international authorial team 
who illuminate vividly the engineering needed for these control system 
developments. 

The monograph comprises seven chapters. The opening Chapter 1 gives the 
reader an introductory overview of the general process structure for mineral 
processing, namely: mining, size reduction, classification, concentration, and 
final product handling leading to transportation or smelting. The next three 
chapters offer a thorough look at the process parameters and the process qualities 
that can be measured, or that the industry would like to measure. Three novel 
state-of-the-art technologies for measurement are described: models and data 
reconciliation, image processing from machine vision, and soft sensors. 
Measurement is followed by process simulation, and in Chapter 5 a MATLAB®-
based library of simulation modules for the units and equipment of the mineral 
processing line is described. This chapter also has case study examples showing 
how the library is used. While the case study of Chapter 5 is a grinding circuit, 
that used in Chapter 6 for an in-depth control study is a flotation column. In this 
chapter there is an interesting table showing 18 previously-published control 
solutions for one aspect of the column control. The methods used were as 
follows: PID (7), MPC (5), fuzzy logic (3), expert system (2) and nonlinear model 
reference (1), but the table also shows that the industrial controllers used in 
practice were either an expert system, fuzzy logic or PID controller. The final 
chapter surveys current industrial control products used in the mineral processing 
industry and these are mainly general process industry control packages used on 
mineral processing applications with just a few products specifically developed 
for the industry.  

The Editors and contributing authors are to be congratulated on producing 
such a useful contribution to the industrial control literature. The monograph will 
be required reading for any control engineer working in the mineral processing 
industry. The chapters are self-contained – state-of-the-art but with good survey 
and historical perspective sections. Other readers likely to enjoy and benefit from 
this book include mineral processing engineering specialists, related process 
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communities, especially those seeking new and challenging topics to apply 
advanced measurement and control methods will also find the monograph an 
inspirational read. This is an exemplary addition to the Advances in Industrial 
Control series. 

 

Industrial Control Centre M.J. Grimble 
Glasgow M.A. Johnson 
Scotland, UK 
2009 

industry engineers and industrial control system engineers. Academics, 
researchers and research students working in the control and process control 
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Preface

In 2008 the idea of writing a book on issues of automatic control of mineral pro-
cesses was suggested by Professor Michael Johnson and discussed between three
Chilean academics working in this field, each belonging to a different University
(Daniel Sbarbaro from Universidad de Concepción, Guillermo Gonzalez from Uni-
versidad de Chile and Aldo Cipriano from Pontificia Universidad Católica de Chile).
During the 12th IFAC International Symposium on automation in Mining, Mineral
and Metal Processing organized by Université Laval in Québec City (August 2007)
the decision to integrate this automation group of researchers was adopted. As such,
four new professors, Daniel Hodouin, René del Villar, André Desbiens and Carl
Duchesne, each contributing with his particular field of expertise, joined the en-
deavor.

This book provides an up-to-date review of modern automation developments at
industrial level, highlighting the main role played by modeling, control theory and
measuring systems in the design and operation of effective supervisory strategies
for mineral processing processes. It describes how to use dynamic models of major
equipments in the design of automatic control, data reconciliation and soft sensing
schemes. Through examples, it illustrates modern design tools for integrating simu-
lation and control system design for comminution (crushing, grinding) circuits and
flotation columns. It fully covers the design of soft sensors based on standard sin-
gle point measurements and those based on more complex measurements, such as
digital images. It surveys the main issues concerning steady-state and dynamic data
reconciliation and their application to the design of instrumentation architectures
and fault diagnosis systems for the mineral processing processes. Considering that
most mineral processing plants have distributed control systems and information
management systems, this book also describes the current platforms and toolkits
available for implementing these advanced data processing and control systems.
Some applications to real mineral processing plants or laboratory/pilot scale set-ups
highlight the benefits obtained with the techniques described in the book.

The book will benefit engineers working in the mineral processing industry by
providing valuable tools and information about the use of modern software plat-
forms and techniques. It is also of interest to senior students of chemical, metallur-

xi
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xii Preface

gical and electrical engineering looking for applications of control technology to
mineral processing plants. Control engineers and academics will find the industrial
application areas for the new control techniques of general interest.

The editors would like to thank the book’s contributors for the work accom-
plished, and the numerous students that, at each extreme of the American continent,
have contributed to the results presented by their professors (naming all of them
would be almost impossible). A special word of thanks is addressed to Prof. Michael
Johnson and Aislinn Bunning from Springer, whose encouragement and technical
support was instrumental to the conclusion of the book.

Québec and Concepción, René del Villar
July 2009 Daniel Sbarbaro
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Canada, e-mail: miguel.maldonado.1@ulaval.ca

Prof. Daniel Sbarbaro
Department of Electrical Engineering Universidad de Concepción, Concepción,
Chile, e-mail: daniel.sbarbaro@udec.cl

xix

www.ATIBOOK.ir



www.ATIBOOK.ir



Chapter 1
Introduction

Daniel Sbarbaro and René del Villar

Abstract A general overview of the processes for extracting and upgrading valuable
minerals is given. A concentration plant is then described in terms of the main pro-
cesses used and process control challenges. The main functions of an automation
system are defined in terms of their use to address these challenges. The benefits
normally obtained through the implementation of these functions are identified, and
a historical perspective of the evolution of automation systems in the mineral indus-
try is highlighted.

1.1 Introduction

Valuable minerals normally locked within the ore body are extracted using different
exploitation methods. These methods are determined by the characteristics of the
mineral deposit and the limits imposed by safety, technology, environmental con-
cerns and economics. Geological conditions such as the dip, shape and strength of
the rocks play a key role in selecting the method. Mining unit operations are the
basic steps to extract the valuable minerals from the deposit. They are grouped into
two main categories: rock breakage and material handling. The first consists of two
basic unit operations: drilling and blasting, whereas material handling encompasses
loading or excavation and haulage (horizontal transport) [1].

Rocks are in general brittle heterogeneous materials; this heterogeneity is caused
by the mineral composition, grain size, grain shape, grain strength, porosity and
micro-cracks from blasting, among other factors. As a consequence, the raw ma-

Daniel Sbarbaro
Department of Electrical Engineering, University of Concepción, Concepción, Chile, e-mail:
daniel.sbarbaro@udec.cl
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2 D. Sbarbaro and R. del Villar

terial extracted from a mine is usually highly variable, which imposes serious and
continuous challenges for downstream engineers.

Rock that can be processed at a profit is called ore. To extract the minerals car-
rying the valuable metal from the ore, a combination of separation operations, typi-
cally known as mineral processing or ore beneficiation is required. The objective of
the mineral processing plant is to increase, in an economically viable manner, the
concentration of valuable minerals so that the subsequent metal extraction process
becomes profitable.

This book will focus on sulfides ore processing, although the same processing
stages can be applied to treat many other minerals. The main operations of a mineral
processing plant are depicted in Figure 1.1 along with the products obtained in each
stage, in terms of the processed mineral.

Mining Size reduction Classification Concentration
Final product

handling

Port

Smelting

Tailings

Figure 1.1 Main operations of a mineral processing plant

Size reduction. Rock fragmentation (comminution) liberates valuable minerals
from the ore matrix (in mineral processing), thereby increasing the surface area for
high reactivity (in hydrometallurgy) and facilitating the particle transport between
unit operations. Comminution is carried out in crushers and grinding mills. Whereas
crushers operate on dry ores, grinding mills mostly work on slurries, which means
that a certain amount of water must be added to the ore before it enters the milling
circuit.

Size separation. Since the comminution processes tend to produce broad size
distribution particles, some might not be the right size for adequate grain libera-
tion, thus requiring further comminution. The separation of adequate-sized particles
(liberated) from still large (locked) particles is done through a size classification pro-
cess. Screens are used for coarse particulate sizing whereas cyclones or mechanical
classifiers are used for fine particles.

Mineral concentration. It is the process of ore enrichment that gets rid of most
of the useless species (gangue) keeping as much as possible of the valuable miner-
als (concentration process). Froth flotation is the most commonly used method for
sulfide separations, whereas gravimetric separation is used for heavy minerals (such
as precious metals, iron oxides, etc.), with magnetic and electrostatic separation for
industrial minerals and iron oxides. In froth flotation, air bubbles are injected into
an agitated pulp. By adjusting some pulp properties (pH, pulp potential (Eh), etc.)
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and/or using adequate reagents, it is possible to render the valuable minerals air-avid
(aerophilic) and the gangue minerals water-avid (aerophobic). This results in sep-
aration by transferring the valuable minerals to the air bubbles which form a froth
floating on the surface of the pulp, from where it is removed as valuable product
(concentrate).

Final product handling. It normally involves two steps:

1. Dewatering processes, by which the solid particles, either in the concentrate or
the tailings streams, are concentrated by elimination of part of the contained
water, which is recovered for re-use. This is normally done by using thickeners,
although in some cases (concentrates) filters and driers might be necessary to
further decrease the water content.

2. Material transport: concentrate is then transported as thicker pulp to the fi-
nal handling facility for further transportation to the port or smelting facilities,
whereas tails are dumped into ponds in an environmentally friendly manner.

1.2 A Concentration Plant

A mineral concentration plant, called a concentrator or simply a mill, comprises
several units where the above-mentioned operations take place, as depicted in Figure
1.2. In this section, a brief description of these unit operations is provided as an
overview of the processes involved in a concentrator and their interactions. Further
description can be found elsewhere [2–9].

1.2.1 Crushing Circuits

This is the first unit operation after the initial fragmentation provided by under-
ground or open-pit blasting. The mechanisms of size reduction are based on the
slow compression of large particles against rigid surfaces. Crushing is performed in
one or more stages with smaller reduction ratios; i.e., the ratio feed top-size to prod-
uct top-size. The first stage (primary crushing) is usually done at the mine, reducing
the size of the blasted ore to a level adequate for direct feeding semi-autogenous
mills or convenient for further crushing, when the grinding mill is of a conventional
type. In addition, screens are used before the crusher to minimize packing the crush-
ing chamber by fines or downstream to separate already final-product size material.
The discharge of the secondary and tertiary crushers, normally on the surface, is
usually classified on a screen to produce an oversize stream which is recirculated
to the tertiary crushers and an undersize product that goes to fine ore bins for feed-
ing the concentrator. This final screening eliminates packing of fines in the tertiary
crusher, reduces the production of finely sized material, and thus helps maximize
circuit throughput.
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1.2.2 Grinding Circuits

The crushed material is then processed by wet grinding circuits. In the case of the
most commonly used equipment (tumbling mills and tower mills) size reduction
is accomplished through a combination of impact, chipping, and abrasion events
caused by energy transferred from grinding media, such as balls, rods or large par-
ticles. The primary grinding stage can be carried out by rod mills, in which the
grinding media consists of iron rods, by autogenous mills, which use large ore parti-
cles, and by semi-autogenous mills, which use a small load of balls. The final stages
of grinding (secondary and rarely tertiary) are normally accomplished by ball mills,
where the grinding media is made of balls or slugs. In a very few cases, ball mills
are also used as a primary grinding stage. The discharge product of the ball mills re-
quires size classification via hydrocyclones or mechanical (rake, spiral) classifiers,
to produce a fine stream (cyclone overflow), which feeds the separation circuit, and
a coarse stream (cyclone underflow) which is sent back to the ball mill for further
grinding (liberation).

1.2.3 Separation Circuits

Only flotation separation processes will be considered in this book. A flotation cir-
cuit is usually composed of various sub-circuits (sections) with each having a spe-
cific objective. Each section is composed of a series of interconnected tank cells or
banks of conventional cells, where flotation takes place. Tailings from the first cell
become the feed of the next cell of the bank and so on; the tailing stream of the
last cell in the bank is sent to a different bank or section for further processing, or
discarded from the circuit (to the tailings pond). Usually, the concentrate stream of
each cell in a bank or section are combined into an overall concentrate, which is then
directed to the next section for further processing, unless it is the final concentrate
of the circuit in which case it is sent to the dewatering stage. Sometimes, regrind-
ing or thickening units exist within the flotation circuit. Regrinding is necessary
when floating two minerals with very different optimal particle size distribution or
when final concentrate grade cannot be achieved because of gangue contamination
in non-liberated particles. Thickeners may be needed to increase the solid content
of slurry. Before the actual flotation process, slurries need to be conditioned in an
agitated tank, called a conditioner, where appropriate chemical reagents are added.
More additions might be needed further down the circuit. Three types of sections
are normally encountered in a separation circuit: rougher, scavenger and cleaner.
The rougher section, the first after the grinding circuit, is fed with the classifier fine
stream, the objective being the recovery of as much valuable material as possible
with some disregard for the product quality (grade). Here, most of the fast floating
valuable minerals are separated by flotation from the slurry and recovered from the
froth of the concentrate. Tailings from the rougher stage are usually exhausted in
the scavenger section, where maximum recovery is the target. The tailings of the
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scavenger section usually become the final circuit tailings, whereas the concentrate
is normally recirculated to the rougher feed for reprocessing. The rougher concen-
trate is processed in one or more cleaner sections (re-cleaners) where an improved
(optimal) concentrate grade is the aim. Since this typically implies getting rid of en-
trained gangue particles, cells having froth-washing capabilities (flotation columns)
are preferred. Columns usually outperform conventional mechanical cells in clean-
ing stages (better product grade) due to their particular froth-washing features and
thus, improved product grade. Whereas flotation columns do not have any mechan-
ical agitator for slurry suspension (air bubbles injected at the bottom keep the parti-
cles in suspension), conventional cells achieve pulp dispersion through agitation by
mechanically driven impellers. These cells employ one of two types of pulp flow and
aeration systems: cell-to-cell flow with adjustable weirs between cells or open-flow
without weirs and air intake via suction resulting from the operation of an impeller.
When dealing with multi-valuable species ores, the processing scheme can be of
two types: selective flotation, where all valuable minerals are separated sequentially
(one at a time in its own circuit, the tailings of the first mineral circuit becoming
the feed for the next mineral circuit, gangue is mostly found in the last circuit tail-
ings), or bulk flotation, where the separation of gangue from the all valuable mineral
is accomplished in a single circuit, whose concentrate (bulk concentrate) is selec-
tively processed in a separate circuit. Bulk flotation is typically used for Cu-Mo
ores, whereas selective flotation is used for Cu-Zn ores.

1.2.4 Dewatering Circuits

Depending on the degree of water elimination required, dewatering circuits can be
composed of one or more of the following processes: thickening (up to 65% solids),
filtration (up to 93% solids) and drying (up to 99% solids). Thickeners are a specific
type of sedimentation equipment which operates continuously, performing a wide
variety of tasks in the mineral industry. Their most common application is the en-
hancing of the solid content of mineral concentrates (for transportation purposes and
in respect of net smelter return contract clauses), as well as recovering water from
flotation tailings (reclaim of the excess of water for process re-use). The objective of
these units is to produce clean overflow water and maximum solid concentration in
the underflow. Flocculants are normally used to agglomerate the solids to increase
the settling rate and improve the overflow clarity. The use of synthetic flocculants
has increased the efficiency of sedimentation rates allowing increased production.
Filtration is used when even smaller amounts of water are permitted (typically the
case of concentrates); filters are then fed by the thickener underflow. Filters typi-
cally operate by passing the mineral slurry through a membrane (cloth, ceramics,
etc.) whose pores retain the solid particles letting the liquid pass through. In some
cases, the solid discharge is continuous (vacuum filters such as belt-, drum- and
disk-filters) and in others the solid is discharged every few minutes (pressure plate-
and-frame filters). Further drying of the solid product (filter cake) can be achieved
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6 D. Sbarbaro and R. del Villar

in rotary driers using a heated (oil or gas) air stream. This operation is rarely used
in base-metal processing. Niobium concentrates are rotary dried whereas graphite
concentrates are filtered on a heated belt-filter.

These unit operations are tightly coupled as is depicted in the generic flowsheet
diagram shown in Figure 1.2.

E

SAG Mills

Pebbles
crusher

Ball mills CyclonesCrusher

Rougher
section

Scavenger
section

Cleaning
section

Regrinding

Thickening
Filtering

Stock

MINE

Final
Tailings

Concentrate

Figure 1.2 Generic concentrator flowsheet and its unit operations

Clearly the operation of this processes chain will be affected by important geo-
logical factors such as those listed in Table 1.1. Unknown and unexpected changes
in these factors could translate into large variations in the main process variables.
The use of any available information about them could be used to reduce their effect
by taking some feed-forward actions. Thus, any improvement in the predictability
of the main disturbances and/or input variables will have an impact on the operation
of the whole process. Currently, there is an increasing interest in obtaining and using
information related to these factors which can be directly used in control strategies.
Some important advances are expected in the next decade.

Besides the effect of the external factors, the effect of the upstream processes on
downstream ones is also very important in this serial process structure. There are
some well-documented examples illustrating this statement. For instance, blasting
and crushing can have a significant impact on SAG mill performance, since their
throughput rate is dependent on the ore hardness and feed size distribution [11, 12].
Hardness is dependent on rock strength and mill feed size is dependent on in situ
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Table 1.1 Geological factors and their effect on metallurgical operations [10]

Geological/mineralogical factor Area of linkage Metallurgical operation

Primary rock type and size distribution Hardness Crushing, Grinding
Ore assemblage and ore formation Solubility, Hardness, Grinding, Flotation

Presence of talc
Alteration Clays, hardness Grinding, S/L separation

Down temperature (Hypogene) Clay, oxidation Flotation
Faulting Clay, presence of talc Grinding, S/L separation

Metamorphism Hardness Flotation

rock structure, rock strength, blast intensity and primary crushing. In the area of
mineral separation, some examples dealing with the coordination of grinding and
flotation stages have also been presented [13, 14].

As pointed out by Hodouin [15] the task of devising a global coordinating strat-
egy has been hampered by a lack of liberation measurement and reliable models.
However, the idea of integrating the operation of all the processes remains the ulti-
mate goal of a mineral processing automation system.

1.3 Main Functions of Automation Systems in Mineral
Processing Plants

The main goal of an automation system is to provide timely information and to take
prompt actions to ensure a safe and stable operation in spite of the external and in-
ternal disturbances affecting the process. In order to accomplish these objectives,
the automation system requires the carrying out of a set of functions, which can be
divided into two categories: basic and advanced functions. The former are funda-
mental functions essential to any automation system for controlling or monitoring a
process. The advanced functions, which require the implementation of the previous
functions, are oriented to the analysis of information and to the higher decision-
making process.

1.3.1 Basic Functions

1. Human-machine interface (HMI). In modern automation systems, operators are
located in a room away from the process. Consequently, the interaction between
the automation system and the operator plays an important role in ensuring an
effective operation. Timely presentation to the operators of relevant information
regarding both normal and abnormal process states is of prime importance for
the success of the automation system, and for its acceptance by them. Compli-
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cated or confusing presentation of any information can lead to serious operational
problems. The displays can take different forms and in general include mimic di-
agrams of the process displaying the status and continuous measurement values.
In many modern installations these displays are supplemented by closed circuit
television cameras, which give an even more enhanced level of plant control.
The operator can override the process through specialized keyboards or pointing
devices such as a mouse or trackballs.

2. Data acquisition and processing. This function processes the data obtained from
the sensors and sends suitable commands to the actuators. Sensors are devices
that obtain information in the form of one or more physical quantities, and con-
vert it into an electrical output signal. They consist of two main basic compo-
nents: (i) a primary measuring element, referred to as a transducer; and (ii) a
transmitter unit, responsible for producing electrical output that has some known
relationship to the physical measurement. Normally, the performed processing
actions are signal filtering, signal sampling and data conversion from raw val-
ues to engineering units. Most of these functions are now performed within the
instrument itself. The advent of more sophisticated sensors, such as visual sen-
sors, has increased the complexity of this function; some related challenges are
described in Chapter 4. The real-time storage of important variables is also car-
ried out by this function. This information can then be used for further process
analysis.

3. Communication. This function deals with communication between the control
system function and other computer systems. In many situations, control actions
need to be supplemented with data located in other systems and communication
between different control or information systems is required. This is also a key
function associated with data acquisition, since all the measurement data can be
digitally transmitted through dedicated fieldbuses such as Foundation fieldbus or
Profibus.

4. Regulatory control. This comprises a combination of discrete and continuous
control functions, which aims at stabilizing the process and keeping its opera-
tion within safe margins for the process, equipment and the workforce.

1.3.2 Advanced Functions

1. Process analysis. This includes tools for modeling and analyzing the process, as
well as incoming flows. These functions can be used to analyze the whole pro-
cess starting with the raw materials through all the process steps down to the end-
products. The operational variables can be analyzed to assess inter-dependencies,
to identify possible improvements based on these findings, and to devise new op-
erational scenarios. In addition, a valuable process tool is signal-characterization
which can reveal how often and by how much disturbances change.

2. Optimization. This function seeks to improve the operational level by taking ac-
tions according to a given performance index. These improvements can be ap-
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plied to a single piece of equipment, a unit operation or a plant section. In gen-
eral, this function is always associated with process analysis functions, since it
requires information concerning relevant constraints and variables affecting the
operational performance. Before implementing this function, it is always advis-
able to perform holistic process analysis, so that improvements throughout the
process can be identified.

3. Fault detection. It aims at promptly detecting failures in the equipment and au-
tomation hardware and/or software. Data reconciliation plays an important role
in implementing fault detection functions.

The relationship between all these functions is depicted in Figure 1.3. As de-
scribed in previous sections, mineral processing plants contain integrated operations
involving multiple processes in which all automation functions are required to oper-
ate in a safe and economical way. The possible benefits offered by the implementa-
tion of these advanced functions can only be achieved if the functional specifications
of the automation system are clearly defined.

TI

2132
FI

4321

PI

2234

LI
2311

Figure 1.3 Functions of an automation system
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1.4 Benefits

The benefits of an automation system can be classified into tangible and intangible
benefits. Tangible ones can easily be assigned a monetary value [16]. Although it is
difficult to assign a monetary value to intangible benefits, they are real and valuable.

Automation systems can be beneficial in many different ways. An assessment of
their impact on a mineral processing plant should consider the following:

Increased production. A throughput increase has a clear monetary value. How-
ever, it must be kept in mind that a production increase in some units must be consis-
tent with the processing capacity of downstream units. For instance, it is not sensible
to produce more flotation concentrate if the filtering plant is not capable of process-
ing it.

Process stability improvements. Process stability in the context of a mineral pro-
cessing plant refers to the capacity of the process to run smoothly and to consistently
meet specifications. These specifications can be imposed by either a downstream
unit or an external customer.

Better use of raw materials. Automation systems help prevent the use of raw
materials that will not contribute directly to the process objectives.

Reduced maintenance and improved safety. A well-implemented automation sys-
tem will increase safety by providing timely information about dangerous situations
(alarms) and taking automatic prompt actions. This means less wear and tear, and
fewer catastrophic failures.

Improved process knowledge. This can be regarded as an intangible benefit if it
is not directly linked to a decision-making process.

Many of these benefits are interrelated. For example, improved process stabil-
ity may reduce downtime, thereby increasing production. A number of examples in
Chapter 6 will illustrate these kinds of benefits and their associated monetary value.
The economic assessment of these benefits can be carried out by standard method-
ologies as described in [17]. It is important to stress that the benefits, arising from
a potential implementation of an advanced automation solution, must be the core of
its functional specification.

1.5 Historical Perspective

The mineral processing industry has been very slow to adopt automation technolo-
gies in contrast to the petrochemical and pulp and paper industries. In the last
decades though, there has been an increased interest in intensifying their use [18].
Figure 1.4 illustrates the main developments since 1960 and the range of their ef-
fects.

During the 1960s, some elementary control systems involving measurements of
solid concentration and pulp level were developed and some control loops were im-
plemented aiming at stabilizing the process operation. In the 1970s, new modern
measurement devices, specifically designed for particulate systems, came into ex-
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istence and mathematical models were developed. The availability of such models
and the increased capability of digital computers provided new impetus for the de-
velopment of control strategies aiming at simultaneously controlling several pieces
of equipment to pursue an overall control objective.

In the 1980s, almost all large- and medium-sized mineral processing plants
worldwide implemented some form of automatic control involving the use of a num-
ber of stabilizing control loops. The technology was a mixture of analog and digital
controllers. During this decade, plants adopted many newly developed sensors to
measure the main process variables, which were processed through distributed con-
trol systems [19, 20].

The 1990s brought a wider industrial acceptance of advanced technologies, for
instance, the use of advanced control strategies based on expert systems applied
to SAG mill circuits. Data management systems were also implemented for col-
lecting and storing operating data from almost all plant-units in a unique database.
The enhanced data availability and the existence of friendlier systems for access-
ing it improved process accountability. In addition, this led to the development of
data reconciliation algorithms and multivariable data analysis techniques for process
monitoring. The use of vision-based sensors for particle size distribution measure-
ment and froth image analysis also extended to almost all medium- and large-size
installations [15].

Finally, since 2000 the industry has witnessed an increase in the number of ac-
tivities using image-based measurements, artificial-intelligence applications to unit
supervision and the use of multivariable non-linear control of flotation systems.

Future developments will likely include an integrated plant operation, coordi-
nating the operation of the different units aimed at increasing the overall benefit
level. The coordination of these units will also have an impact on how the plant is
operated.

Equipment

Unit

Process

Plant

decades

Basic measurements
Analog control loops

Expert systems
Distributed control systems

Real-time Information systems
Data reconciliation
Process monitoring

60’s 70’s 80’s 90’s 00’s

Advanced maesurements
Digital control

60s 70s 80s 90s 00s

Figure 1.4 Evolution of the automation system in mineral processing
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1.6 Synopsis

This book is organized into seven chapters highlighting the central role played by
measuring systems, modeling and control theory in the design of effective supervi-
sory and control strategies for mineral processing plants.

This first chapter has provided a summary of the main processes involved in a
concentrator plant. Their main characteristics have been described along with the
external and internal variables affecting their operation. A set of basic and advanced
functions have been defined to address the challenges imposed by operational prob-
lems. Possible benefits obtained from their implementation have been briefly de-
scribed. Finally, a historical review of developments in automation systems in min-
eral processing plants, emphasizing their technical and economical achievements,
has explored possible future developments. The following chapters present the main
techniques required to implement advanced functions in modern automation sys-
tems.

The second chapter is devoted to the process of data acquisition for the purposes
of process performance audits, diagnosis and supervision, advanced automatic con-
trol, and real-time optimization. This is very important, since control and super-
visory systems rely on data acquired by numerous sensors scattered around in a
very hostile environment. The consistence and availability of this information plays
a key role in building robust systems. Emphasis is put on the constraints of mass
and energy conservation, which are used as a foundation for the design of measure-
ment strategies, the upgrading of measured values by measurement-error filtering
techniques and the estimation of unmeasured process variables. Since key variables
in any mineral processing unit are usually flow rates and solid and/or metal con-
centrations, their reconciliation with the laws of mass conservation is central to
the discussed techniques. Tools are proposed for three different kinds of operat-
ing regimes: steady-state, stationary and dynamic. These reconciliation methods are
based on standard least squares and Kalman filtering techniques. Case studies in-
volving grinding, flotation and leaching processes illustrate the problems of sensor
placement, data reconciliation, fault detection and diagnosis. Strategies for coupling
data reconciliation with real-time optimization and automatic control techniques are
also proposed.

As described in previous chapters an adequate control of mineral processing
plants relies on the availability of on-line sensors. Owing to harsh environments
or operating conditions, sensors may not always be available; mathematical mod-
els can then be used to provide an estimate of the missing measurements. The third
chapter addresses the need for soft sensors and their importance from a technical and
economical point of view. It also presents state-of-the-art technology and possible
future developments. Different classes of soft sensors, soft sensor models and their
design methodologies are presented along with soft sensor management systems
(e.g. monitoring, automatic updating and selection) which attest to the robustness of
their operation. Several examples illustrate their implementation in industrial appli-
cations.
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A new set of sensors based on digital images has been widely applied in min-
eral processing. Owing to the multidimensional nature of the information provided
in the images, they pose new challenges for their integration with automation sys-
tems. Chapter four addresses these issues by first providing a brief description of the
following concepts and/or methods: (i) what a digital image is and what informa-
tion and/or features (color, textural, geometrical) can be extracted and/or quantified
from it; (ii) the multivariate statistical methods used in image analysis, such as prin-
cipal component analysis (PCA) and partial least squares regression, and finally (iii)
current image analysis techniques: multivariable image analysis (MIA), multivari-
ate image regression (MIR), and multi-resolution multivariate image analysis (MR-
MIA). After presenting various concepts and methods, a number of case studies and
applications to the mineral processing industry will be presented: (i) flotation froths:
concentrate grade prediction, froth health monitoring and froth appearance control
based on multivariate projection methods; and (ii) rock classification on conveyor
belts based on lithological compositions or grindability/hardness.

The fifth chapter deals with dynamic modeling, simulation and control of com-
minution circuits (crushing and grinding), the first stage of every mineral processing
plant. Short case studies highlight the use of various techniques in the control of such
circuits.

Since their first commercial application for mineral separation in the early1980s,
flotation columns have become a standard piece of equipment in mineral concentra-
tors particularly for cleaning operations. The sixth chapter presents and discusses the
most recent advances in dynamic modeling, instrumentation and automatic control
of flotation columns. It also examines how current industrial practice could benefit
from recent academic developments in these areas. A particular emphasis is placed
on the development of specific sensors for the continuous monitoring of process
operations and their regulation.

As a result of their success, many of these technological advances have been
marketed. Chapter 7 surveys these successes by reviewing commercial advanced
control systems, new sensors for grinding and flotation and system development
environments for mineral processing plants. It presents solutions based on expert
systems, fuzzy logic and neural networks currently available commercially. Tools
for linear and non-linear modeling, simulation, advanced control, monitoring, diag-
nosis and operator training are also reviewed. The chapter ends with a discussion of
benefits produced by advanced control in mineral processing.
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Chapter 2
Process Observers and Data Reconciliation
Using Mass and Energy Balance Equations

Daniel Hodouin

Abstract This chapter is devoted to data reconciliation for process audit, diagno-
sis, monitoring, modeling, advanced automatic control, and real-time optimization
purposes. The emphasis is put on the constraints of mass and energy conservation,
which are used as a foundation for measurement strategy design, measured value
upgrading by measurement error filtering techniques, and unmeasured process vari-
ables estimation. Since the key variables in a mineral processing unit are usually
flowrates and concentrations, their reconciliation with the laws of mass conserva-
tion is central to the discussed techniques. Tools are proposed for three different
kinds of operating regimes: steady-state, stationary and dynamic. These reconcilia-
tion methods are based on the usual least squares and Kalman filtering techniques.
Short examples involving grinding, flotation, leaching and thermal processes are
presented to illustrate the problems of data reconciliation, sensor placement, fault
detection and diagnosis. Strategies for coupling data reconciliation with real-time
optimization and automatic control techniques are also proposed. A nomenclature
section is included at the end of the chapter

2.1 Introduction

The production goal of a mineral or metallurgical plant (MMP) is ideally to maintain
complex unit operating conditions at values where some plant performance index is
optimized. The performance index could be expressed either by technical factors,
such as the tonnage of valuable material produced, or by the quality of the material
produced (e.g., concentrate grade or metal purity). More globally, since a trade-off
between the productivity, the material quality, and the production costs is required,

Daniel Hodouin
Département de Génie des Mines, de la Métallurgie et des Matériaux, Université Laval,
Québec City, Canada, e-mail: daniel.hodouin@gmn.ulaval.ca
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the performance is frequently expressed as an economical index which embeds all
these aspects. When the operating conditions drift away from the range of optimal
performance, the plant experiences economic losses. The ability of a plant to remain
in the vicinity of its optimum operation is related to real-time decision making pro-
cesses, i.e., to production supervisory systems, real-time optimization systems, and
automatic control strategies. Regardless of the strategy used for maintaining a plant
close to an optimum performance, the variability around the optimum value relies in
the first place upon an efficient evaluation of the performance index–in other words
upon the variance of its estimate. The lower the variance, the better is the plant
performance.

A plant performance index observer uses the available measurements of the pro-
cess variables. Typically, in a metallurgical plant, these variables are overall mate-
rial, phase, and metal flowrates, material chemical compositions, energy flowrates,
temperatures, consumed power, etc. As any other observer, the plant performance
observer simultaneously uses measured values and process models. These models
are required to cope with common data processing problems such as measurement
uncertainties – which are quite large in a metallurgical operation – lack of measure-
ment availability for critical variables (obviously a performance index is usually not
directly measurable), limited knowledge of the process behavior (a difficult prob-
lem, particularly in extractive metallurgy), and information redundancy in the avail-
able measurements and prior process knowledge. As the process model uncertainties
are very large in metallurgical industries, it is common practice to use only con-
straints, i.e., sub-models – in the sense that they are not causal models as assumed
in traditional model-based control and observation. Since the level of confidence in
these sub-models must be high to prevent distorting the data set information con-
tent by uncertain models, the selected constraints are essentially laws of mass and
energy conservation. In the metallurgical, and more generally chemical industries,
these observation methods are called reconciliation methods, in the sense that they
reconcile the measurement data with the laws of mass and/or energy conservation.

Estimation of process states is required for process performance audit, process
modeling, monitoring, supervision, control, and real-time optimization. Whatever
the process scale, laboratory, pilot, or full industrial scale, the first step of state esti-
mation is to collect experimental data. Unfortunately, and this is particularly true at
the industrial scale, measurements are extremely difficult and inaccurate in the met-
allurgical engineering field. Production units treat materials that are multi-phase and
usually contain extremely heterogeneous particulate phases [1]. The data is highly
inaccurate and incomplete, and requires to be improved before being used in the
above mentioned applications. The usual statement “Garbage in, garbage out” is
particularly true in this context, use of poor data leading invariably to poor models,
poor decisions, and improperly designed and operated systems. Therefore, using ad-
ditional information to the experimental data through process prior knowledge leads
to better state estimates. Mathematical models are usually the most efficient way to
encapsulate process behavior knowledge. Unfortunately, in metallurgical processes,
the knowledge is frequently fuzzy and less accurate than in mechanical and chemi-
cal industries.
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Figure 2.1 summarizes the concept under discussion in this chapter. The core of
a data reconciliation procedure is a mathematical algorithm that can be called either
an observer, or an estimator, or a filter. It is an observer in the general sense that it
allows the process state observation, i.e., the observation of the variables upon which
the process behavior and performance are qualified. It is an estimator in the sense
that it estimates numerical values of state variables which may not necessarily be
measured or measurable. It is a filter in the sense that, if a state variable is measured,
it will correct the experimental value of this process state variable. In this chapter the
words observer, estimator and filter, as well as data reconciliation, will be commonly
used, without strict meaning differences. Generically, Y is the measurement vector,
X the state vector, and X̂ its reconciled (or estimated, or filtered, or observed) value.
The constraint equations f (X) = 0, normally a sub-model as mentioned earlier, are
here mainly mass and energy conservation equations. Figure 2.1 presents a steady-
state reconciliation (SSR) procedure, but it will be seen later on that stationary and
dynamic reconciliation methods can also be considered when the process is not
operating in steady-state conditions.
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Figure 2.1 Scheme of a data reconciliation procedure using mass and energy conservation con-
straints

An introductory example. Before going into deeper and more rigorous defini-
tions of the concepts used in data reconciliation, let us give a simple example for
qualitatively introducing the key words used in this chapter. The considered plant
is the flotation unit of Figure 2.2, and the corresponding data is given in Table 2.1:
measured value, measured value standard deviation, as well as reconciled values as
explained in Section 2.8.2.

Feed (stream 1) 

Concentrate (stream 2) 

Tail (stream 3) 

Figure 2.2 A flotation unit

www.ATIBOOK.ir



18 D. Hodouin

Table 2.1 Measured and reconciled values for the flotation unit of Figure 2.2

Process
variable

Flowrates F(t/h) % Cu (100c) % Zn (100z)

Stream Meas.
values

error
s.d.

Reconc.
values

Meas.
values

error
s.d.

Reconc.
values

Meas.
values

error
s.d.

Reconc.
values

Y X̂ Y X̂ Y X̂
Feed 100 1 100.0 2.39 0.05 2.36 8.53 0.19 8.57
Concentrate 0 9.25 23.2 1,11 24.36 7.54 0.34 7.53
Tail 0 90.75 0.12 0,01 0.12 9.65 0.98 8.68

The nine state variables X are the three ore mass flowrates F and the six copper
and zinc mass fractions c and z. The measured process variables are a subset of the
state variables. The measurement vector Y contains the measured values of the ore
feedrate and of the six metal mass fractions. The measurement values are assumed
to give an image of the process steady-state behavior. Hence, the constraints of mass
conservation f (X) = 0 are

F1 −F2 −F3 = 0, (2.1)

F1c1 −F2c2 −F3c3 = 0, (2.2)

F1z1 −F2z2 −F3z3 = 0. (2.3)

Considering this selection of Y and X , the constraints have a bilinear structure. The
information content (measurements + constraints) is said to be redundant since it
contains two unknown state variables (F2 and F3) and three equations. The system
is said to be observable since F2 and F3 could be estimated by resolving Equations
2.1 and 2.2 or 2.1 and 2.3. The first case leads to

F2 = 9.83t/h ; F3 = 90.17t/h
and the second one to

F2 = 53.1t/h ; F3 = 47.9t/h.
The conflict between these two possible solutions explains why there is a need

for reconciling the measurements with the constraint equations. Eliminating unmea-
sured process states from Equations 2.1 to 2.3 gives

c1z3 − c1z2 + c2z1 − c2z3 − c3z1 + c2z2 = 0. (2.4)

This equation is called a redundancy equation because it contains only measured
quantities. Since there is only one redundancy equation in this case, the redundancy
degree of the system is 1. In (2.4), the substitution of the process variables by their
measured values gives a value different from zero (2.1×10−3) because of the con-
flict existing between constraints and measurements. This residual variable gener-
ates the parity space of the system. When using reconciled values, Equation 2.4 is
exactly verified, as obviously are also the constraints (2.1) to (2.3). The application
of a reconciliation procedure to this system generates the following advantages:
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• Unmeasured process variables F2 and F3 are estimated.
• Process variable measured values are corrected.
• Reconciled values are consistent with the law of mass conservation.
• Plant performance, such as copper recovery, calculated with reconciled data be-

comes independent of the calculation path (using copper data to estimate the
flowrates gives a recovery of 95.4%, and, using zinc data, gives an absurd value
of 515%, whereas the reconciled value gives 95.9%). Furthermore results are
more accurate than values calculated by any other methods.

• Models that are subsequently estimated from reconciled data (for instance flota-
tion kinetic models) are much more reliable.

• Decisions made from reconciled data are necessarily more efficient than deci-
sions made from raw data.

Reconciliation of mass and energy balance with raw data is a technique which
has been known for a long time in mineral processing (see, for instance, [2–4]), but
it was already mentioned in chemical engineering as early as 1961 [5]. Crowe wrote
a good survey paper in 1996 [6], but the first organized books addressing the chem-
ical process reconciliation topic appeared only at the end of the 20th century [7, 8].
However, the contributions of the MMP community to the field of data reconcilia-
tion is mentioned only in the first one. Off-line reconciliation methods for steady-
state processes are now quite mature and various computer packages are available.
For example, in the MMP field, although they are not at all limited to these appli-
cations, one can mention: Bilmat™ and Metallurgical Accountan™1 (Algosys) [9],
Bilco™ and Inventeo™2 (Caspeo) [10], JKMultibal™ 3(JKTech) [11], Movazen™
(Banisi) [12] and more chemical process oriented: Sigmafine™4 (OSIsoft) [13],
Datacon (IPS)[14], Advisor™5 (AspenTech) [15], and VALI™ 6(Belsim) [16].

The most usual reconciliation techniques are based on the minimization of
quadratic criteria, therefore assuming that uncertainties mainly belong to Gaussian
distributions. This chapter focuses only on this type of approach. However, alter-
native reconciliation methods based on artificial neural networks have also been
proposed. But those do not offer either the same rigorous statistical and physical
background or the same result reliability analytical evaluation tools as in the ap-
proach presented here (see, for instance, [17–20]). Linear matrix inequality (LMI)
methods have also been proposed by Mandel et al. [21].

Steady-state methods are applied off-line to mineral processes such as com-
minution [22, 23], flotation [59], gold extraction [25–28], hydrometallurgy [29] and
[30], pyrometallurgy [31–33], and cement preparation [34]. On-line applications to
steady-state processes are actively used, while stationary-state methods that make a

1 Bilmat and Metallurgical Accountant are registered trademarks of Algosys, www.algosys.com
2 Bilco and Inventeo are registered trademarks of Caspeo, www.caspeo.net
3 JKMultibal is a registered trademark of JKTech, www.jktech.com.au
4 Sigmafine is a registered trademark of OSIsoft, www.osisoft.com
5 Advisor is a registered trademark of AspenTech, www.aspentech.com
6 VALI is a registered trademark of Belsim, 174k rue De Bruxelles, 4340 Awans, Belgium,
www.belsim.com
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trade-off between model uncertainties and measurement errors are well developed
but still not frequently used [24, 35]. Dynamic methods have been proposed and are
being developed [36–40], but applications of those are not documented.

Other topics are related to data reconciliation, such as sampling error and recon-
ciliation criterion weighting factor evaluation [41, 79, 96], reconciled value accuracy
evaluation [44], use of reconciled values to calculate and display plant performance
indices, such as concentrate grade and recovery. Owing to their better reliability,
these indices may improve manual or automatic process performance optimization
[45, 46]. Coupling of dynamic reconciliation with control has also been investigated
[47, 48], as well as gross error detection, fault isolation and diagnosis [49, 50]. Fi-
nally, instrumentation design can be performed on the basis of data reconciliation
methods used as process observers [51, 52].

The chapter includes the following parts. Section 2.2 begins with definitions of
plant process variables and operating regimes that may be considered in reconcil-
iation methods. Then, in Section 2.3, mass and energy conservation equations are
written for different plant operating modes. As is the case for all the sections of this
chapter, strong emphasis is placed on mass balance problems, rather than on energy.
Then, since the basic incentive for reconciling data is the presence of measurement
errors, Section 2.4 covers measurement problems, while Section 2.5 presents the
observation equations. Section 2.6 introduces the general principles of data recon-
ciliation algorithms based on least-squares procedures, while Section 2.7 gives the
steady-state and stationary operating regime solutions for the linear constraints case.
Section 2.8 briefly discusses the non-linear reconciliation cases. Section 2.9 is de-
voted to the reliability of reconciled data analysis. Section 2.10 presents some rec-
onciliation methods for plants operating in the dynamic regime, while Section 2.11
briefly addresses the issue of how reconciliation methods can help to improve met-
allurgical plant instrumentation design strategies. Section 2.12 explores how mass
and energy conservation constraints can also be used for detecting abnormal pro-
cess behaviors or measurement problems. Finally Section 2.13 makes way for the
integration of reconciliation techniques into optimization or control loops.

2.2 Process Variables and Operating Regimes

Variables involved in mineral processing units characterize process states relatively
to material quantities (extensive properties) or qualities (intensive properties). Mass
or volume flowrates and hold-ups of solid, liquid, slurry and gas phases (or of given
species within these phases) belong to the first category, as well as other related
variables such as levels and flowrates. The second category frequently includes the
following variables:

• concentrations of chemical species or minerals in solid, liquid and gaseous
phases;

• solid percentage in slurries;
• particle size and density distributions;
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• concentrations of chemical species or minerals in particle size or density classes;
• pressures, temperatures.

Process variables may or may not be directly measured by sensors or analyti-
cal devices. For instance, ore flowrates may be obtained through the information
given by a slurry volume flowmeter, a density gauge, and ore specific gravity mea-
surement. Metal flowrates are other examples of process variables that are obtained
through a combination of measurements (flowrates and concentrations).

There is no unique way to select the set of variables X that characterize process
states. The structure of the models and constraints describing a process behavior
depends upon variable selection. This will have an impact on the observation or
data reconciliation method, although the resulting values of reconciled states should
not rest upon the problem formulation, if consistent information processing methods
are used. Similarly, the measured values Y of the Z process variables used as input
to the reconciliation procedure may or may not be raw measurements of the process
states X . Furthermore, they can be obtained by combining several sources of raw
measurements. The structure of the database Y and of its uncertainties may have
a significant impact on the reconciliation method and sometimes on the reconciled
results.

The variation of the process states X as a function of time depends on the intrinsic
dynamics of the process, on the variations of the operating conditions applied to the
process, and on the disturbance dynamics. The process operating regimes can be
classified into six types:

• the steady-state regime, when all the process input and state variables are con-
stant;

• the stationary regime, when the process dynamics are limited to random varia-
tions around a steady-state regime;

• the transient regime, where the process evolves from one steady-state to another
one;

• the quasi-stationary regime, which corresponds to stationary random variations
around persistent mean value changes;

• the cyclic regime, when the process operates cycles of production, such as in
the carbon-in-pulp process where the carbon transfer is cyclic, or in smelting
processes where the material is cyclically cast;

• the batch regime, when the states evolved according to a trajectory from an initial
state to a final state.

Figure 2.3 illustrates process state variations for four different operating regimes.
Local stochastic state variations are mainly due to input disturbances (ore grade vari-
ations for instance), while the trends are mainly the results of deterministic changes
of the manipulated variables. Since in real processes it is impossible to maintain
strictly constant conditions, the steady-state regime corresponds to virtual operating
conditions.

The statistical properties of any stationary process variable, a scalar or a vector
x (either input disturbances and/or process states and/or process outputs), can be
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Figure 2.3 Typical variations of process variables for various operating conditions

described by the usual statistical features: the mean μx, the variance Vx(0) and the
autocovariance Vx(k) (or autocorrelation ρ(k) if normalized by the variance):

E(x) = μx;
E((x(t)− μx)(x(t − k)− μx)

T ) = Vx(k).
(2.5)

The nature of the reconciliation procedure to be applied to filter industrial data
must be adapted to the operating regime that was prevailing during data gathering,
and to the measurement strategy then applied. There is no systematic method to
decide whether a steady-state, stationary or dynamic filter must be applied, but some
hints can be helpful. Some of the conditions for the application of a steady-state
observer are:

• The process deviation from a theoretical steady-state is of low magnitude com-
pared with measurement error amplitudes (variance matrix V ). In other words,
the diagonal terms of V are large in comparison with the diagonal terms of Vx(0).

• The process deviation from a theoretical steady-state is significant with respect
to the measurement errors, but the dynamic variations are produced by stationary
disturbances of high frequency spectra in comparison with the natural process
dynamics – in other words, the process variable autocorrelogram time widths
are small in comparison with the width of the cross-correlation between process
inputs and outputs. However, instantaneous measurements data set could be pro-
cessed by the steady-state method providing that the high frequency disturbance
variances are added to the measurement error variances.
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• The process is operating in a stationary regime while the frequency of the varia-
tions around the steady-state is of the same range as the process natural dynamics
and of significant amplitude. The steady-state method could be applied to aver-
aged measurements in a time window sufficiently large to significantly dampen
the dynamics of the variations around the steady-state values. The time window
must be at least two times larger than the process time constants. Measurement
variances should be augmented to take account of the residual dynamics of the
variations around the steady-sate values.

Obviously, stationary methods could be applied to instantaneous measurements
when the process is stationary, i.e., when the process is not operating during sig-
nificant changes of the underlying steady-state values. In other words, the process
must be sampled at a time sufficiently far from a deterministic change of the average
operating conditions. When the process is clearly in a transient regime or cyclic or
batch, a dynamic reconciliation method should be used to take account of the lags
occurring between the various process states.

2.3 Models and Constraints

The component stream networks, where the material components (or enthalpy) are
flowing through the industrial unit, are described as oriented graphs, made of p
branches representing streams, and nn nodes representing accumulation equipments.
In the following, emphasis is placed on mass balance to alleviate the presentation.
Energy balance equations have the same structure as mass balance equations, en-
thalpy (or heat) being added to the list of the n + 1 components (including total
mass) that must be conserved. Since reconciliation techniques are quite similar
when energy balances are considered, there is no need to repeat the expression
“mass and/or energy balance” throughout the text. The selected components used
for writing balance equations can be either phases, or species as minerals, metals,
atoms, molecules, ions, or classes of physical properties (size, density), and en-
thalpy. Each component may have its own network characterized by an incidence
matrix Mi, whose entries 1, −1, and 0 represent either a node input, or output, or a
not connected stream. The process states used to write the mass conservation con-
straints are usually mass flowrates and mass fractions, therefore leading to bilinear
equations. When considering component flowrates – instead of total flowrates and
component mass fractions – the state equations can be kept linear. This case will be
considered first.

2.3.1 The Dynamic Linear Mass Balance Equation

The dynamic mass conservation equations for any i component (including phases,
species, properties and the total material flowing in the various streams) are
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dmi

dt
= Mi fi + Pi− εi, for i = 0 to n + 1, (2.6)

where mi is the component i mass vector (including the total mass) accumulated
at the network nodes, fi the stream mass flowrate vector, Pi the component i pro-
duction rate vector at the various nodes (for the total material P0 = 0), and finally
εi an uncertainty vector providing for structural errors such as forgotten secondary
streams or intermittent streams, or errors in the production rates evaluation.

Usually rates of production are unknown and cannot be measured independently
from other states. There are three possible situations:

1. the component i is transformed, and the conservation equation must not be writ-
ten at the corresponding node;

2. the transformation is of very low magnitude and is simply incorporated into εi:

dmi

dt
= Mi fi − εi, for i = 0 to n; (2.7)

3. the component i is not transformed at a given node, and Pi = 0. Therefore, in the
absence of structural uncertainties, this leads to the exact dynamic conservation
constraint:

dmi

dt
= Mi fi, for i = 0 to n. (2.8)

Defining the state vector as xi = (mT
i , f T

i )T , Equation 2.8 can be written in the
generic form:

Ei
dxi

dt
= Dixi, for i = 0 to n + 1. (2.9)

Rather than a model allowing process simulation, this is a singular model, i.e., a
set of constraints linking the state variables. Its discrete version is

Eixi(t + 1) = Fixi(t), for i = 0 to n + 1. (2.10)

Example. In a complex ore comminution or separation plant, the conservation con-
straints could, for instance, be written for the following components: slurry, water,
ore, copper, lead, zinc, gold, particle size classes, and gold in particle size classes.
If ten size classes are defined, the number of component conservation equations is
27 (n + 1 = 27). As will be discussed in Section 2.3.5, the component definition
selected here will create additional constraints since, among others, the gold species
is selected at two different levels of the mass balance equations.

2.3.2 The Linear Stationary and Steady-state Cases

When the process is in a stationary operating regime, i.e., a regime randomly fluc-
tuating around a steady-state, the rate of accumulation dmi/dt can be omitted and
incorporated into the uncertainties εi:
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Mi fi = εi, for i = 0 to n + 1, (2.11)

where εi is interpreted as a stochastic term containing the neglected accumulation
rate, production rate and structural uncertainties. When the process is strictly op-
erating in a stationary mode, as defined in Section 2.2, εi can be interpreted as a
stationary random signal with the following statistical properties deduced from the
statistical variations of the component flowrates that are usually assumed to behave
as normal random variables. If Vf is the covariance matrix of f , the stacked fi vec-
tors, then the stacked vector ε of the εis has the following properties:

ε ∼ N(0,Vε), with Vε = MVf MT , (2.12)

where M is the block diagonal matrix of the Mis.
The steady-state case is then a particular case of the stationary equations, when

Vε has a zero value.

2.3.3 The Bilinear Case

Instead of using, as state variables, the component flowrates (including the total
mass flowrate), one can use the total mass flowrates and the phase or species mass
fractions. Obviously the models are strictly identical, but the selection of these more
usual variables changes the structure of the equations with respect to the state vari-
ables. For the total mass conservation, the equations are now

dm0

dt
= M0 f0 − ε0, (2.13)

where M0 is the total mass incidence matrix. For the phases or species mass fractions
ci in the streams, and hi in the node loads, the equations are

dm0 • hi

dt
= Mi( f0 • ci)+ Pi− εi, for i = 0 to n, (2.14)

where • is Hadamard’s product. One can also incorporate Equation 2.13 into (2.14)
which becomes

m0 • dhi

dt
= Mi( f0 • ci)−hi • (M0 f0 − ε0)+ Pi− εi for i = 0 to n. (2.15)

Dynamic equations similar to (2.7) and (2.8) can also be obtained. More particu-
larly the stationary case becomes

M0 f0 = ε0, (2.16)

Mi( f0 • ci) = εi, for i = 1 to n, (2.17)
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where it is clear that these equations contain flowrates and mass fractions cross-
products, thus giving a bilinear to the equation set.
Example. For the same example as in Section 2.3.1, f0 would be the ore flowrate, and
ci would correspond to copper, lead, zinc, gold and the 10 size class mass fractions.
To keep the bilinear structure, it is necessary, in this particular case, to ignore the
data levels corresponding to slurry and gold content in size classes.

2.3.4 Multi-linear Constraints

Process measurements usually concern flowrates and material compositions. In that
case, process states are defined with two levels of properties as depicted in the bi-
linear case above. Unfortunately, when the performances of a mineral or metallurgi-
cal processing plant must be deeply assessed, more than two levels of material prop-
erties need to be handled [53]. Material streams may contain various phases (ore,
carbon, aqueous, organic, and gas phases) which are characterized by many prop-
erties such as flowrates, particle density and size distributions, as well as mineral
and chemical compositions of each phase and particle class. The mass conservation
equations complexity can rapidly increase with the level of detail needed for process
analysis.
Example. Gold ore processing plants involve different phases (slurry, water, carbon
and ore) that are characterized by various properties (size distributions, along with
chemical and mineral compositions), as well as mineral and chemical compositions
of ore and carbon size classes. Only a few studies on data reconciliation in the
gold ore processing industry are available [25–27],[54]. Figure 2.4 shows a possible
multi-level representation of the stream materials. First, the slurry phase is divided
into liquid, ore and carbon phases. Then, each phase is subdivided into its specific
components:

• the liquid phase into chemical reagents (CN−, O2) and leached species (Au, Ag,
Cu);

• the ore phase into populations of particles (such as coarse and fine) which are
subsequently split into classes of particles (such as −38μm, +38/− 53μm,
+53/− 75μm), each particle size class being characterized by its mineral (na-
tive gold, pyrite, hematite) content, and, subsequently, the mineral metal contents
(Au, Ag, Cu);

• the carbon phase into size classes, each class being characterized by its metal
content.

In such a complex system with six different levels of information, the mass con-
servation system becomes 6-linear. In addition, various components are simultane-
ously considered at various levels, thus creating a complex set of additional con-
straints that are necessary to ensure gold conservation is consistent between the
different levels. This case study is discussed in [28], and the next section gives some
more information on the additional constraints that are usual in MMP plants.
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Figure 2.4 Multi-level representation of stream matter for a generic gold ore processing plant

2.3.5 Additional Constraints

In addition to the above basic mass conservation constraints, one may have to add
equations that represent either additional structural constraints, or stoichiometric
constraints, or process behavior modeling assumptions (mass or energy transfer and
rate equations). In the first case, the most frequent constraint arises when an ex-
haustive species analysis is available. Then the species mass fractions must sum to
1,

∑
i

ci = 1 (2.18)

for i values corresponding to exhaustive analyses. Alternatively, the constraint may
be expressed by writing that the sum of some component flowrates must be equal to
the total flowrate:

f0 = ∑
i

fi. (2.19)

In the above example, these constraints are valid for carbon, water and ore com-
ponents, and also for particle size classes.

A stoichiometric constraint may arise for instance when minerals are assumed
to have fixed composition, such as FeS2 or CuFeS2. When both sulfides are present
and are the only sulfur, copper, and iron carriers, there is a relationship between
sulfur, copper, and iron contents that must be verified. Another possible constraint
arises when there are stream splitting systems where an equal share of the streams is
assumed. Another possibility is that a species production rate has a prior estimated
value that must be obeyed with some level of uncertainty.

Other constraints may arise in multi-phase systems, when a species transfers
from one phase to another one. This is obviously the case in leaching, elution, ad-
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sorption and solvent extraction processes when a metal transfers from a solid to a
liquid phase or from a liquid phase to another one.

When the same species is analyzed at two different levels, for instance in ore and
particle size classes, the species content in the ore must be simultaneously consistent
with particle size distribution and species assays in size classes. The example of
Section 2.3.1 shows a case study for gold, while Hodouin and Vaz Coelho [53]
show another example for processing of a uranium ore. In the example of Section
2.3.4 there are many such additional constraints.

Also, when chemical equilibrium between phases is assumed, the thermodynamic
equilibrium conditions must be satisfied [29]. Finally, inequality constraints may
also be in force. For instance, species mass fractions must have values between 0
and 1, and flowrates must be positive.

2.3.6 Summary of Stationary Conservation Equations

Equations 2.11 or 2.16 and 2.17 coupled to specific additional constraints can be
gathered into the following form:

f (X) = ε, (2.20)

where X is a vector which gathers all the nX state variables and f the q conservation
equations. In the linear case all the equations are gathered into

MX = ε, (2.21)

where M is a matrix of coefficients containing blocks such as M0 and Mi and pos-
sibly other terms depending upon the additional constraints. It may happen that
constant terms are also present in the constraints; Equation 2.21 would then become

MX = K + ε. (2.22)

To simplify the presentation, this case will not be covered in the following devel-
opments. If this is required, the modification of the formulae to take account of K
would not be complex.

2.4 Sensors, Measurement Errors and Observation Equations

Measurement errors play a central role in data reconciliation, since one important
feature of the technique is to correct data that is contaminated by measurement in-
accuracies. This section proposes a description of the statistical properties of mea-
surement errors, with some emphasis on particulate material sampling and analysis.
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2.4.1 Statistical Properties of Measurements and Measurement
Errors

The measurement error statistical properties, as well as the methods used to process
them, depend upon the category they belong to. Measurements can be classified into
the following categories:

• On-line or off-line measurement. For instance, flowmeters or density gauges are
on-line while chemical or physical analysis of a sample in a laboratory is off-
line. Automatic sampling followed by centralized X-ray fluorescence analysis is
considered an on-line analysis.

• Measurement either on part of the material, for instance, chemical analysis of
an ore sample, or on the whole material, as performed by a flowmeter installed
around a pipe.

• Continuous or discrete measurement. A flowmeter or a particle size analyzer
delivers a continuous signal, while the analysis of a sample of material taken at
constant time intervals is delivered at a given frequency.

• Averaged measurement value or instantaneous measurement. The reading of a
flowmeter can be averaged in a given time window, or a sample made of com-
posite increments can be analyzed for its physical or chemical properties. On the
contrary a sampled flowmeter signal gives an instantaneous value.

• For discrete measurements, averaged or instantaneous samples can be taken at
constant time periods (systematic sampling), or randomly (random sampling), or
randomly within constant time intervals (stratified sampling).

Moreover, one can distinguish three main types of measurement errors that must
be processed differently by the process observers:

• Systematic errors, or biases, are the consequences of sensor calibration drifts,
interaction effects – such as the interaction of foreign chemical elements on the
analyzed species – or biases in sampling procedures.

• Random centered errors. They results from many independent sources of noise
due to the heterogeneous nature of the material to be analyzed and to the inherent
fluctuations of the analytical devices. They have a zero mean value and are usu-
ally considered as obeying normal distributions, unless the error variance is large
compared with the nominal value of the process variable, in which case the nor-
mal distribution might mean that a process variable could have negative values,
an unacceptable property for inherently positive variables such as concentrations
or flowrates.

• Accidental gross errors, due, for instance, to contamination of samples, tagging
mistakes, transmission faults.

For correct use of measurements, systematic errors must be detected, corrected,
and their sources eliminated, for instance by maintenance and calibration of sen-
sors, or by redesigning sampling procedures. Accidental gross errors must also be
detected, using fault detection and isolation (FDI) techniques, and the corresponding
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data eliminated or replaced by interpolation techniques. Random errors are filtered
by observers.

The quality of a measured value is characterized by its accuracy, i.e., the absence
of bias, and by its reliability, quantified by random error variances. In the following,
the statistical properties of any measurement error e will be defined by

e ∼ N(b,ν), (2.23)

where N stands for the normal law, b for the bias and ν for the variance. For multiple
unbiased measurements (vector e), the statistical properties are

e ∼ N(0,V ), (2.24)

where, most frequently, V is a diagonal matrix. However, it may happen that the
measurement errors of different process variables are correlated. In these conditions
V contains non-zero off-diagonal terms. This may arise when a common sample
or a common measuring device is used to measure different process variables. The
following situations are examples of such correlated errors:

• Particle size analysis by sieving. Particles that are not on the right sieve are nec-
essarily present on another one, thus creating a negative correlation between the
errors of fractions belonging to different size intervals [55].

• Measurement systems involving a common sensor, such as an X-ray fluorescence
analyzer used at different sampling locations, create correlation between the er-
rors.

• Matrix effects in X-ray fluorescence analysis might correlate concentration mea-
surement errors of different metals.

• Synchronous incremental sampling of different streams may induce error corre-
lation due to intercorrelation of the streams dynamics, which is created by the
process itself (see integration error in the following section).

It is important to point out common misinterpretation of error correlation. Even
if two process variables are correlated, e.g., concentrations of two different metals in
an ore, their measurement errors are not necessarily correlated. If the sampling and
analysis steps are uncorrelated, the measurement errors are usually uncorrelated,
even when the process variables are correlated.

2.4.2 Measurement Errors for Particulate Materials

Since they are made of randomly organized grains of various minerals, ores are
heterogeneous materials. Also, as these grains take random shapes and sizes, lo-
cal properties of ores may not be representative of their overall average properties.
Breakage of ores into smaller particles may help ore homogenization. However, if
the particles are not perfectly mixed, local properties of a batch of particles may not
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be representative of the average whole batch properties. Based on Gy [56] and Pitard
[57], the main error sources for particulate materials are now briefly presented.

Fundamental error. Unless the material is perfectly homogeneous at a micro-
scale level, sampling a limited number of particles to characterize the whole prop-
erties of an ore batch inherently leads to measurement errors. According to Gy, the
errors induced in a sample by ore constitution heterogeneity will be called a fun-
damental error. It cannot be eliminated. However, it can be evaluated. It has a zero
mean and a variance that can be estimated by

σ2
F = E

[(
xs − x∗

x∗

)2
]

=
1

Ms
c

√
dlib

d
f gd3, (2.25)

where xs and x∗ are the mineral contents, respectively, of the ore sample and the
ore batch, Ms the sample mass, dlib the liberation particle size, d the sieve opening
retaining 25% of the particles, f the shape factor, g the size distribution factor, and
c the composition factor defined as

c = ((1− x∗)/x∗)((1− x∗)ρmin + x∗ρgan), (2.26)

where ρ denotes the mineral or gangue density.
Integration error. This error is induced by the particle distribution heterogeneity,

either spatially distributed for a fixed batch of ore, or as a function of time for a
flowing material. Hybrid integration errors may also occur when a sample is taken
from a given location of a flowing stream, rather than from all the possible locations
in the stream (using, for instance, a cross-stream cutter). This error can be evalu-
ated if the signal heterogeneity statistics, such as mineral content autocovariance, or
geostatistical variograms of the particle batch, are known. For a time related con-
centration of a stream sampled in a time window of width T , the definition of the
integration error is simply

eI =

⎧⎨
⎩

composition
of the incre-
ment reunion

⎫⎬
⎭−

⎧⎨
⎩

average stream
composition over
time window T

⎫⎬
⎭ . (2.27)

The variance of eI can be calculated from the sampling strategy parameters and
the autocovariance of eI . This calculation can be extended to a composition vector
of several streams [79].

Materialization error. This arises when extracting the sample from the ore batch
to be characterized, i.e., when executing the designed sampling scheme. For exam-
ple, when cutting a stream flow with a moving sampler, errors may occur if all the
particles do not have the same probability of entering into the sampler, either be-
cause the sampler opening is too tight or its speed too high or not uniform. Other
materialization errors may arise if the sampler is overflowing or when gathering the
various sampling increments to generate a composite sample. Spillage and contam-
ination are also materialization error sources. Careful design of sampling devices
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and sampling execution allows elimination of this type of error, which is usually
almost impossible to quantify.

Preparation errors. They are related to the operations that condition the final
sample to be analyzed by the measuring equipment (X-ray fluorescence device for
instance). The preparation involves secondary sampling, and thus induces new fun-
damental and integration errors. Drying, grinding are also operations that may in-
duce contamination or transformation of the phases, by oxidation for example.

Analysis error. Finally, as the analytical method is based either on mechanical
methods (sieving for instance) or chemical principles (titration) or spectral analy-
sis (X-ray fluorescence, atomic adsorption), the analyzing device itself necessarily
induces errors. Usually, these errors can be quantified but cannot be avoided.

Total measurement error. The variance of the resulting measurement error is ob-
tained by summing the variances of all the contributing errors.

2.5 Observation Equations

The general form of a process observation equation is

Z = g(X),
Y = g(X)+ e,

(2.28)

where X is the vector of state variables, Z the measured process variables and Y the
measurement value of Z. There are two different ways to define the measurements.
Logically, the measured variables should be selected as the process variables that are
directly measured by on-line sensors or laboratory analytical instruments. However,
there is frequently some raw measurement preliminary processing. For instance the
particle masses retained on sieves are converted to mass fractions [58], or slurry
volume flowrates and densities converted to ore flowrates, thus assuming that the
ore specific mass is a known parameter. The propagation of the measurement errors
through the preliminary processing must be evaluated properly, since the calculation
process may not only increase the variance, but also create covariance terms in the
V matrix. These covariance terms structure the reconciliation results and should not
be ignored, as shown for instance by Hodouin et al. [103]and Bazin and Hodouin
[55] for particle size distributions.

Moreover, when the measured variables are not state variables, one may find it
easier to combine measured variables in such a way to obtain state variable measure-
ments even if those have not been directly measured. An advantage of this procedure
is that the observation equation becomes linear and can be written as

Z = CX ,
Y = CX + e,

(2.29)

where C is a matrix of coefficients with values pointing at measured state variables.
A possible drawback of the method is that the covariance of the pseudo-measured
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states should be calculated from the variance of the measurement errors of the source
measured variables.

Alternatively, as the state variable selection is not unique, one may also select
the state variables in such a way that they are confounded with directly measured
variables. The drawback of this procedure is that it usually does not allow state
equations to be linear. In summary, selection of the X and Y sets is not unique, but it
must be made such that the functions f and g and the X and Y uncertainties covari-
ance matrices be the least complex possible. Obviously, there is no perfect selection,
since simplifying one function necessarily implies that the other one becomes more
complex.

2.6 General Principles of Stationary and Steady-state Data
Reconciliation Methods

The core of a data reconciliation procedure is a model-based observer that makes
use simultaneously of process models (stationary regime constraints as defined in
Section 2.3.6) and measurements as defined in Section 2.5. It optimally estimates
unmeasured process variables in such a way that the data is reconciled with the pro-
cess model, while respecting the measurement and model uncertainties (see Figure
2.5). The observer is based on the minimization of a reconciliation criterion, which
usually consists of a quadratic sum of residuals J(X) containing both the node im-
balances ε and the measurement errors e. The reconciliation problem is formulated
as

X̂ = argminX [(Y −Z)TV−1(Y −Z)+ εTV−1
ε ε

Z = g(X)
Y = Z + e; e ∼ N(0,V )
ε = f (X); ε ∼ N(0,Vε)

(2.30)

subject to
Xmin ≤ X ≤ Xmax, (2.31)

where X are the plant states, Y the measured values of Z, e the measurement er-
rors assumed to have zero mean values and known variance matrix V , and ε the
constraint uncertainty values assumed also to have zero mean values and known
variance matrix Vε . State equation f (.) consists of mass conservation constraints
and additional constraints (as well as energy constraints when needed), while obser-
vation equation g(.) relates measured variables to state variables. Finally, estimated
plant states X have to be within physically meaningful intervals. For instance, mass
fractions have to be between 0 and 1 and flowrates should have positive values.

The criterion in Equation 2.30 can be viewed as an empirical least-squares pro-
cedure or as the maximum likelihood solution of the state estimation problem if
measurement errors and model uncertainties are Gaussian. The latter might be not
strictly verified since model structure, parameters, and neglected dynamics may not
be Gaussian, as well as measurement error uncertainties, which, obviously, can-
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Figure 2.5 General scheme for stationary data reconciliation and fault detection and isolation (FDI)

not be anything between minus and plus infinity, because of physical inequality
constraints. Without pretending that this is a statistically correct statement, it is in
practice observed that this criterion is sufficiently powerful for improving data at
industrial or even lab scales. Alternative techniques such as LMI [21], robust esti-
mators [60], and artificial neural networks have also been proposed [17–20],[61].

In parallel with the reconciliation procedure, Figure 2.5 also shows optional FDI
procedures. Redundancy equations R are obtained by elimination of X between the
measurement equations and state constraints. Because of the conflict generated by
the uncertainties e and ε , these equations generate residual values that are not zero
but functions of e and ε . These residuals can be used to detect measurement biases
or abnormal deviations to mass and energy conservation laws. These concepts will
be discussed later on in Section 2.12. In Figure 2.5, the term VX̂ is the variance
matrix of the reconciled values that will be discussed in Section 2.9.

The stationary optimization problem defined by Equation 2.30 degenerates into
two limit reconciliation problems when e or ε are assumed to have null values: the
steady-state case and the node imbalance case.

Steady-state data reconciliation. The SSR case is obtained by setting Vε to zero,
thus removing the second term of the criterion. As already said the steady-state case
is an ideal situation. There is a continuum between the stationary and the steady-
sate case, and one can superficially say that SSR is legitimate when Vε is small in
comparison with V .

Node imbalance data reconciliation. At the other end of the relative values of
V and Vε spectra, one may consider the case where the measurement values are
much more accurate than the conservation constraints. In other words V is small
in comparison with Vε . The first term of the reconciliation criterion disappears and
only the residuals ε are estimated. These estimates are called the reconciled node
imbalances.

The feasibility of reconciliation procedures is governed by process observability
[62, 63] and, its corollary, information redundancy. These two concepts are now
discussed briefly.
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2.6.1 Observability and Redundancy

A process state xi is said to be observable or estimable if it can be calculated using
simultaneously the measurement values and the conservation constraints, or part of
them. Therefore the problem is to find a unique estimate of the variables xi of the
vector X that satisfies the following system:

f (X) = 0,
g(X) = Z,

(2.32)

where Z is known and is the exact value of the measured variables. Equation 2.32
represents the constraint and observation equations of (2.30) where the uncertainty
variables are set to their most probable values, i.e., zero. A state variable, such as a
metal concentration, which is directly measured, is obviously observable since one
possible estimate is its measured value. Hence, the concept of observability is only
important for state variables that are not directly measured.

When, in system (2.32), there is at least one of the equations (state or measure-
ment equation) that cannot be removed without losing xi observability, xi is said to
be non-redundant. When there is more than one possible way to estimate the value
of a state, using different equations of the system (2.32), this state variable is said
to be redundant. When the state is directly measured, it is redundant when it is still
possible to estimate its value in the case the measurement is unavailable. Because
of the inherent uncertainties of the Y values, the estimate value obtained from the
following system for a redundant state xi:

f (X) = 0,
g(X) = Y,

(2.33)

depends on the subset of equations that is kept for calculating the state variable.
When all the state variables are estimable, the process is said to be observable.

When at least one state variable is redundant the process information is said to be re-
dundant. When all the state variables are observable and non-redundant, the system
is said to be of minimal observability.

One can define the process information overall degree of redundacy as the largest
number of equations that can be eliminated from the system without losing process
observability. Usually it is related to the number of equations minus the minimum
number of required equations to obtain minimal observability. Redundancy degrees
for individual states can also be defined [64].

The redundancy degree is strongly coupled to the data reconciliation perfor-
mance: the higher the redundancy, the higher the reconciled value reliability (for
state estimate reliability, see Section 2.9). Moreover, the higher the redundancy, the
higher the robustness of the observer. This means roughly that the number of possi-
ble sensor failures that do not hinder process observability increases with the degree
of redundancy [64]. Assuming that all the variables are observable, a redundancy
degree can be defined as
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ρr =
q + m−nX

q
, (2.34)

where q and m are, respectively, the number of state equations and observation equa-
tions, and nX the number of state variables. This index varies between 0 and 1 from
the overall minimal observability to the case where all the states are measured di-
rectly or indirectly. The determination of an unmeasured state observability may be
a difficult task for non-linear f and g functions. Let’s have a look at the linear case.

The linear case. The system of equations containing the plant information is

MX = 0,
CX = Z,

(2.35)

It can be globally rewritten as

ΨX = ΦZ. (2.36)

A state variable xi is observable if there is at least a subset of equations in (2.36)
that allows the calculation of xi when Z is known. The state vector would be observ-
able if the rank of the matrix Ψ is nX , the number of state variables. If the process
is globally at minimal observability, then Ψ is an invertible matrix (regular matrix).

Redundancy equations. Another way of looking at redundacy is to eliminate the
state variable X from the system (2.32) (or (2.35)) in the linear case). The remaining
set of equations is

R(Zr) = 0 or RZr = 0 in the linear case. (2.37)

R(.) is the set of redundant equations, and Zr is here the generic vector of the mea-
sured process variables which are redundant (Z or a subset of Z). The number of
equations it contains is usually m + q− nX , where nX = (n + 1)× p in the linear
case with (n+1) components and p streams. The number of redundant equations is
thus directly related to the redundancy degree of the reconciliation problem . When
replacing Zr by the measurement values Yr, the system (2.37) is no longer verified
because of the unavoidable measurement errors. The resulting vector is a residual,
that is a vector of a space called parity space, physically related to nodes or joint
nodes imbalances. It is a function of the measurement errors and model uncertain-
ties insofar as stationary conditions are assumed. It vanishes when the uncertainties
have zero values:

R(Yr) = r = S(er)+ T (ε) or RYr = Rer + Tε in the linear case. (2.38)

The linear stationary case with Z = Xm. Let us consider, as an illustrative case,
the situation where the measured variables are state variables (Xm), and the station-
ary conservation constraints are linear, and gathered into

MX = ε. (2.39)

The vector X can be reorganized as
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X =

(
Xm

Xum

)
, (2.40)

where Xm is the set of measured variables, i.e., the vector Z of this particular case,
and Xum the set of unmeasured variables. The matrix M can also be decomposed
into two sub-matrices, one for Xm, and the other one for Xum:

M = (Mm,Mum). (2.41)

This allows Equation 2.39 to be written as

MmXm + MumXum = ε. (2.42)

Providing that the system is at minimal observability, i.e., that the measured val-
ues are properly placed on the state vector, Mum is invertible and Xum calculable
as

Xum = (Mum)−1(ε −MmXm). (2.43)

This last situation corresponds to nX −m = q, and Xum is estimated by setting
ε = 0 and Xm = Y .

When nX −m > q, there are more unmeasured variables than conservation con-
straints. The process is not fully observable (some states or even all states are non-
estimable).

When nX −m < q, there are more equations than unmeasured states. It is highly
improbable that, due to the measurement uncertainties, a value of Xum that would
simultaneously satisfy all the conservation constraints could exist. Since the number
of equations in Ψ , m+ q, is larger than the number of states to be estimated nX , the
observation system is redundant. The elimination of Xum from (2.42) leads to the
linear redundancy equations:

RXmr = Tε, (2.44)

where Xmr is the vector of the redundant measured states. By replacing Xmr by the
measurement Yr, one obtains the values of the parity vector:

r = RYr = Rer + Tε. (2.45)

This equation clearly shows that the redundancy equations residuals are not zero
because of the uncertainties prevailing in the measurement and mass conservation
constraints. To manage this problem, one possibility could be to remove redundant
measurements. But this is the wrong approach, since experimental information is
lost and, furthermore, the estimate values would depend upon the data that would
have been removed. The right approach is to reconcile the information by the pro-
cedures discussed in this chapter.

Classification of the process variables:.The condition nx−m≤ q is not sufficient
to ensure process observability. It may happen that the process observability is only
partial, i.e. that some states are non-observable. It may also happen that, though the
system is not redundant, some variables are observable redundant, while, as a conse-
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quence, others are non-observable. In fact any system of observation as depicted by
Equation 2.32 or 2.35 can be decomposed into unobservable and observable parts.
Moreover, the observable states can also be classified into minimal observability and
redundant observability classes. Figure 2.6 shows the classification tree that can be
drawn for the measured Z variables and the process states. The particular case where
measured process variables are state variables (Z = Xm ) is given within brackets.

The classification of the process variables and the decomposition of the equation
system (2.32), or (2.35) in the linear case, into its redundancy part of Equation 2.37
are two related problems. The initial Equation 2.32 can be rewritten as

R(Zr) = 0,
Q(Xo) = Q′(Zr)+ Q′′(Znr),

Xno,
(2.46)

where the second equation corresponds to the deductible part of the system, al-
lowing calculation of the observable states Xo. Various methods are available for
this decomposition of the initial system and the classification of the process vari-
ables. They have been developed mainly for linear systems, but also extended to
multi-linear systems. The graph theory is used in [65] and [66]. The Gauss Jordan
elimination technique is used in [67], projection matrices in [68] and [69], a mix-
ture of graph theory and linear algebra in [70], and the QR factorization in [71].
Using adapted process variable combinations, these methods have been extended to
bilinear systems and even to multi-linear systems [72].

Measured variables Z (or Xm) State variables X

Not redundant Znr
(or Xmnr)

Redundant Zr
(or Xmr)

Observable Xo Unobservable
Xno

Measured  
value Yr

Measured
value Ynr

Redundant Xor Not redundant Xonr

Figure 2.6 Scheme showing the status of the various process variables

2.6.2 General Principles for State Estimate Calculation

The data reconciliation problem to be solved is schematically represented in Figure
2.5, where the known information is given at the reconciliation procedure input
and the process states to be estimated at the procedure output. When f and g are
linear functions and inequality constraints are inactive, the solution to this problem
is analytical. This occurs when the measured process variables are plant states or
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linear combinations of them, and represent component flowrates. From the state
estimates, one can subsequently correct the values of the measured variables and
estimate the unmeasured process variables.

The optimization method that can be used to solve the unconstrained problem
defined by (2.30) is the usual approach where the reconciled states are the X̂ values
that cancel the derivatives of J with respect to X . The resolution methods are slightly
different for the degenerate cases when either ε or e is zero.

When ε = 0, the optimization problem

min
X

J(X) subject to f (X) = 0 (2.47)

can be processed by one of two main approaches. The substitution method consists
in exploiting the equality constraints to decrease the number of variables the crite-
rion has to be minimized with respect to. The Lagrange method, on the contrary,
increases the number of search variables to optimize the criterion by incorporating
the equality constraints into it. New variables λ , called the Lagrange multipliers, are
associated to these constraints.

• The substitution method consists of the following steps:

1. Select a set of independent variables among X . Such a set is composed of the
smallest number of variables Xind that, if they were measured, would allow the
remaining variables from the system f (X) = 0 (the dependent ones Xdep) to
take unique values. In other words, the nX −q independent variables Xind are
selected in such a way that the q variables Xdep are at minimal observability.

2. Express Xdep as a function of Xind by solving

f (Xind ,Xdep) = 0 (2.48)

with respect to Xdep:
Xdep = h(Xind). (2.49)

3. Replace X in the criterion J by its expression as a function of Xind . The initial
constrained minimization problem with respect to X is thus transformed into
an unconstrained minimization problem with respect to Xind:

min
Xind

J(Xind). (2.50)

4. Find the X̂ind value and calculate X̂dep from (2.49).

• The Lagrange method consists in integrating the constraint f (X) = 0 into the J
criterion to form a new function, the Lagrangian L , which has to be optimum
with respect to the variables X and λ , the latter being the Lagrange multipliers:

L = J(X)+∑
i

λi fi(X), (2.51)
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where fi stands for the ith conservation constraint in the system f (X), for i = 1
to q. The initial constrained problem has been replaced by a new optimization
problem with nX + q unknown parameters.

These optimization problems can be solved by classical numerical techniques.
When J is quadratic and the constraints are linear, an analytical solution can be
obtained by resolving the system expressing that the derivatives of the reconciliation
criterion, or the Lagrange function, have zero values. In other cases, either non-
linear programming methods can be used to minimize the criterion, or numerical
methods used for solving the non-linear equations expressing that the derivatives of
the criterion are zero.

When e = 0, the optimization problem

min
X

J(X) = f (X)TV−1
ε f (X) subject to g(X) = Y (2.52)

can again be processed by one of the two above approaches: substitution and La-
grange methods. This reconciliation method is common practice in the bilinear case.
It allows to estimate unmeasured flowrates through the use of species concentrations
in the ore streams. It is called the node imbalance method.

2.7 The Linear Cases: Steady-state, Stationary and Node
Imbalance Data Reconciliation Methods

2.7.1 The Steady-state Case

The unconstrained SSR problem can be formulated as the following particular case
of (2.30):

X̂ = argminX [(Y −CX)TV−1(Y −CX)],
Y = CX + e; e ∼ N(0,V ).

(2.53)

In the substitution method, nX −q independent variables are selected using either
heuristic or systematic methods, and the X vector is restructured as (Xind,Xdep),
while the matrix M is partitioned into compatible blocks, such that the conservation
constraints can be rewritten as

(
Mind Mdep

)( Xind

Xdep

)
= 0. (2.54)

or
MindXind + MdepXdep = 0. (2.55)

The dependent variables Xdep can then be expressed as functions of Xind :

Xdep = −(Mdep)
−1MindXind (2.56)
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assuming that the independent variables have been selected to ensure Mdep invert-
ibility. Therefore X can be expressed as

X =

(
Xind

Xdep

)
=

(
Xind

−M−1
depXind

)
= LXind , (2.57)

with L =
(

I −M−1
dep

)T
.

The linear reconciliation criterion:

J = (CX −Y )TV−1(CX −Y ) (2.58)

can then be written as a quadratic expression of Xind:

J(Xind) = XT
indLTCTV−1CLXind −2YTV−1CLXind +Y TV−1Y. (2.59)

J is minimized with respect to Xind by writing that the derivatives of J with respect
to Xind have zero values. One obtains a system of nX − q equations system with
nX −q unknown states, which has the following solution:

X̂ind = (LTCTV−1CL)−1LTCTV−1Y. (2.60)

Knowing Xind , the dependent variable estimates can be calculated from Equation
2.56:

X̂dep = −(Mdep)
−1MindX̂ind. (2.61)

The Lagrange method can also be applied to solve the linear SSR problem. The
Lagrangian function is

L = (CX −Y )TV−1(CX −Y )+ λ T MX . (2.62)

The L stationarity conditions are

dL

dX
= 2CTV−1CX −2CTV−1Y + MT λ = 0, (2.63)

dL

dλ
= MX = 0. (2.64)

The X solution of this nX + q equation system with nX + q unknown variables is

X̂ = Π−1(I −MT (MΠ−1MT )−1MΠ−1)CTV−1Y, (2.65)

where
Π = CTV−1C. (2.66)

There are other alternatives to the solution of the reconciliation problem. Two of
them should be mentioned, in the particular case where the measured variables are
states (Z = Xm):
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• The simplest one, for software development, consists in selecting C = I, i.e., as-
suming that all the states are measured. For states that are not actually measured,
corresponding variances of measurement errors are simply given very large val-
ues. The solution is thus directly obtained from (2.65) as

X̂ = (I −VMT (MV MT )−1M)Y. (2.67)

This method is used in the BILMAT™ algorithm [22], and has never numerically
failed.

• The system of conservation constraints can be partitioned using the redundancy
equations as follows (linear version of Equation 2.46):{

RXmr = 0,
QXo = Q′Xmr + Q′′Xmnr.

(2.68)

The solution is then obtained in two steps. First, the reconciled values of the
measured redundant states are estimated by

X̂mr = (I−VmrR
T (RVmrR

T )−1R)Ymr, (2.69)

where Vr and Yr are formatted to match with Xmr. Second, the following equation
is solved for Xo :

QX̂o = Q′X̂mr + Q′′Ynr. (2.70)

Tuning of the measurement error matrix covariance. Before using the steady-
state method, it is always necessary to test: (1) that the main contribution to the
variability of the process variables is related to the measurement and sampling er-
rors; and (2) that there is an underlying steady-state regime during the period of time
corresponding to the measurement and sampling process. In this case, the measure-
ment errors due to the process time variations, such as the integration error, should
be incorporated into the measurement error. In other words data obtained during
a transient regime of large magnitude in comparison with the measurement errors
should not be used for SSR. Methods to find the measurement variance matrix have
been discussed by [41],[73–78].

Four methods are proposed to estimate the V covariance matrix:

• Estimation from the properties of the equipment involved in the measurement
process and the properties of the material flowing in the stream. For instance
the theory of particulate material sampling [56, 79, 80] can be applied as seen
in Section 2.4, in conjunction with a statistical analysis of the reliability of the
measuring devices for the measured specific material property.

• Direct estimation of the variance of the measurement Y from a large set of data
for the same plant operated under the same operating conditions. In this case, the
estimate of V is obtained from the Y records by standard statistical estimation
techniques, and is noted Var(Y ). This estimate of V does not strictly consist of
measurement errors, since it also includes some process dynamic disturbances,
such as the integration error. However, this is the right approach, since the recon-
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ciled values are expected to give an estimate of the underlying plant steady-state
(i.e., average) behavior.

• Indirect estimation from the constraint residuals (the node imbalances) in the
particular case where C = I (the identity matrix). The constraint residuals r are
calculated for each Y value of the data set and their variance estimated:{

r = MY = MX + Me,
Var(r) = MV MT .

(2.71)

Techniques have been proposed [77] for extracting V from this last equation. The
main advantage of this technique is that it takes account of the mass conservation
constraints.

• Simultaneous estimation of V and of a rough model of the plant. For instance,
a mineral separation plant can be simply modeled by mineral separation coeffi-
cients at each separation node of the flowsheet. The plant model is then expressed
as

X = B(s)Xf (2.72)

where Xf is the state vector of the feed streams and s the separation coefficient
vector. The variance of Y estimated from a measurement data set is then

Var(Y ) = B(s)Var(Xf )B(s)T +V. (2.73)

From Equation 2.73, varianceV can be extracted simultaneously to s and Var(Xf )
by a least-squares procedure [78].

2.7.2 The Stationary Case

The unconstrained stationary reconciliation problem is formulated as the following
particular case of (2.30):⎧⎪⎨

⎪⎩
X̂ = argmin

X
[(Y −CX)TV−1(Y −CX)+ εTV−1

ε ε],

Y = CX + e; e ∼ N(0,V ),
ε = MX ; ε ∼ N(0,Vε).

(2.74)

The solution is obtained by canceling the derivatives of J:

dJ
dX

= 2CTV−1CX −2CTV−1Y + 2MTV−1
ε MX = 0, (2.75)

which leads to
X̂ = (CTV−1C + MTV−1

ε M)−1CTV−1Y (2.76)

or alternatively, using a matrix inversion lemma,

X̂ = Π−1[I −MT (Vε + MΠ−1MT )−1MΠ−1]CTV−1Y, (2.77)
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where Π is defined in Equation 2.66. Equation 2.77 gives Equation 2.65 when Vε is
set to 0.

Tuning of the accumulation rate covariance matrix. Three methods are proposed
to estimate the Vε covariance matrix:

• Measurement of the state variables by a suitable combination of instrumentation
for a sufficiently long period of time. This may require transient installation of
instruments on the streams. Since it may happen that not enough sensors are
available to simultaneously measure all the state variables, the different parts of
the circuit may be sequentially studied, assuming that the statistical properties of
the operation do not change much from a test on a plant sub-network to a test on
another sub-network. For such a subset of X , the measurement equation is

Y = X + e. (2.78)

Multiplying Equation 2.78 by the incidence matrix M of the sub-network corre-
sponding to the fully instrumented part of the plant, one obtains

MY = MX + Me = ε + Me. (2.79)

Assuming that there is no correlation between the state variables and their mea-
surement errors, the variance-covariance matrix is given by:

MVar(Y )MT = Vε + MVMT , (2.80)

where Var(Y ) is the measurement variance–covariance matrix of Y , the elements
of which can be evaluated by the usual statistical estimation methods. Vε can then
be calculated by

Vε = MVar(Y )MT −MVMT . (2.81)

The total Vε matrix can therefore be constructed by consistently assembling the
various terms of the partial variance matrices. Obviously some covariance terms
will not be evaluated, but since they necessarily correspond to distant streams in
the plant, they can be neglected.

• Alternatively, one may evaluate the Vε matrix by an approximation of the plant
dynamics, using for instance first order transfer functions with rough evaluation
of their time constants. The process dynamics are subsequently gathered into a
plant state-space model (see Section 2.10 for more detailed explanations). This
model allows an estimation of Vx, the state variable variance characterizing the
underlying unknown random dynamic variations of the process. Vε can finally be
estimated by

Vε = MVxMT . (2.82)

• A third option is to use Vε as a tuning factor that can be adjusted heuristically fol-
lowing an evaluation of the data reconciliation performance in comparison with
a desired behavior. In fact, this is the subjective method that is mostly adopted,
for example, when tuning model uncertainty relative variances and measurement
uncertainties in Kalman filtering techniques.
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Example. Figure 2.7 shows a standard flotation circuit arrangement.

Feed
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I

II 

III IV

Concentrate

Reject

Figure 2.7 A flotation mineral separation circuit

The state vector X consists of the valuable mineral flowrates in the eight streams.
There are four nodes, two recycling streams and two plant outputs, the concentrate,
which contains the valuable mineral to be sold for metal extraction, and the reject.
Table 2.2 gives the measured values Y of the flowrates of the mineral to be con-
centrated, as well as their reliability σe (standard deviations of e). Table 2.2 shows
also the values of the reconciled values X̂ . The reconciled values do not exactly sat-
isfy the steady-state mass conservation equations since the plant is assumed to be
operated in a stationary dynamic regime where Vε is different from zero.

Table 2.2 Data for the circuit of Figure 2.7 (fifth column will be explained in Section 2.9)

Stream Y (t/h) σe X̂ σX̂
1 15,8 0,6 14,86 0,44
2 22,2 0,8 23,08 0,45
3 - ∞ 14,19 0,47
4 8,3 0,3 8,18 0,27
5 1,4 0,2 1,47 0,19
6 6,3 0,3 6,23 0,23
7 11,3 0,5 11,62 0,46
8 2,5 0,2 2,45 0,2

2.7.3 The Node Imbalance and Two-step Methods for Bilinear
Systems

In bilinear constraint cases, when either flowrates or species concentrations are as-
sumed to be exactly measured, the reconciliation procedure degenerates into a LQ

www.ATIBOOK.ir



46 D. Hodouin

(linear-quadratic) optimization problem. The node imbalance for the component i is
defined as the mass flowrate residuals at the network nodes that are obtained when
using the measured values of the component i concentrations:

εi = Mi( f0 • ci) = MiC
d
i f0, (2.83)

where Cd
i is the diagonal matrix of ci. In the node imbalance method, it is assumed

that component concentrations are known, and that flowrates only have to be esti-
mated. The optimal flowrate estimates are those that minimize

J( f0) =
n

∑
i=1

εT
i V−1

εi
εi +(Yf −Cf f0)

TVf
−1(Yf −Cf f0), (2.84)

where the first term of J corresponds to the node imbalances and the second term to
the flowrate measured values, if any:

Yf = Cf f0 + e f ; e f ∼ N(0,Vf ). (2.85)

The node imbalance estimates of the flowrates are therefore

f = (Σiγi +CT
f Vf

−1Cf )
−1CT

f Vf
−1Yf , (2.86)

where
γi = CdT

i MT
i Vεi

−1MiC
d
i . (2.87)

When the flowrates have been estimated by the node imbalance method, species
concentrations can be estimated in a second step. When the flowrates are assumed
to be known, the species concentration constraints become linear, as shown in this
expression:

Mi( f0 • ci) = MiF
d
0 ci = 0, (2.88)

where Fd
0 is the diagonal matrix of the known f0 values. The quadratic criterion to

be minimized, subject to (2.88), is

J(...,ci, ...) =
n

∑
i=1

(Yi −Cici)
TVi

−1(Yi −Cici), (2.89)

where Ci is the observation matrix of the component i concentration, and Vi its cor-
responding measurement error variance matrix. The solution is given by the same
equations as (2.65) and (2.66), providing that there are no additional constraints that
couple the mass balance equations of the various components:

ĉi = αi[I−Fd
0 MT

i (MiF
d
0 αiF

d
0 MT

i )−1MiF
T
0 αi]C

T
i V−1

i Yi, (2.90)

where
αi = (CT

i V−1
i Ci)

−1. (2.91)

www.ATIBOOK.ir



2 Process Observers and Data Reconciliation 47

When the node imbalance estimation of the flowrates is followed by the recon-
ciliation of the species concentrations for these flowrate estimates, the method is
a sub-optimal two-step LQ method [34]. The next section shows that a similar hi-
erarchical technique can be used to find the true optimal solution to the bilinear
reconciliation problem.

2.8 The Non-linear Cases

As discussed above, when the constraints and the measurement equations are linear,
the solution of the reconciliation problem can be developed analytically. However,
in non-linear cases, it is normally impossible to derive an explicit expression for the
reconciled states. Several methods (for instance [26], [81–86]) are possible depend-
ing upon the approach selected to handle the constraints (substitution or Lagrange
multipliers techniques), and the optimization technique that is used to minimize the
criterion. The following optimization techniques are possible options:

• Any Nnon-linear programming (NLP) method, involving a search algorithm to
iteratively approach the optimal values. The substitution method is well adapted
to these procedures since it decreases the number of search variables to be ma-
nipulated by the NLP algorithm.

• A hierarchical minimization method where the criterion and the search variables
are split into blocks. These approaches allow hybrid minimization methods, in
which some parts are optimized by analytical methods, others by NLP algo-
rithms.

• Iterative numerical resolution of the system of equations expressing that the La-
grange criterion derivatives have zero values.

It would be too long to detail all the possible options for solving non-linear rec-
onciliation problems, but examples may help to illustrate some possible approaches.

2.8.1 An Example of Substitution Methods: Mass and Heat
Balance of a Thermal Exchanger

Let us consider the mixer-exchanger of Figure 2.8 [87], which heats an electrolyte
solution containing dissolved copper and nickel subsequently fed to an electro-
refinery plant. Part of the solution is directly recycled to the mixer-exchanger, and
another part is cleaned from impurities before being recycled. Data collected and
averaged for a time period of 3 h are presented in Table 2.3, together with an esti-
mation of their standard deviations. The process variables are the solution flowrates
F , densities ρ , temperatures T , copper and nickel concentrations c and n for the
streams 1, 2 and 3, and heating power P. The system parameters are the specific
heats of the solutions C, respectively 4400, 4210, 4350 J/(kg.K) for streams 1, 2
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and 3. They are assumed to be constant and perfectly known. The data are assumed
to reasonably represent a steady-state operating regime of the plant. The thermal
losses are neglected.

Electro 
refinery Cleaning 

Heating 
power 

Mixer-heat 
exchanger 

Stream 1 Stream 2

Stream 3

Figure 2.8 Mixer-exchanger for conditioning an electrolyte

Table 2.3 Data for the plant of Figure 2.8

Variable T (OC) F (m3/min) ρ (kg/l) c(g Cu/l) n(g Ni/l)
Stream Y σ X̂ Y σ X̂ Y σ X̂ Y σ X̂ Y σ X̂
1 46 2 45.3 20 4 20.4 1.31 0.12 1.25 40 3 41.1 10 2.0 10.1
2 27 2 26.7 9.6 1.15 0.06 1.15 10 2 10.2 1 0.3 1.0
3 42 3 42.1 27.2 1.28 0.12 1.34 37 4 34.4 8 2.0 7.9
Power data (kJ/s) P : Y = 6000;σ = 500; X̂ = 5978

The mass balance constraints around the mixer-exchanger are written as⎧⎨
⎩

F1ρ1 + F2ρ2 −F3ρ3 = 0
F1c1 + F2c2 −F3c3 = 0
F1n1 + F2n2 −F3n3 = 0

(2.92)

and the heat balance as

F1ρ1C1T1 + F2ρ2C2T2 −F3ρ3C3T3 + P = 0 (2.93)

The least-squares criterion is
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J(X) = ∑3
i=1

[
(Ti−T m

i )2

σ 2
Ti

+
(ci−cm

i )2

σ 2
ci

+
(ni−nm

i )2

σ 2
ni

+
(ρi−ρm

i )2

σ 2
ρi

]
+

(F1−Fm
1 )2

σ 2
F1

+ (P−Pm)2

σ 2
P

,
(2.94)

where the superscript m stands for the measured value of the process variable (Y )
and the subscript i for the stream number. The minimization of J(X) subject to
the bilinear and trilinear constraints (2.92) and (2.93) can be performed with a PNL
algorithm applied to the substitution method. The independent variables are selected
as

Xind =
(

F1 F2 F3 T1 T2 T3 ρ1 ρ2 c1 c2 n1 n2
)T

. (2.95)

The dependent variables are then

Xdep =
(

ρ3 c3 n3 P
)T

. (2.96)

The minimization algorithm is depicted in Figure 2.9. It requires an initialization
of the independent variables, which can be estimated from the conservation con-
straints and the measured values, using, for instance, the node imbalance method.
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Figure 2.9 Algorithm for the calculation of the reconciled values by the substitution/PNL method

The results of the reconciliation procedure appear in Table 2.3. The simultane-
ous negative and positive corrections of, respectively, power and stream 3 temper-
ature indicate that thermal losses should be taken into account. Repetition of the
measurement campaign as well as application of FDI techniques (see Section 2.12)
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could confirm this assumption. In that case a model for estimating the losses could
be used to generate a virtual measure of the heat loss that can be added to the rec-
onciliation problem.

2.8.2 An Example of Hierarchical Methods: BILMAT™ Algorithm

The BILMAT™ algorithm has been developed mainly for bilinear problems [22]
but it can be extended to trilinear systems [53, 59]. The basic principle is that, when
the main phase flowrates are known (upper level of the hierarchy), the species mass
conservation constraints become linear functions of the species mass fractions (see
Section 2.7.3). Therefore the idea is to define a lower level reconciliation problem
where the criterion contains the mass fraction part of the data, and the constraints
are written only for the species conservation. This problem, being LQ, has a direct
analytical solution (see Section 2.7.3). At the upper level, only the flowrate variables
are manipulated to minimize the overall criterion. Formally the problem is thus split
into two minimization problems defined by

min
Xf ,Xm

J(Xf ,Xm) = min
Xf

(
min
Xm

Jm(Xm|Xf )+ Jf

)
, (2.97)

where Xf and Xm are, respectively, the flowrate state variables and the species mass
fractions variables, and Jm and Jf the J parts containing the measured mass fractions
and flowrates, respectively. Since the upper minimization level is non-linear, one can
apply the substitution/PNL method to decrease the number of search variables. This
method is depicted in Figure 2.10.

To illustrate the method, let us again consider the introductory example of Sec-
tion 2.1.1. Flowrates F1 and F2 can be selected as independent flowrates of the upper
level, since F3 can be deduced from

F3 = F1 −F2. (2.98)

Giving values to these three variables leads to a linear structure for the copper
and zinc mass conservation equations:

F1c1 −F2c2 −F3c3 = 0;
F1z1 −F2z2 −F3z3 = 0.

(2.99)

The calculation of the reconciled metal mass fractions is then a LQ problem given
the values of the flowrates. The solution to this problem is obtained by forming the
Lagrange function:

L = Jc + 2λc(F1c1 −F2c2 −F3c3)+ 2λz(F1z1 −F2z2 −F3z3), (2.100)

where Jc is the part of the criterion which contains the metal assays:
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Figure 2.10 BILMAT™ reconciliation algorithm

Jc =
3

∑
i=1

(ci − cm
i )2

σ2
ci

+
3

∑
i=1

(zi − zm
i )2

σ2
zi

. (2.101)

Then the Lagrange function is derived with respect to the six metal mass fractions
and the two Lagrange multipliers, and the derivative equations set to 0. The solution
of this system of eight unknown variables into eight equations leads to

ĉ1 = cm
1 −λcF1σ2

c1

ĉ2 = cm
2 −λcF2σ2

c2

ĉ3 = cm
3 −λcF3σ2

c3

(2.102)

with

λc =
F1cm

1 −F2cm
2 −F3cm

3

F2
1 σ2

c1
+ F2

2 σ2
c2

+ F2
3 σ2

c3

(2.103)

for copper, and similar expressions for zinc. The reconciled values obtained from
Equations (2.102) are optimum only for the selected particular values of the flowrates.
To minimize the overall criterion

J = Jc +
3

∑
j=1

Fj −Fm
j

σ2
Fj

, (2.104)
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a NLP is required to find the optimal values of F1 and F2, as shown in Figure 2.10.
The optimal values are given in Table 2.1.

This hierarchical technique has been extended to trilinear and quadrilinear prob-
lems, i.e., problems involving slurry, ore and water, particle size distributions, and
chemical assays within particle size classes. Sub-optimal solutions have been ap-
plied to investigate the path followed by precious metals in a base metal sulphide
plant [59], in a uranium ore grinding circuit [59], and in gold ore comminution and
leaching circuits [28].

2.9 Performance of Data Reconciliation Methods

When the reconciliation calculation is achieved, it is worthwhile to estimate the
reliability of the results in comparison with those of the raw measurements. This
is performed by a sensitivity analysis of the propagation of the measurement errors
and rate of accumulation uncertainties through the reconciliation process [34] and
[44, 88]. In other words, the variance–covariance matrix of the reconciled states has
to be calculated for an assessment of the reconciliation procedure benefits.

There are two approaches to calculate the variance matrix of the reconciled states,
VX̂ , i.e., the variance of the estimation error. One can explicitly formulate the rec-
onciled states as functions of Y and then calculate the variance VX̂ as a function of
V and Vε . When the reconciliation method leads to a linear estimator, i.e., when the
reconciled states are linear functions of Y , then the usual linear algebra of variance
calculation can be applied. Otherwise, one can linearize the expression around the
process steady-state values and apply linear variance algebra. The second method
consists in randomly generating synthetic values of Y according to a normal distribu-
tion N(Ŷ ,V ) and repeating the reconciliation procedure. If this is done a sufficiently
large number of times, the statistical properties of X̂ can be subsequently estimated.
This method is known as a Monte-Carlo sensitivity analysis.

When the X estimator is linear, one can calculate the variance of X̂ using the
relationship between X̂ and Y . For instance, in the linear steady-state case, Equation
2.65 gives

X̂ = ΓY, (2.105)

where Γ is given by

Γ = Π−1[I −M(MΠ−1MT )−1MΠ−1]CTV−1. (2.106)

Therefore X̂ variance is
VX̂ = ΓVΓ T . (2.107)

Since X̂ , in the assumed Gaussian context, is a maximum likelihood estimate, it
is obvious that this estimate is such that necessarily the diagonal terms of VX̂ are
lower than the diagonal terms of the variance of reconciled values obtained by any
other estimator. It has been shown [44] that the variance of the reconciled measured
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variables is
VŶ = V −Vin, (2.108)

where Vin is the variance of the innovations in, which are residuals of the observer,
i.e., the differences between the measured and reconciled values:

in = Y − Ŷ = Y −CX̂. (2.109)

Since Vin has, by definition, positive diagonal terms, one obtains

VŶ (i, i) ≤V (i, i) for i = 1 to m, (2.110)

an inequality showing the variance reduction due to data reconciliation. A global
variance reduction factor ρv can be defined and calculated for the case where a sub-
set of states is measured (Z = Xm):

ρv =
1
m

m

∑
i=1

V (i, i)−VŶ (i, i)

V (i, i)
=

1
m

[q + m−nX]. (2.111)

This equation shows that the reduction factor is directly related to the degree of
redundancy ρr of the information on the system (see Equation 2.34). The expression
(2.111) is valid also for bilinear SSR problems, providing that the mass conservation
constraints are linearized around the reconciled states [44].

In addition to this difference between the variances before and after reconcili-
ation, there is a strong difference that appears in the covariance terms. It is here
assumed that the measurement errors are not correlated. However, the estimation er-
rors are now correlated because of the correlation induced by the conservation equa-
tions. Thus, matrices VX̂ and VŶ exhibit covariance terms that correspond to the state
consistency induced by the reconciliation procedure. This last property has a strong
impact on the reliability of the process performance indicators or process model
parameters subsequently calculated using reconciled states instead of raw measure-
ments [89, 90]. When the stationary reconciliation method is used rather than the
steady-state method, the covariance terms are usually smaller since the conserva-
tion equations are given more flexibility by relaxing these constraints through the
tuning of Vε .
Example 1. The impact of the variance reduction and the role of the covariance terms
have been illustrated for the calculation of separation plant recoveries in [89]. Fig-
ure 2.11 shows a separation node whose separation efficiency of component i can
be calculated by one of the two possible formulae:

Ri =
F2x2i

F1x1i
, (2.112)

Ri =
x3i − x1i

x3i − x2i

x2i

x1i
. (2.113)

This last formula is known as the two-product formula. When using raw data,
one obtains quite different results depending on the expression used to calculate the
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efficiency (for complex plants and data sets there is a very large number of paths to
calculate separation efficiencies or recoveries, Equations 2.112 and 2.113 being just
two simple examples). A major advantage of using reconciled data is that there is
a unique efficiency value whatever the formula used for calculation. Moreover, its
estimate is more reliable.

Feed (stream 1) 

Concentrate (stream 2) 

Tail (stream 3) 

Fj = flowrate in stream  j
xji = mass fraction of     

species i in stream  j

Separation 
 unit 

Figure 2.11 A separation unit

Example 2. Let us consider again the flotation circuit of Figure 2.7. Table 2.4 com-
pares the standard deviations of the experimental and reconciled values of the min-
eral flowrates. The results show that reconciled data is more accurate than raw data.
In addition to this positive effect and to the estimation of unmeasured variables, a
drastic improvement of the process performance evaluation is usually brought on
by the reconciled data. In this example, the relative standard deviation of the metal
recovery (ratio of metal in the concentrate to metal in the feed) goes from 15% down
to 6%, an improvement that would allow much more efficient decision for plant op-
timization.

Table 2.4 Reliability of measured and reconciled values (error standard deviations) for the plant of
Figure 2.7

Stream s.d of measured value s.d. of reconciled value
1 0.6 0.44
2 0.8 0.45
3 ∞ 0.47
4 0.3 0.27
5 0.2 0.19
6 0.3 0.23
7 0.5 0.46
8 0.2 0.2

Example 3. Table 2.5 shows the results obtained for part of a copper–lead–zinc flota-
tion plant as depicted in Figure 2.12 [90]. Clearly, when using raw data, one finds
different values of the recoveries depending upon the formula used. Furthermore
some calculations are very unreliable (standard deviations of 31 and 38%). The role
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of the VX̂ variance and covariance terms is considerable in the drastic increase of the
precision when using reconciled data.

Pb concentrate

Cu-Pb 
concentrates  
from 3 Cu-Pb 
flotation  
circuits 

Cu concentrate Zn-Pb bulk concentrate

Cu circuit Bulk circuit

Figure 2.12 Copper–lead–zinc flotation plant

Table 2.5 Recoveries R and their reliabilities (standard deviations σR) as calculated with reconciled
and raw data

Method Steady-state
reconcilation

Raw data and
(2.112)

Raw data and
(2.113)

Recovery of R(%) σR (%) R(%) σR (%) R(%) σR (%)
Copper in copper concentrate
of copper circuit

78.0 4.0 59.4 31 79.8 7.2

Lead in lead concentrate of
bulk circuit

95.3 3.0 89.3 13 79.0 38

Zinc in bulk concentrate of
bulk circuit

56.0 7.0 29.6 13 77.8 10

Example 4. Another use of reconciled data is the estimation of model parameters
[91] such as grinding, leaching, and flotation rate constants [58], and hydrocyclone
selectivity. For example, the confidence intervals of the estimated rates of breakage
in an industrial ball mill of a closed circuit are presented in Figure 2.13 as func-
tions of particle size [90]. Using reconciled values instead of raw data drastically
improves the model reliability, particularly in the fine size range where the sensitiv-
ity of the rate of breakage is extremely high, because of the typical structure of the
breakage phenomena, which involves chain reactions.

2.10 An Overview of Dynamic Reconciliation Methods

Steady-state data reconciliation is frequently used to enhance process information
quality. However steady-state operating conditions do not exist in practice and cor-
responding methods cannot fulfill the need for reliable dynamic state estimation,
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Figure 2.13 Standard deviation intervals for grinding rate parameters calculated from either raw
or reconciled data

particularly when the state variable amplitude variations due to process dynamics
are larger than the inherent measurement errors.

Various options are available to tackle the dynamic data reconciliation problem
[40]. On-line application of SSR is the first option [54, 92], but it usually generates
estimation errors larger than the measurement errors [76]. Averaging techniques
coupled to steady-state data reconciliation can be used to compensate dynamic vari-
ations. However, this usually induces phase lags that deteriorate the process control
performances [93], and tuning problems of the time window [65, 94]. Dynamic rec-
onciliation is obviously required for batch or semi-batch processes [31, 95].

Mass conservation constraints incorporating material accumulation terms can be
used [36, 37], but usually metallurgical inventories are not measurable or extremely
inaccurate. Furthermore, the observability of these inventory variables, when un-
measured, is quite problematic. Treatment of accumulation rates as stochastic ele-
ments, as in the stationary method presented in Section 2.7.2, is a powerful alter-
native to the explicit use of inventories. However, the tuning of the variance of the
uncertainties related to the neglected dynamics is a difficult task [96] for on-line
application of stationary reconciliation methods [97].

www.ATIBOOK.ir



2 Process Observers and Data Reconciliation 57

Full model observer (FMO) based on phenomenological or empirical [121] pro-
cess models can also be constructed, but the parameters are frequently so inaccurate
and time varying that the observer performances are poor, therefore justifying the
use of sub-models, more reliable than full models [98]. A number of intermediate
methods between the SSR procedure and the full model-based observer have been
experimented with and deserve to be clarified, since they are, in practice, usually
more efficient than SSR or FMO approaches.

The objective of this section is to make a short survey of the possible dynamic
data reconciliation methods, classified according to the models and reconciliation
criteria used.

Two main classes of data reconciliation models will be considered: full (or
causal) models, i.e., models that can simulate process states and outputs from in-
put variables and initial states, and sub-models that express mass or energy conser-
vation constraints to be obeyed by the process variables. In both types of models,
uncertainties and disturbances are considered since the observers to be designed
must have the ability to process the uncertainties about the process behavior. The
full model can be phenomenological or empirical, or a mixture of both approaches.
The minimal sub-model necessarily contains phenomenological mass conservation
constraints, but it can be augmented by other modeling considerations that may be
phenomenological or empirical.

2.10.1 Phenomenological Causal Models

Although phenomenological models are obviously specific to a given metallurgical
process, they nevertheless contain ingredients that are common to most chemical
reactors (mixing and transport properties, reaction kinetics and equilibrium, material
or energy balance equations). The flowing material is divided into n+1 components
i (i = 0 to n + 1), and the process variables are the component flowrate vectors fi,
in the p plant streams, stacked into the vector f , and the nn unit process inventory
vectors mi. The mass conservation constraints are then (see Equation 2.6 where the
structural uncertainty terms have been omitted):

dmi

dt
= Mi fi + Pi i ∈ {0 . . .n}, (2.114)

where Mi is the incidence matrix for species i, and Pi the vector of production rates.
The flowrates and production rates are usually related to the equipment invento-
ries through kinetic parameters (such as breakage, flotation, leaching, reducing rate
constants), and through the mixing and material transport properties:

ψ f = ϕ(m), (2.115)

where ψ is a matrix that extracts the node output steams, and ϕ expresses the rela-
tionship between the flowrate and the equipment load. Finally, the disturbances or
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model uncertainties must be modeled. The plant feed stream variations are modeled
by the following linear stochastic equations:

z(t + 1) = Az(t)+ ξ (t), (2.116)

Ω f (t) = Bz(t)+ Ω f̄ , (2.117)

where A is a state matrix, ξ (t) a white noise of variance Vf , Ω the matrix that
extracts the component feed rates from the plant stream flowrates stacked into f , f̄
the mean value of f , and B the matrix defining the feed rates from the state variable
z. Parameter and model disturbances in Equations 2.114 and 2.115 are represented
by additive uncertainties δ (t) that can be modeled by equations similar to Equations
2.116 and 2.117 driven by a white noise ξδ (t) of variance Vδ .

The model described by Equations 2.114 to 2.117 is a causal model since it
can be used to simulate the process from the known inputs Ω f̄ , ξδ (t), and ξ (t).
However, it contains a very large number of parameters (rate constants and feed
coefficients, parameter and model disturbances), and is non-linear. An alternative to
this approach is to construct empirical causal models.

2.10.2 Empirical Causal Model

To illustrate an example of an empirical model, let us consider any mineral pro-
cessing plant flowsheet, linearized around nominal stream flowrates f̄ . It can be
modeled by a network of connected basic units including (see Figures 2.14 and
2.15):

• stream junctions, i.e., zero dynamics elements that combine flow streams;
• stream separators, i.e., zero dynamics elements characterized by separation co-

efficients ski representing the split of component i between the two products of
node k;

• unit gain transfer functions (usually pure delays or low order transfer functions)
representing the dynamic relationships that exist between the node feed and its
output streams;

• feed disturbance generators driven by white noise signals ξi, as considered in
Equation 2.116;

• internal disturbance generators, driven by white noise ξs(t) used to model the
separation efficiency disturbances. They are designed to preserve material con-
servation by adding to one stream the same amount of material that is removed
from the other one.

The various connected elements can be gathered into a generic linear state space
model:

z(t + 1) = A′(t)+ ξ ′(t), (2.118)

f (t) = B′z(t)+ f̄ . (2.119)
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G(Z-1)

Transfer function or feed
disturbance generator

Zero-dynamics separator

Stream junction

skj

G(Z-1)

White 
noise

+
-

+
+

Internal disturbance generator

+
+

f

Flowrate mean 
value

Flowrate full value  generator

�s

Flowrate
variation

Figure 2.14 Basic elements of an empirical model of a mineral separation plant

This empirical full model implicitly contains the mass conservation Equations
2.8, in the absence of component transformation as assumed in the operating condi-
tions defined by the previous selected basic units. Mass conversation for component
i is written

dmi

dt
= Mi fi = Mi( fi − f̄i) = MiB

′
iz(t) for i = 0 to n + 1 (2.120)

since the constraint Mi f̄i = 0 is valid for the nominal state values. A representation
of the model for a single flotation cell is given in Figure 2.15. The same structure
can be used for all the stream components and for all the nodes of a complex plant.

The model requires, in addition to the steady-state values f̄ , the knowledge of
the separation coefficients sk j, the transfer function coefficients, and the variance of
the driving white noise vector ξ ′ including ξi and ξs. Both the empirical and the
phenomenological models contain numerous parameters to be calibrated. This is
why it is interesting to look at sub-models for dynamic data reconciliation.
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F
R

C

Figure 2.15 An empirical model of a flotation single unit (F, R and C stand for feed, concentrate
and reject streams, and G for transfer functions, s is species separation coefficient, and ξ s are white
noise)

2.10.3 Sub-models

The minimal set of equations that can be used for designing model-based data fil-
tering methods is the mass conservation constraints of Equations 2.114 written for
components that are not transformed:

dmi

dt
= Mi fi i ∈ {0 . . .n + 1} (2.121)

or
dm
dt

= M f (2.122)

using the stacked vectors f and m, and the block-diagonal matrix of the Mis. This
equation does not contain any parameters to be calibrated or uncertainties to be es-
timated. Obviously these would be ideal conditions for data reconciliation. Unfor-
tunately the number of equations q (= nn(n + 1)) is low compared with the number
nX (= (p + nn)(n + 1)) of variables to be estimated. Hence – even if all the process
variables are measured – this creates a low redundancy level, which in turn leads to
limited improvements of the process variable reliability. In addition, the inventories
m j are usually not available for measurement.

To cope with the problem of inventory unavailability, it is possible to consider the
stationary model described in Section 2.7.2 for instantaneous data reconciliation,
while adding time correlation through the statistical behavior of the accumulation
rates (node imbalances):

M f = ε ε ∼ N(0,Vε(τ)), (2.123)

where τ is the time lag used for calculating V (τ) which is the autocovariance of
ε . This stationary dynamic model degenerates into the stationary model of Section
2.7.1 when Vε(τ) = 0 for τ > 0, or into the steady-state mass balance when Vε = 0.
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To add time links between successive values of stream variables included in
Equations 2.122, it has been proposed to add empirical evolution models for each
flowrate [36]. Random walk, for instance, can be used:

f (t + 1) = f (t)+ ω(t) ω ∼ N(0,Vω), (2.124)

where Vω is considered to be a diagonal matrix. This model is rather a rough and
arbitrary approximation since it does not take account of the physical links that must
exist between the input and output flows of a process. Stationary autoregressive
models should be preferred for describing the time evolution of the variables.

Instead of adding empirical information to the mass conservation constraint of
Equation 2.122, one may add parts of the phenomenological model. For instance,
the assumption of perfect mixing creates a link between the outlet streams and the
inventories, therefore limiting the problems generated by the difficulties measuring
inventories.

The various models and sub-models presented above must now be coupled with
measurement values to subsequently perform data reconciliation. The next section
describes some of the options for on-line and dynamic data reconciliation.

2.10.4 Reconciliation Methods

The state variables are usually not directly measurable. As in the steady-state and
stationary methods, two main options can be used: either reconstructing pseudo-
measurements of state variables by combining primary measured variables, or using
the actually measured variables and expressing them as functions of the state vari-
ables. The second approach has the drawback of generating non-linear observation
equations but the merit of using directly the raw information. As usual the measure-
ment equation is

Y (t) = g[X(t)]+ e e ∼ N(0,V ), (2.125)

where e is the measurement error and X the state variables, either fi and mi in the
linear state equation case, or f0 and ci, total mass flowrates and component concen-
trations, in the bilinear case.

A variety of reconciliation methods are possible depending on the model and cri-
terion used in the filter. The process equations can be those of a full model or a sub-
model, empirical or phenomenological, steady-state, stationary, or fully dynamic.
The reconciliation criterion usually contains weighted quadratic terms derived from
the maximum likelihood estimation of the state variables X from the measurement
Y , in a Gaussian context for model uncertainties, measurement errors, and driving
white noise. The criterion can be instantaneous, or expressed in a finite time win-
dow, or launched at time zero. Depending on the consistency between the modeling
assumptions and the criterion formulation and resolution, the resulting filter can be
optimal or sub-optimal.
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Let’s now define the possible terms of a reconciliation criterion. They are written
below at time t only, but can be extended in a finite size window, or a window
beginning at time zero, thus usually leading to optimal observation. First, there are
terms representing measurement errors, i.e. squared residuals according to

Jm(t) = [Y (t)−g[X(t)]]TV−1[Y (t)−g[X(t)]]. (2.126)

Squared node imbalances can be put into the criterion when appropriate. They are

Jε(t) = f (t)T MTV−1
ε (0)M f (t). (2.127)

When time correlation between the node imbalances (Vε(τ) �= 0 for τ > 0) is to
be taken into account, the vector f is replaced by the stacked values of f at previous
times, and the weighting matrix accordingly augmented with the autocovariance
terms.

The model uncertainties δ and the driving white noise signals, either ξ , ξ ′ or ω ,
which are functions of the nature of the state variables to be estimated, should also
be part of the reconciliation criteria and lead to the following quadratic terms:

Jς (t) = ς(t)TV−1
ς ς(t), (2.128)

where ς is either δ , ξ , ξ ′, ω , depending upon the model used. Moreover, if a smooth-
ing horizon is considered in the criterion formulation, past terms can also be used.

Table 2.6 summarizes some of the possibilities of coupling state equations, obser-
vation equations and quadratic reconciliation criteria. It gives the models and mea-
surements that are used as well as the quadratic criteria. The methods are optimal or
sub-optimal depending on the consistency between the modeling assumptions and
the reconciliation criterion used. For instance, when the time correlation is quanti-
fied in the model while the criterion contains only present information (thus freez-
ing past estimates) the method is sub-optimal. On the contrary, when the smoothing
horizon is extended to all past information, the methods are optimal.

The criterion minimization may be a LQ optimization problem, but most fre-
quently it is a non-linear optimization problem that requires using non-linear pro-
gramming methods (see for instance [38]) or sequentially linearizing the observa-
tion equations. In the case where the estimation horizon starts at time zero and a full
model is used, one could apply either the Kalman filter in the LQ case [99], or the
extended Kalman filter (EKF) in the non-linear case. When a sub-model is used the
generalized version of the Kalman filter (GKF) can be used [37, 96, 100].

It is also possible to use sub-models for the steady-state part of the model (thus
ignoring the process gains) and a full model for its dynamic part [93]. This allows
some kind of synchronization of the data, while avoiding constructing a complete
model of the process. This technique has been used to deal with processes exhibiting
large pure delays, as those occurring in pipe-lines [101].

There are also methods that keep the bilinear structure of the mass conserva-
tion equations (products of flowrates and concentrations), instead of using species
flowrates as above, thus leading to linear observation equations. Estimation algo-
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Table 2.6 Some of the possible dynamic reconciliation methods (h = smoothing horizon)

Method Model State
equa-
tions

Criterion Time
window

References

On-line steady-state
mass balance constraints

Sub-
model

(2.123),
Vε = 0

(2.126) (t −h, t)
or t

Makni and Hodouin, 1994
[92]

On-line stationary mass
balance constraints (also
called node imbalance
method)

Sub-
model

(2.123),
Vε (0) �=
0

(2.126),
(2.127)

(t −h, t)
or t

Bazin et al. 1995 [102],
Hodouin and Makni
1998[24], Makni et al.
1995 [104], Lachance et al.
2006, 2007 [43, 76]

Idem with correlated
node imbalances

Sub-
model

(2.123)
Vε (k) �=
0

(2.126),
(2.127)

(t −h, t)
or t

Hodouin (unpublished)

Dynamic mass balance
constraints

Sub-
model

(2.122) (2.126) (0, t) Almasy 1990 [36], Darouach
and Zasadzinski 1991 [37],
Lachance et al. 2006 [100]

Dynamic mass balance
constraints plus empiri-
cal dynamics

Sub-
model

(2.122),
(2.124)

(2.126),
(2.127),
(2.128)

(0, t) Almasy, 1990 [36], Lachance
et al. 2006 [100]

Full phenomenological
model

Full-
model

(2.114)
to
(2.117)

(2.126),
(2.127)

(0, t) Liebman et al. 1992 [38]

Full empirical model Full-
model

(2.118)
(2.119)

(2.126),
(2.128)

(0, t) Bai et al. 2006 [39], Hodouin
and Makni 1996 [93], Makni
et al. 1995 [97]

rithms derived from the BILMAT™ steady-state method [4, 92] can be used, which
hierarchically decompose the optimization problem. The state variables are esti-
mated in two steps. At the upper level the flowrates are estimated by minimizing
the node imbalances calculated with the measured values of the concentrations. At
the lower level, flowrate estimates are frozen, thus leading to a LQ problem, and
the concentrations are reconciled. The procedure can be iterated between the two
levels to improve the minimum localization. These techniques have been illustrated
by numerical tests based on simulated or industrial data [46] and their drawbacks
and advantages discussed [42].

The stationary method (node imbalance method) is recommended for industrial
applications since it does not require any model parameter calibration, does not
rely on inventory measurement, and allows reasonable adjustments of the dynamic
(Vε) and measurement error (V ) variances (see, for instance, [43, 78], and [96]),
which gives sufficient filtering performances to the method with respect to practical
industrial needs.
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2.10.5 An Example of Dynamic Reconciliation for a Simulated
Flotation Circuit

A Pb–Cu–Zn flotation plant is depicted in Figure 2.16. It produces four different
concentrates. On-stream analyzes (OSA) for lead, copper and zinc are available for
the main streams of the plant (all the streams of Figure 2.16), but only the plant
ore feedrate is measured. The plant is simulated using a phenomenological kinetic
model [40] and random variations of the process variables are imposed as well as
measurement errors. For data reconciliation a sub-model is considered that involves
an empirical transfer function to describe the feed-to-concentrate and feed-to-reject
dynamics for the ore and the three metals (only the ore flow model is given in Figure
2.17 but the flow models for the three metals have similar structures). However, the
separation coefficients for the ore and the three strategic metals are not modeled.
Consequently the model is incomplete.

Figure 2.16 Flowsheet of a lead–zinc–copper flotation plant

The reconciliation procedure has a hierarchical structure (see Figure 2.18). At the
upper level, metal assays are used to estimate flowrates in order to minimize model
equation residuals at time t (this is a one-step method using criterion J of Equation
2.127). Assuming that ore flowrates are set at their estimated values, metal assays are
reconciled at the lower level by minimizing squared residuals of the measurement
equations and squared residuals of metal flowrate dynamic models. This is again
a one-step method. There is also a possibility of refining flowrate estimation by
iterating between the two levels, but this is usually unnecessary since the process
variables do not vary much between two subsequent sampling times. Some results
are given in Figures 2.19 to 2.22. The first one shows the estimated values of the
unmeasured flowrates compared with the simulated values (“true values”). The other
figures show the reconciled values of the metal assays for selected streams.
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Figure 2.17 Empirical sub-model of the ore flow dynamics in the plant (z−1 in transfer functions
is the backshift operator)
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Figure 2.18 Computation scheme for reconciliation of Figure 2.17 plant data
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Figure 2.19 Comparison of estimated (dotted line) and simulated (continuous line) ore flowrates
in six different streams
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Figure 2.20 Comparison of measured (crosses), estimated (dotted line) and simulated (continuous
line) lead grades in two selected streams

www.ATIBOOK.ir



2 Process Observers and Data Reconciliation 67

time h

Stream 7

%
Zn

%
Zn

time h

Stream 5

Figure 2.21 Comparison of measured (crosses), estimated (dotted line) and simulated (continuous
line) zinc grades in two selected streams
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Figure 2.22 Comparison of measured (crosses), estimated (dotted line) and simulated (continuous
line) copper grades in two selected streams
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2.11 Instrumentation Strategy Design

If raw data delivered by sensors is to be updated by a reconciliation procedure,
which at the same time generates estimates of unmeasured variables, the sensors,
or more generally the variables to be measured, must be selected in a way to maxi-
mize the reconciliation procedure performance [51, 105–107]. The instrumentation
placement or measurement strategy design problem is defined as [64, 108–110]:

Knowing the state equation f (X) = ε , or CX = ε , and Vε (usually = 0
at the instrumentation design stage), find g(.), or C, and Ve in such a
way that the following properties of the data reconciliation procedure
are obtained, subject to the constraints that states X are observable:

o maximum accuracy of the estimated states and of the process perfor-
mance indices that are subsequently calculated with these estimates;

o Minimum instrumentation cost (capital investment, labor and mainte-
nance costs);

o maximum reliability of the process observer (maximum operating life
without loss of observability, in the presence of possible total failures
of sensors).

This is a multi-criterion discrete optimization problem since the properties of the
variables to be measured (type of sensor, accuracy of sensor, and sensor position in
the process network) have to be selected from a discrete set of available instrumen-
tation combinations. It is obvious that there is a necessary trade-off between the cost
of the sensors and the reliability and accuracy of the observer, since increasing the
number and accuracy of the sensors would improve both the observer accuracy and
reliability. The instrumentation design can be processed either as a multi-objective
problem or as a single-objective problem if the economical impact of improving the
process operation control by an accurate and reliable observer can be quantified in
the same units as the investment and maintenance costs. In the most general situ-
ation, there is no other available systematic method to find the best solution to the
design problem than to scan the set of possible combinations. However, for specific
cases such as the minimal cost combination or the minimal estimate variance for
the minimal number of sensors, the optimal design can be found analytically, or the
solution space scanned along paths minimizing the number of tested designs [67].

Table 2.7 illustrates the optimal instrumentation problem for the flotation plant
of Figure 2.7 [52], using two different criteria (the cost and the estimate accuracy)
and different allowed numbers of sensors for measuring the mineral flowrates.
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Table 2.7 Optimal sensor placement for the plant of Figure 2.7 (numbers of the streams to be
instrumented)

Number of available sensors 4 5 6
Minimal cost configuration 1, 6, 7, 8 1, 4, 6, 7, 8 1, 2, 4, 6. 7, 8

Minimal estimate variance configuration 5, 6, 7, 8 4, 5, 6, 7, 8 1, 4, 5, 6, 7, 8

2.12 Fault Diagnosis

The above data reconciliation procedures are unbiased insofar as the assumption that
random components e and ε of the process model have zero means is valid. In the
absence of such a property, the X estimates become biased and the data reconcilia-
tion, instead of improving the data and the subsequent control actions on the process,
might distort quite significantly the process state observation and consequently de-
teriorate the decision making process involved in the manual or automatic control
procedures [111].

Non-centered rates of accumulation may arise from omitted streams, correspond-
ing either to infiltration of matter into the nodes, or, on the contrary, to material
leakages, or to secondary inputs or intermittently active outputs, or to persistent de-
viations from the stationary operating conditions. Gross errors or accidental errors
are also improbable events that may distort the reconciliation results [49, 112–116].
Either these faults should be first detected and corrected, or the reconciliation pro-
cedure robustified to attenuate their impacts on the reconciled values. Providing for
such faults, in the linear data reconciliation case, Equation 2.21 can be more exactly
rewritten as [70, 117]

MX = ε + LFFX , (2.129)

where FX is the vector of potential sources of non-centered accumulation rates, and
LF the matrix that distributes the impact of these faults on the various nodes. When
LF is the identity matrix, it is assumed that each node is potentially faulty and that
all the potential faults around a node k are lumped into a single variable FX(k) .

Non-centered measurements may arise from sensor biases due either to calibra-
tion deficiencies, matter sampling systematic errors, or to sensor misplacement in
the streams to be measured. Providing for such faults, Equation 2.29 in the linear
case can be more exactly rewritten as

Y = CX + e + KFFY , (2.130)

where KF and FY have the same meanings for the measurement biases as LF and FX

for the node balance faults. The fault detection problem can be defined as follows:
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Knowing M, C, Y , V , Vε , LF , and KF , decide between the two following
hypotheses:

H0 : FX = FY = 0, i.e., there are no faults in the process;

H1 : either FX or FY or both are �= 0 , i.e., there is at least

one fault in the process.

Most of the time, detection of gross errors is performed after the reconciliation
procedure by testing innovations, i.e., corrections brought to the measured process
variable values. When the statistical tests are sequentially applied to single inno-
vations, these methods are incorrect since they ignore the fundamental correlation
brought to the measured variable estimates by the reconciliation procedure. A gross
error in any process variable usually contaminates the whole set of state estimates,
and therefore might lead to wrong diagnosis. An alternative to the innovation resid-
uals obtained through data reconciliation is to directly use the residuals of the re-
dundancy equations. Various fault detection tests applied to the residuals of the re-
dundancy equations (see Figure 2.5 and Equation 2.38) are available [7, 8]. Only the
parity space approach is presented here. Each residual (element of the parity vector,
[114]) can be tested against a normal distribution, or they can be tested together. The
latter approach, called the global detection test, is applied to the following quadratic
term:

Jr = rTV−1
r r, (2.131)

where r represents the residuals of the redundancy equations (Figure 2.5 and Equa-
tion 2.38), hence a normal centred vector in the absence of faults since it depends
only on e and ε . Vr, the variance matrix of the residuals, is directly calculable, in
the linear case, since r consists of linear functions of e and ε (Equation 2.45). This
quadratic term is a fault signature in the most usual case where the set of poten-
tial faults is not specified (no LF and KF matrices structuring the fault distribution).
Since the observer uncertainties have been assumed to be normal, Jr follows a χ2

statistical distribution with m + q− nX degrees of freedom and a non-central pa-
rameter only depending on FX and FY , which are zero when there is no fault in the
process. Jr is tested against a given level of false alarms.

When H1 is the conclusion of the fault detection step, the fault isolation step
becomes [118]

Deciding between the two following hypotheses:

H0 : Fa = 0,Fb �= 0,

H1 : Fa �= 0,Fb = 0,

where Fa, Fb are two exhaustive subsets of the F set of faults (FX
⋃

FY ).

By repetitive application of this diagnosis test to various fault subsets, one can
isolate the most probable active faults. The statistical isolation tests are performed
on residuals derived from the redundant equations (Equation 2.45). The generalized
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likelihood ratio test [118] is applied to the residuals of the assumed fault subsets,
and the subset exhibiting the maximum score is assumed to be responsible for the
detected faults [70, 117].
Example. Figure 2.23 gives an illustration of the method of fault isolation for the
plant of Figure 2.7. A bias that has an amplitude of three times the measurement
error standard deviation has been simulated in the sensor of stream 4 (in the data
reconciliation example of Section 2.7.2, the stream 3 metal flowrate was assumed
to be unmeasured; here all the states are measured, thus increasing the redundancy
degree). The set of potential faults consists of the biases FY (1) to FY (8) for the
eight streams and the node imbalances faults FX(1) to FX(4) for the four nodes. The
diagnosis test is performed by sequentially splitting the fault set into one particular
fault and the remaining potential faults. Knowing the statistical properties of e and ε
as well as the fault amplitude, it is possible to calculate the probability of isolation of
the fault. This is what has been done in Figure 2.23, assuming that a 5% level of false
alarms is tolerated. It shows the probability of fault detection (D), while the other
probability bars represent the probability of diagnosing the twelve potential faults
as being the actual fault. It is clear that the assumption that the fault is in sensor
4 has the largest probability. However, wrong isolation decisions are also possible.
The isolation test performance would obviously increase if the bias were of larger
amplitude, or the data acquisition process repeated in a larger time window.

t
Figure 2.23 Probabilities of detection (D) and isolation of a bias in sensor 4, and of other potential
faults FX and FY

Figure 2.24 shows the same bar diagram for a simulated leakage at node number
2 of Figure 2.7. The amplitude of the leakage is three times the standard deviation
of the node imbalance. Again the right diagnosis is the most probable, but wrong
fault isolations are possible.

The same method can be applied to dynamic data reconciliation [116], [119,
120]) increasing the size of the vector Y by adding past state values, or by pre-
filtering the measurements on a given past time horizon such that the node input and
output measurements are synchronized [50].
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t

Figure 2.24 Probability of detection and isolation of a leakage at node 2

2.13 Coupling Data Reconciliation with Process Control and
Optimization

As discussed in Chapter 2 introduction, data reconciliation has off-line applications
such as process audit, metallurgical inventories, process modeling, plant design or
reconfiguration, and tuning of operating conditions. Applications of on-line data
reconciliation to automatic control and real-time optimization have also an inter-
esting potential in process engineering, since, as in off-line applications, the use
of better information would improve the performance of the methods that requires
experimental data [47, 48, 121, 122]. Figure 2.25 gives a general scheme of the in-
tegration of a data reconciliation procedure into process control and optimization
loops.

��
�.��	
��

��	
������ 6��
���

'%	���
����
�
�
��	��%�
��
�	
����
��	

��
�
��	���
%�

��
��	��&���
�
��
�

��	��	��
���7	������.
���!���

������
�.��
�	7�

�
�
��	��%����
�
���%��
�
��
��
�	
����
��	

��	
���
�

��	��

���������
���
����	
���

����������
��
.�
��

��
�	
�����
.��
����
��
.�
��

6��
���
�
�
���

f

Figure 2.25 General scheme for the integration of data reconciliation techniques into automatic
control and real-time optimization loops
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Data reconciliation techniques are involved at two different levels when auto-
matic control and real-time optimization are simultaneously implemented. The two
observers must be different since the dynamics of the two loops are quite different,
optimization being performed with slower dynamics than automatic control. This
implies that the variances of the measurement errors and of the accumulation rates
(node imbalances) must be tuned differently. Also, the models as well as the state
variable of the two observers may be slightly different. Even if the same stationary
reconciliation structure is used for both observers, the variances in the reconcilia-
tion criterion must be different. As the measured values in the optimization observer
are obtained through an averaging technique involving a moving time window with
several samples, their variances are usually divided by the number of samples in
the window. Also, the accumulation rate variances are necessarily lower because
the averaging process in the time window decreases the magnitude of the node im-
balance variations, by attenuating the signal dynamics. Ultimately, the optimization
observer could be steady-state.

In addition to the two observers, Figure 2.25 shows peripheral tools for data pre-
processing. Sensor failures or abnormal process behavior must be detected before
feeding the reconciled values to the optimizer or the controller. As the optimization
observer is assumed working in stationary regime, it is important to test that the
process variable means are statistically constant before reconciliation. Also when
persistent mean changes are detected, it might be helpful to adapt model parameters,
when, for instance, permanent changes occur to operating conditions such as ore
grindability and grade, tonnage, chemical reagent type. If an adaptation procedure
is integrated into the loops, it should be activated only when permanent changes due
to persistent disturbance means or set-point changes are detected.

Flotation plant example: to illustrate the concept of control– optimization–
reconciliation coupling, a simple example for a flotation plant is depicted in Fig-
ure 2.26. Data reconciliation is performed only at the optimization level and the
control loop limited to a single-input-single-output system, where the collector ad-
dition is the manipulated variable and the concentrate grade the controlled variable.
The grade set-point is supervised through the maximization of an economic index.
Although there is no documented study of the performance of such a real-time opti-
mization strategy, the concept has certainly a potential that should be investigated.

2.14 Conclusion

The objective of this chapter was to point out a problem that faces most metal-
lurgical engineers and mineral processors who are involved with metal production
and willing to understand and optimize the processes they are dealing with: the
available measurements are uncertain, incomplete, and inconsistent with process
behavior prior knowledge. The emphasis is put here on data reconciliation with
mass conservation constraints, however this topic belongs to the universal problem
of matching raw data and prior theoretical knowledge. The subject is superficially
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Figure 2.26 Real-time optimization of a flotation plant ( f j = ore flowrate; ci = ore grade)

covered but the chapter explores techniques that could be helpful to practitioners
as well as to researchers willing to deepen the concepts. The following issues arise
from this limited presentation:

1. Measurement error sources are many and their variances are additives. There is
a complex intricacy between the true measurement errors and the true dynamic
variations of the process variables. It is most important to clarify these concepts
at the beginning of a reconciliation procedure, to properly define the pursued
reconciliation objectives.

2. The reconciliation objectives vary from the estimation of the underlying process
steady-state operating regime to the fast tracking of its real instantaneous dy-
namic state. The method to be used for reconciliation must be adapted to the
subsequent utilization of the reconciled data, which are mainly monitoring, mod-
eling, control, and optimization;.

3. Assumptions that process variables variations and measurement errors are Gaus-
sian and unbiased are frequently made. This is obviously not exactly true. This
is why it is so important to make a prior detection of abnormal data or process
behavior and a posterior analysis of the reconciliation residuals.

4. The reconciliation criterion may contain different types of residuals and weight-
ing factors. Its formulation is essential to adequately match the reconciliation
objectives, as well as the structure of data statistical properties. It must be rig-
orously designed, avoiding as much as possible users subjectivity or empirical
tunings.

5. The reconciliation feasibility must be carefully investigated, by looking at redun-
dancy of data and constraint information content.
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6. As the success of data reconciliation methods strongly depends on the database
structure, it can be used to design measurement strategies that promote estimate
accuracy and reliability.

Nomenclature
The notation that is specific to illustrative examples in the text is not defined below.
Roman letters
A,B,A′,B′: matrices of coefficients in a state space stochastic model
b: measurement bias
B(.): matrix function of the separation coefficients for steady-state modeling of a
separation plant
c: composition factor
ci and ĉi: concentration of component i and reconciled value
C: measurement coefficient matrix in the linear case
Cf : measurement coefficient matrix for the total mass flowrates
Ci: measurement coefficient matrix for the component i concentrations
Cd

i : diagonal matrix constructed with the vector ci

d: sieve opening retaining 25% of the particles
dlib: particle liberation size
Di,Ei,Fi: matrices of coefficients associated to component i
eI : integration error
er: measurement error of the redundant measured variables
e f : measurement error of the total mass flowrates
E(.): mathematical expectation
f (X) : constraints of mass or energy conservation
f : vector of all the component flowrates (or shape factor in Section 2.4)
fi: vector of component i flowrates in the plant network
fi(.): ith reconciliation constraint
f0: total mass flowrate vector
f̄0: f0 mean value
f̄ : f mean value
Fd

0 : diagonal matrix of the vector f0

FX ,FY : Faults in the conservation and measurements equations
F ,Fa,Fb: Union of the faults sets FX and FY and two complementary subsets of
it.
g: size distribution factor
g(X): expression defining the measured variables
G(z−1): discrete transfer function
h: time window width
h(.): function of the independent variables
hi: component i mass fraction in node hold-ups
i: index of the steam components i
in: innovations of the reconciliation procedure
I: identity matrix
J(X): reconciliation criterion
Jm: part of the reconciliation criterion that contains measurements
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Jε : part of the reconciliation criterion that contains node imbalances
Jζ : part of the reconciliation criterion that contains driving white noise
KF : projection matrix of the faults in the measurements equations
k: node index
L: matrix for expressing state variables for independent state variables
LF : projection matrix of the faults in the conservation equations
L : Lagrangian function
m: number of measured process variables
mi: vector of component i hold-up in the various nodes of the plant network
m0: mass hold-ups of total material
Mdep and Mind : matrices associated to dependent and independent state variables
Mi: network incidence matrix for component i
M: incidence matrix of the plant network for all the stream components
Mm and Mum: incidence matrices for measured and unmeasured state variables
M0: incidence matrix for total mass
Ms: sample mass
n: number of components in plant streams (total mass not included)
nX : number of state variables
nn : number of plant network nodes
p: number of streams in the plant network
Pi: production rate of the component i
q: number of conservation equations
Q,Q′,Q′′: functions or coefficient matrices in the deductible part of the constraint
equations
r: residuals of the redundancy equations (vector in parity space)
R or R(Y ): coefficient matrix or function in the redundancy equations
s: vector of node separation coefficient of a mineral separation plant
ski: component i separation coefficient at node k
S(e): contributions of the measurement errors to the parity vector
T or T (ε): contributions of the constraint uncertainties to the parity vector
Var(.): statistical estimate of the variance of a process variable
VX̂ : variance of the reconciled states
Vx(k), Vx: autocovariance of any process variable x and variance (i.e., Vx(0))
V : variance of the measurement errors e
Vε ,Vεi: variances of ε and εi

Vf : variance of f
Vi: variance of ci

Vin: variance of the innovations
Vr: variance of Yr

VŶ : variance of the reconciled measured variables
Vδ ,Vω : variance of white noise δ (t) or ω(t)
X : state variable
Xm: measured state variables
Xmr, X̂mr: redundant measured state variables and reconciled value
Xo, Xor, Xonr: observable state variables (redundant and non-redundant)
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X̂o: reconciled value of Xo

Xno: non-observable state variables
Xum: unmeasured state variables
xi: state variable associated to component i
x: any generic process variable (scalar or vector)
xs: sample mineral content
x∗: true value of the mineral content of a sampled batch
X̂ : reconciled state variable
Xdep: dependent state variables
Xind : independent state variables
X̂ind : reconciled independent state variables
X̂dep: reconciled dependent state variables
Y : measurement values
Yf : measurement values of f
Yi: measurement values of component i mass fractions
Ynr: measured values of the non-redundant measured variables
Yr: measured values of the redundant measured variables
z: state space variables of a stochastic system
z−1: backshift operator
Z: measured variables
Znr: non-redundant measured variables
Zr: redundant measured variables

Greek letters
ε: overall conservation constraint uncertainties
ε0: uncertainty of the total mass conservation equation
εi: uncertainties in the conservation constraints of component i in the plant network
γi: auxiliary matrix in the node imbalance solution
δ (t): uncertainties in the process dynamic model
λ : Lagrange’s multipliers
ξi(t), ξ (t), ξ ′(t): white noise
ξd(t): white noise driving uncertainties in the process dynamic model
μx: mean value of x
σe: standard deviation of the measurement error e
σF : standard deviation of the fundamental sampling error
σX̂ : standard deviation of the reconciled states
Γ : auxiliary matrix in the linear reconciliation case
ρv: degree of variance reduction
ρ(k): autocorrelation matrix
ρgan: gangue density
ρmin: mineral density
ρr: degree of redundancy
Ψ and Φ: coefficient matrices in the linear case reconciliation information system
ψ : matrix that extracts the node output streams from the vector fi

ϕ(.): function defining the node hold-ups
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Π : auxiliary matrix in the expression of X̂
τ: time lag for autocovariance definition
ω(t): white noise
Ω : matrix for the extraction of the feed stream flowrates from the plant stream
flowrates
ζ (t): generic name for driving white noise
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Chapter 3
Multivariate Image Analysis in Mineral
Processing

Carl Duchesne

Abstract In several process industries including mineral processing, where the ma-
terials are solids or slurries, some important measurements cannot be obtained using
standard instrumentation (e.g., flow, temperature, pressure, pH, power draw, etc.),
but can be visually appraised, and could be automatically quantified using machine
vision techniques. In general, the information to extract from process images is not
well defined and is stochastic in nature compared with those typically encountered
in the manufacturing industry for automatic inspection, which have well defined de-
terministic features. Multivariate image analysis (MIA) as well as Multiresolution
analysis (MRA) have been shown to be very efficient methods for spectral/textural
analysis of process images. The objective of this chapter is to illustrate these meth-
ods using three mineral processing problems: (1) on-line estimation of froth grade
in a flotation process; (2) flotation froth health monitoring for appropriate reagent
dosage; and (3) on-line estimation of run-of-mine ore lithotype composition on con-
veyor belts. In all cases, the extracted image information could be used for develop-
ing new vision sensors for advanced control of mineral processing plants.

3.1 Introduction

Multivariate statistical methods such as principal component analysis (PCA) and
projection to latent structures (PLS), also known as multivariate projection methods
or latent variable methods, have been widely used in the process industry since the
early 1990s for analyzing and extracting meaningful information from large, noisy
and highly collinear datasets. A few good reviews covering both theoretical and
practical aspects of latent variable methods for a variety of data structures, prob-
lems and applications can be found in [1–4]. In the mineral processing industry in

Carl Duchesne
Department of Chemical Engineering, Université Laval, Québec, Canada, G1V 0A6, e-mail:
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Figure 3.1 Standard feedback/feedforward control loop with controlled and disturbance variables
measured using machine vision

particular, these methods have been used for analyzing spectral data for ore charac-
terization and sorting [5] and for monitoring of crushing and grinding mills [6, 7],
for post-analysis and monitoring of grinding mills and flotation plants [8–11], and
for soft-sensor development [12]. In these applications the relevant process states
could be extracted from the large data sets obtained from standard process sensors
(e.g., flow, pressure, pH, power draw, etc.) and/or from analytical instruments (e.g.,
vibrations, assays, size distributions, etc.). However, in some situations, and partic-
ularly in mineral processing where the materials are solids or slurries, the desired
process information cannot be easily obtained from standard instrumentation but
can be visually interpreted and evaluated using machine vision techniques.

For example, consider Figure 3.1 showing a standard feedback/feedforward con-
trol loop. Variables Y, Ysp, D and P correspond to the controlled variable, its set-
point, a measured, and an unmeasured disturbance, respectively. The Gs are the
appropriate transfer functions. Tracking changes in the composition of run-of-mine
ore (i.e., disturbance D), monitoring variations in the quality or “health” of a froth
flotation process, or in the amount of heat transferred to solids by combustion in
a rotary kiln (both Ys) are examples of difficult to measure variables using con-
ventional instrumentation that can be visually appraised by experienced operators
and engineers. Once automated using machine vision techniques, the information
extracted from these images can be used in process control loops. Indeed, a very
common example in mineral processing is on-line particle size analysis using com-
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mercial products, such as VisioRockTM1 (Metso Minerals Oy, Helsinki, Finland) and
WipFragTM2 (WipWare Inc., Ontario, Canada). Size measurements obtained from
these imaging systems are typically used to manipulate crusher jaw opening or SAG
mill throughput to meet product size specifications.

Machine vision has been successfully used for several years in the manufacturing
industry for automatic inspection and assembly, but had limited success in the pro-
cess industry since the intrinsic nature of the information to be extracted from the
images collected in each field are fundamentally different [13]. In the former, the
relevant information typically consists of inspecting the shape, position, orientation,
structure, etc., of an object of interest within an imaged scene (e.g., a micro-chip)
and to compare against a pre-defined assumption of what the desired object should
look like; the desired informations are deterministic in nature [13]. Traditional
imaging techniques involving gray level images (i.e., monochrome or univariate
images) and algorithms for image enhancement/restoration and pattern recognition
techniques using morphological operations and segmentation algorithms are effi-
cient methods for extracting these deterministic features from the image itself (i.e.,
in the image space) for which specific assumptions can be made about the scene
[14].

In contrast, the desired information to obtain from process images such as those
shown in Figure 3.1 are often ill-defined and essentially stochastic [13]. Variations
in froth texture and color are known to be related to separation performance (i.e.,
grade, recovery) in flotation circuits, but it is difficult to make pre-defined assump-
tions on what the perfect froth should be. Rock fragments from the same litho-
type often greatly differ in color and surface texture, even a single fragment shows
variations across different faces. Classifying run-of-mine ore (ROM) into mineral
types (i.e., estimating ROM composition) cannot rely on a well defined visual ap-
pearance of each rock type. Thus, the features to be extracted from process images
are more complex and require images carrying more information, that is multivari-
ate images (i.e., images containing more than one spectral channel for each pixel,
such as RGB). Moreover, a combination of a few methods are often necessary for
extracting the desired information for these multivariate images (i.e., color, textu-
ral features, etc.) and for correlating them to key process variables. This chapter
presents a machine vision framework for efficiently extracting color and textural
features from multivariate images for monitoring and control of mineral processing
plants. This framework heavily relies on latent variable methods.

This chapter is organized as follows. A brief overview of the two most frequently
used latent variable methods (i.e., PCA and PLS) is presented in Section 3.2. Section
3.3 discusses the nature of multivariate images followed by a description of the
machine vision framework and the multivariate methods used for color and textural
feature extraction, reduction, and analysis (Section 3.4). To illustrate the concepts,
three mineral processing case studies are then presented in Section 3.5, two froth

1 VisioRock is copyright of Metso Minerals Cisa BP 6009, 45060 Orlans Cedex 2, France,
www.svedala-cisa.com
2 WipFrag is a registered trademark of WipWare Inc., North Bay, Ontario, Canada,
www.wipware.com
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flotation examples in which froth grade is predicted and froth health is monitored,
and one application to ROM in which it is attempted to estimate the proportions of
the various mineral types on a conveyor belt. Some conclusions are drawn in Section
3.6.

3.2 Background on Latent Variable Methods

3.2.1 Principal Component Analysis

Principal component analysis is a classical multivariate data analysis approach and
a tutorial with some chemical examples can be found in [15]. Figure 3.2 (a) shows
a data table, X, that consists of I measurements taken on J different variables. PCA
takes advantage of the correlation structure among the J variables to summarize X
into a few principal components or latent variables. The number of principal com-
ponents, A, is generally smaller than the number variables J and is often viewed as
an estimate of the effective rank of X.

I

X

J M

Y

I

X

J

pT

pT

wT qT

t

t u

(a)

(b)

Figure 3.2 Data vectors and matrices involved in projection methods. (a) PCA. (b) PLS

From a rigorous mathematical point of view, the PCA model building procedure
starts with finding the direction in X, or alternatively, finding a linear combination
of x-variables p1 that explains the most variance in X:
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max
p1

{
p�

1 X� X p1

}
subject to p�

1 p1 = 1.0 (3.1)

A first summary variable or score, t1, is obtained simply by projecting X in the direc-
tion of p1, t1 = X p1. This high variance direction is then removed from X, leaving a
residual matrix E1 = X− t1 p�

1 , containing the variance of X that is not explained by
the first component. The construction of the PCA model can continue with the com-
putation of a second linear combination p2, explaining the second highest amount
of variance in X. The objective in this case is the same as shown in Equation 3.1,
but replacing p1 by p2 and X by E1 and imposing the additional constraint that the
second component be orthogonal to the first one (e.g., p�

1 p2 = 0). This procedure
is repeated until the desired number of components is computed. The final structure
of the model is X = T P� + E, which can be seen as an eigenvector or singular
value decomposition (SVD) of X�X. In fact, the p vectors are just the eigenvectors
of X�X and the t vectors are the eigenvectors of X X�. When as many components
are computed as there is variables (e.g., A=J), the decomposition of X is perfect and
E = 0.

An alternative approach for computing the p and t vectors sequentially is to use
the Nonlinear iterative partial least squares (NIPALS) algorithm. The starting point
of this algorithm typically (but not always required) consists of mean-centering and
scaling of matrix X (discussed later in this section). The following steps are outlined
below:

1. set t to be one column of X;
2. p = X� t/t� t;
3. p = p/(p� p);
4. t = X p/(p� p);
5. continue iterating between 2. and 4. until convergence on t or p;
6. residual matrix: E = X− t p�;
7. store p and t in P and T, respectively;
8. calculate next dimensions by returning to 1, using E as the new X.

After computing each latent variable, one needs to decide whether another dimen-
sion should be added to the PCA model. Cross-validation [16] is often a typically
used criterion for selecting the number of components to keep in the model.

3.2.2 Projection to Latent Structures (PLS)

Projection to latent structures, or alternatively, partial least squares is a truly multi-
variate latent variable regression method. PLS is used to model relationships both
within and between two blocks of data, X and Y. A tutorial on PLS is found in [17]
and a review of PLS history is available in [18]. Some mathematical and statistical
properties of PLS were also addressed in [19, 20].

In PLS, the covariance structures of X and Y are modeled via a set of A latent
variables, t and u respectively, as shown in Figure 3.2(b). However, these latent
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variables are computed in such a way that the covariance between the two blocks X
and Y is modeled as well. Mathematically, this is achieved by selecting a set of linear
combinations of X variables, wi, i = 1, . . . ,A, that maximizes the covariance between
the matrix of descriptors X and the matrix of responses Y, under the following
constraints:

maxwi

{
wi X� YY� X w�

i

}
subject to w�

i wi = 1
subject to w�

i w j = 0 for i �= j.
(3.2)

The structure of the PLS model is shown below:

X = T P� + E

Y = T Q� + F (3.3)

T = X W (P�W)−1,

where the A columns of P and Q define the linear combinations of the X and Y
variables modeling their covariance structure. E and F are just model residuals. It
has been shown by [19] that the vectors w, q, t and u are eigenvectors of X�YY�X,
Y�XX�Y, XX�YY� and YY�XX�, respectively.

Instead of computing all the latent variables at once, a version of the NIPALS
algorithm was adapted for sequentially computing the PLS latent variables, one at a
time. This algorithm is outlined below, with the starting point being mean-centering
and scaling both X and Y matrices:

1. set u to be one column of Y;
2. w = X� u/u� u;
3. w = w/(w� w);
4. t = X w/(w� w);
5. q = Y� t/t� t;
6. u = Y q/(q� q);
7. continue iterating between 2. and 6. until convergence on t or u;
8. residual matrix: E = X− t p�, F = Y− t q�;
9. store w, p, t and u in W, P, T and U, respectively;

10. calculate next dimensions by returning to 1, using E and F.
as the new X and Y

3.2.3 Statistics and Diagnostic Tools Used With Latent Variable
Models

This section presents some statistics and diagnostic tools used in this chapter to
assess the performance of the latent variable models and for interpreting them. In
particular, the scaling of the data matrices, the selection of the number of compo-
nents by cross-validation, and the distance to the model diagnostic tool are discussed
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in turn. More details on performance assessment and LV model diagnostic tools can
be found in [4, 21].

3.2.3.1 Scaling of Data Matrices

All projection methods described previously are scale dependent and therefore, ap-
propriate scaling needs to be performed on all measurements prior to analyzing
them. When no prior process knowledge is available, one common practice is to
scale all variables to unit variance, as this gives them equal importance in the model,
with respect to one another. However, if prior knowledge exists, then scaling should
be modified accordingly. For example, if it is common knowledge that a particular
set of variables is roughly twice as important as another set, the most important set
could be scaled to twice the variance of the less important set of variables. In this
chapter, mean-centering and scaling to unit variance was applied prior to building
the latent variable models unless otherwise stated.

3.2.3.2 Number of Components

Another important issue in building empirical models with projection methods is to
select the number of components to keep in the model in a meaningful way. The
most widely used method for selecting the number of components in projection
methods is cross-validation [16]. This method suggests to keep adding latent vari-
ables to the model as long as they significantly improve the predictions of the model
(PCA or PLS). Model predictive ability can be evaluated using the predictive multi-
ple correlation coefficient Q2(a) = 1−PRESS(a)/SSr(a−1). PRESS(a) is the total
prediction error sum of squares obtained by cross-validating a model with a latent
variables. This is performed by dividing the I observations included in the database
(X and/or Y, see Figure 3.2(b) into g groups of size q (I = gq). Then, each group is
deleted one at a time and a PCA or PLS model with a latent variables is built on the
remaining g−1 groups. The prediction error sum of squares is then computed for the
group not used to build the model. PRESS(a) is the total of the prediction error sum
of squares for all groups. SSr(a− 1) is just the residual sum of squares of a model
with a− 1 latent variables. As long as Q2 is greater than zero, the ath dimension
is improving the predictive power of the model. Therefore, one should keep adding
latent variables until Q2 is consistently lower than zero. Statistical hypothesis tests
are sometimes used to verify if the ath dimension has led to a sufficient increase in
Q2 to be added to the model. Several other criteria have been developed for select-
ing an appropriate number of latent variables. Overviews of criteria available in the
signal processing and chemometrics literature are available in [22, 23].

Another statistic used for assessing the fit of the latent variable models is the fit
multiple correlation coefficient R2(a), or alternatively, the explained variance for a
model with a latent variables, R2(a) = 1− SSr(a)/SStot . In this statistic, SSr(a) is
the residual sum of squares of a model (PCA or PLS) with a latent variables, while
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SStot is the total sum of squares of the original data (before the model is built). As
R2 reaches values close to one, a very good fit of the data is obtained. The fit is poor
when R2 values approach zero.

3.2.3.3 Distance to the Model Statistic

The distance to the model is an essential tool in the interpretation of latent variable
models since it allow one to verify how well each observation in the dataset projects
onto the reduced space of the model (plane or hyperplane). This is useful to identify
outliers and the presence of a different correlation structure in specific observations.

The distance of an observation (measurement on each variables) in the X space,
xi, from the PCA or PLS model is given by the square prediction error of this obser-
vation, defined as SPEi = (xi − x̂i)

�(xi − x̂i), where x̂i is the projection of xi onto
the reduced space of the model (plane): x̂i = tiP�. SPEi is therefore a measure of
the perpendicular distance of the observation xi from the plane defined by the PCA
model with A latent variables. Note that we have chosen the distance in X space,
but the equations are the same for the distance in Y space, just by replacing xi by yi

and x̂i = tiP� by ŷi = tiQ�. When the distance is large, this indicates that observa-
tion xi has a different correlation structure from that normally seen in the historical
database used to build the PCA model (i.e., not well captured by the model) and
should be investigated closely.

Another very similar measure of perpendicular distance to the model is the
DMOD statistic [21]. This is just a normalized SPE . For the ith observation in the
X space, the distance is computed as DMODXi =

√
SPEi/(J−A), where J is the

number of variables in X and A is the number of latent variables. Note that DMODYi

can be computed similarly. This measure of perpendicular distance to the model is
shown here since it is used in some commercial software packages (e.g., SIMCA-P,
Umetrics Inc.).

Statistical upper limits for the SPE and DMOD statistics can also be used to
establish a threshold for discriminating normal/abnormal data. These involve refer-
ence or theoretical (i.e., F) distributions [21, 24].

3.3 Nature of Multivariate Digital Images

A digital multivariate image is a stack of congruent univariate images taken at var-
ious wavelengths as shown in Figure 3.3. It consists of a three-way array of data X
(x× y×λ ) having two spatial directions (i.e., x and y), together defining the spatial
resolution of the image (i.e. number of pixels), and a third direction λ , referred to
as the spectral direction, corresponding to light intensities captured by the camera
CCD (charge-coupled device) at different wavelengths (or spectral channels). For
example, the RGB color image of froth shown in Figure 3.3 has a spatial resolution
of 516× 346 pixels, which yields an array of data of dimensions 516× 346× 3.

www.ATIBOOK.ir



3 Multivariate Image Analysis in Mineral Processing 93

Here, λ = 3 since the froth image was captured using a three-color RGB camera
collecting light intensities in the red (R), the green (G), and the blue (B) colors.

Spatial axis x
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516

346516

346

Multivariate RGB image

Figure 3.3 A multivariate image is a stack of congruent images collected at various wavelengths.
An example of a three-channel RGB image of a froth flotation process is shown. Adapted from
Bharati and MacGregor [25]

The camera CCD is responsible for this three-way array structure. It basically
consists of a matrix of photo-sensitive detectors each giving rise to a pixel within
the image. The number of detectors in both spatial directions define the spatial res-
olution of the image. Each detector is sensitive to a certain spectral range within
the electromagnetic spectrum. If all detectors of the CCD have a similar spectral
sensitivity, then a monochrome or gray-level image of dimensions (x× y×1) is ob-
tained. When the CCD consists of a mosaic of detectors having different spectral
sensitivities or when a spectroscope is mounted in front of a monochrome camera
(in this case λ can be in the order of a few hundred), then a full three-way array
structure (x×y×λ ) is generated. The images used in this chapter were all collected
using 1-CCD RGB cameras, that is a single CCD made of a mosaic of three types
of detectors, some sensitive to the red, the green, and the blue colors, and spatially
distributed across the CCD matrix according to the the well known Bayer pattern.
To fill the empty pixels within the three-way array X (e.g., a red-sensitive detector
is less sensitive to green and blue colors) interpolation using appropriate neighbor-
ing detectors is usually performed (within the camera electronics, transparent to the
user). Cameras having three different CCDs, each specialized in one spectral range
(i.e., each pixel has a true reading in each of the RGB channel), are also available
on the market but are much more expansive.

The readings provided by each detector of the CCD is proportional to the num-
ber of photons accumulated by the detector during the user-defined exposure time,
which are then converted into numbers (i.e., integers) using an analog–digital con-
verter. The resolution of this AD converter defines the number of gray levels with
which light intensities will be quantified. For example, a typical 8-bit camera will
result in light intensities described by integers varying from 0–255 gray levels, 0
corresponding to black and 255 to white. In Figure 3.3, each univariate image or
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slice of X along λ is filled with such numbers. Linear combinations of these num-
bers for the red, green, and blue channels will give rise to any colors of the visible
spectra.

In summary, a multivariate digital image is a three-way array of data X from
which it is possible to compute or extract various features, such as geometri-
cal/morphological, colors, and textural features. Some methods and algorithms used
for this purpose will be presented in the next section.

3.4 Machine Vision Framework and Methods

As mentioned earlier in the introduction section, the information to be extracted
from multivariate images of processes and products are essentially stochastic, are
generally more complex, and often require combining different methods for extract-
ing relevant image features (i.e. color, textural features, etc.) and for correlating them
to key process variables. A general machine vision framework proposed by Liu [13]
and Tessier et al. [26] is presented in Figure 3.4. This three-step framework will be
used to discuss the role of each multivariate method and how they interconnect in
order to obtain valuable information from process images.

Image acquisition

Desired information

Feature reduction / analysis

Feature extraction

Pre-processing

─ MIA
─ MRA
─ MR-MIA
─ Others…

─ PCA
─ PLS
─ PLS-DA
─ Others…

{

{

Figure 3.4 A general machine vision framework used in multivariate imaging. Typical multivariate
methods used in each step are also listed. Adapted from Liu [13]

The steps to be performed following image acquisition are described below:

• Step 1: Image pre-processing. When necessary, image quality is enhanced to
improve feature extraction. Examples include contrast and brightness adjust-
ments, correction for non-uniform illumination, noise removal, edge enhance-
ment and segmentation. These operations are performed using well known tra-
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ditional image processing techniques discussed in [27], for example, and imple-
mented in software such as MATLAB® (The MathWorks Inc.).

• Step 2: Feature extraction. This step is the core of the framework where image
characteristics are computed and stored for further analysis, such as for assess-
ing the state of the process or for predicting key process variables. The desired
visual appearance information to extract from images may consist of color vari-
ations (i.e. spectral signatures), textural changes or both. Geometrical features
are best extracted using traditional image processing techniques and are well
covered elsewhere [27]. In this chapter, the MIA technique will be used for ex-
tracting color (i.e. spectral) signatures. Textural information will be quantified
using MRA) and multiresolution MIA (MR-MIA) will be presented as a method
for combining both color and textural information.

• Step 3: Feature reduction and analysis. Even though modern computer ca-
pabilities allow for rapid computation of a large number of features from sev-
eral hundreds to thousands of multivariate images of a set, their interpretation
with respect to the ultimate machine vision objective is not straightforward. Im-
age features are often highly collinear and efficient methods for exploring their
clustering patterns, for classifying and monitoring them (non-supervised or su-
pervised methods), or for establishing relationships between these features and
key process variables (i.e., regression on images) are necessary. Multivariate la-
tent variable methods, such as PCA, PLS and their extensions, are very efficient
methods for making sense of such large image feature database by projecting
the information down to a lower dimensional feature space where it is easier to
visualize and interpret the image information and process variations.

Some of the multivariate methods for extracting color and textural image features
will be presented in the remainder of this section. These methods will be later used
in various combinations in a few case studies related to mineral processing (Section
3.5). This section does not provide an extensive account of all multivariate tech-
niques that can be used in image analysis, but rather provides an introduction to the
field. Additional references for further readings will be provided when appropriate.

3.4.1 Feature Extraction Methods

3.4.1.1 Multivariate Image Analysis

The MIA technique allows one to explore and quantify the spectral characteristics
of an image based on unsupervised classification (i.e., PCA) of each individual pixel
of a multivariate image according to their spectral signature (i.e., colors for a RGB
image). It was originally proposed by Esbensen and Geladi almost 20 years ago
[28], and was later described in greater details by Geladi and Grahn [29]. It was
introduced in the process industries in the late 1990s [25] and since then, it has
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been used in various areas such as in the forest products and pulp and paper fields
[30, 31], in the snack food industry [32, 33], in steam plants [34], and in the mineral

areas [38, 39].
Multivariate image analysis consists of two steps: (1) a decomposition of the im-

age information using multi-way PCA (MPCA) which yields a lower-dimensional
feature space (or latent variable space); and (2) feature exploration by iterative seg-
mentation of regions-of-interest (ROI) within the feature space followed by mapping
of these selected ROIs back in the original image space for visual interpretation of
the identified spectral features. The MPCA decomposition of a multivariate image is
illustrated in Figure 3.5 using the froth image shown in Figure 3.3. First, it involves
reorganizing the image data cube (i.e., three-way array) X (x× y×λ ) into a matrix
X of dimensions ((x×y)×λ ) by collecting the light intensities at the various wave-
lengths row-wise for all pixels of the image. The image data X is then decomposed
using PCA into a set of A orthogonal score vectors ta and loading vectors pa to-
gether defining a lower dimensional subspace where most of the image information
lies:

X =
A

∑
a=1

ta p�
a + E. (3.4)

When the number of principal components (PCs) A < λ , E contains the projection
residuals of each row of X (i.e., distance of each observation in the original ℜλ

space and their projection into the lower dimensional space). In image analysis, X
is generally not centered and scaled prior to applying PCA since the average color
intensities explained by the first PC is often meaningful and the light intensities
captured in each channel are measured in the same units and span the same range
(0–255 for an 8-bit camera). As mentioned in Section 3.2.1, the loading and score
vectors can be computed either by the iterative NIPALS algorithm or using SVD.
Since the number of rows of X is typically very large (i.e., equal to the number of
pixels of the image), it is more computationally efficient to compute the loading
vectors pa by applying SVD on the kernel matrix (X�X) [29], which is only a 3×3
matrix for a RGB image. The score vectors are then computed as ta = X pa, a =
1,2, . . . ,A. In the analysis of RGB images, A = 2 is typically used since the explained
variance of X with two components is often in excess of 99%.

A shown in Figure 3.5, the results of the MPCA decomposition of X can also be
expressed in multi-way notation by reorganizing the score vectors ta ((x× y)× 1)
into a matrix Ta (x× y× 1) according to the original location of each pixel of the
digital image:

X =
A

∑
a=1

Ta ⊗pa + E, (3.5)

where symbol ⊗ is the Kronecker product. The advantage of this representation is
that the score matrix Ta can be displayed as univariate (gray-scale) images, which
enables direct visual interpretation of the information captured by each principal
component.

processing industry, in both ore concentration [26, 35, 36] and pyrometallurgical
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Figure 3.5 Application of multi-way PCA (MPCA) to decompose the spectral information con-
tained within a multivariate image. Adapted from Bharati and MacGregor [25]
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Figure 3.6 Visual interpretation of score and loading vectors obtained from MPCA when applied
for image analysis. Adapted from Liu et al. [37]
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To illustrate how to interpret the score and loading vectors in the context of digital
image analysis, consider the example presented in Figure 3.6 where a RGB froth
image taken from a zinc (i.e. sphalerite) flotation plant is decomposed using PCA.
Only the first two components are considered in this example. This figure shows
the T1 and T2 score images obtained after scaling score values between 0 and 255
according to the following equation:

Ta(x,y) = Round

(
Ta(x,y)−min(Ta(x,y))

max(Ta(x,y))−min(Ta(x,y))
×255

)
, (3.6)

where x and y correspond to the pixel location in both spatial directions. The cor-
responding loading vectors (p1 and p2) containing the weights of the linear com-
binations of the three color channels explaining most of the color variations across
the RGB image X are also shown in this figure. The first PC clearly capture varia-
tions in gray colors across the froth (i.e., the dominant color) since all p1 weights
have a similar magnitude and the same sign. The darker regions in the original froth
image correspond to pixels having low RGB intensities. Taking a linear combina-
tion of these low RGB intensities according to the p1 weights will result in small
negative t1 values (i.e., close to zero). On the other hand, light gray regions corre-
spond to high RGB values and, therefore, to strong negative t1 values. Once scaled
between 0 (min(t1)) and 255 (max(t1)) and displayed as a T1 image, darker regions
in the froth image will appear as light gray to white, whereas clearer regions will
appear as dark gray to black in the T1 image. Hence, the T1 image captures the gray
color contrasts within the froth image accounting for 99.88% of the color variations
(i.e., RGB intensities) within the image. On the other hand, the second PC explains
only an additional 0.085% of the variance of X, but captures a contrast between the
red and the blue channels (see p2 weights) revealing some interesting features. The
opposite signs of the R and B weights indicate that these two intensities vary in a
negatively correlated fashion (i.e., when R increases B decreases and vice versa).
This allows capture of the brownish areas on the froth, corresponding to sphalerite
particle agglomerates, which could be used to estimate froth grade. This PC also
captures the blueish colors, but these are most probably caused by light reflections
from bubbles. The unexplained variance of X after two PCs (i.e., T3) essentially
corresponds to noise and are left as residuals E.

However, the most useful approach for exploring image features involves inves-
tigating the clustering patterns of the pixels obtained by plotting the score vectors ta

against each other (see the t1–t2 score scatter plot in Figure 3.6), as typically done
when analyzing large historical process databases. The only difference between tra-
ditional data and image analysis lies in the fact that, in the latter case, the score
scatter plots are visually enhanced by displaying them as 2-D density histograms
due to the very large number of observations projected into this plot. Indeed, there
are as many observations (i.e., points) in the score plots as the number of pixels
forming the image, that is 516×346 = 178536 observations in the t1–t2 plot for the
image shown in Figure 3.5. It would therefore be very difficult to see any cluster
in such a plot, especially considering that 516×346 pixels is a very low resolution
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using today’s imaging technology, which currently provides spatial resolutions as
high as 14 megapixels. Constructing a 2-D density histograms from a ti–t j scatter
plot (i �= j) involves: (1) discretizing the score plot into a certain number of bins by
applying a grid of a user-defined mesh size; (2) counting the number of occurrences
(i.e. number of pixels) falling into each bin; and (3) applying a color map showing
pixel density variations. A grid of 256×256 typically provides sufficient resolution
for exploring the information contained within a single image [25, 29]. A lower res-
olution is often used after the initial exploration stage, when the features of interest
are known and are used to develop classification of regression models, for example.

The feature exploration stage of MIA is illustrated in Figure 3.7 using another
froth image, again collected from a zinc flotation plant. After decomposing the froth
image using PCA, a 256× 256 t1–t2 score density histogram is computed and dis-
played using a hot color map. The regions in black indicate that no pixels have that
particular combination of t1 and t2 values, whereas colors of increasing brightness,
from dark red to yellow and, eventually, to white indicate an increasing density of
pixels falling into specific areas of that plot. Then, the feature exploration proceeds
iteratively with (1) drawing of a mask (i.e., ROIs) on the score density histogram,
followed by (2) identification of the pixels falling under that mask (i.e., pixels having
t1 and t2 values falling within the region segmented by the mask) and, (3) display-
ing these selected pixels on the original image using an easily distinguishable color.
Pixels falling within a certain neighborhood have similar features or spectral signa-
tures whereas those pixels falling in distinct regions of the density histogram will
capture different features.

This procedure is illustrated in Figure 3.7 with the blue and green masks. These
masks are initially of arbitrary size and shape, but are refined in later stages using
either automatic masking techniques [40] or using regression [32, 38]. After identi-
fying the pixels falling underneath each mask and overlaying them onto the original
image, one can visually interpret the color features extracted by each mask; the blue
and green masks, respectively, capture the sphalerite agglomerates (i.e. brown areas)
and the clear (black) windows on the bubbles associated with poor bubble loading.
Since MIA is performed on a pixel-by-pixel basis, these features are easily extracted
regardless of their size, shape, and location within the image. This is an important
advantage of the method since these features are stochastically distributed from one
image to the other.

Once the initial feature exploration stage of individual images is completed, the
subsequent steps usually involve collecting images under different operating con-
ditions according to some designed experiments (or not) for the purpose of on-line
monitoring or classification of features of interest, or for predicting some key pro-
cess variables. Comparing features of a set of J images requires building a common
PCA model for all the images within the set. This is accomplished by applying SVD

to the global kernel matrix Z =
J
∑
j=1

X�
j X j [29], which will result in a common set

of loading vectors pa for all J images. The score vectors of the jth image t j
a are then

computed as t j
a = X j pa. A common scaling range is also required for the scores

prior to displaying them as density histograms. This scaling range corresponds to
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Figure 3.7 Example of MIA applied to a froth flotation image. The blue and green masks identify
pixels belonging to brown areas (i.e., sphalerite) and clear windows (appear as black), respectively

the minimum and maximum values of all t j
1 and t j

2 score vectors of the set of images
(i.e., training set). Such a scaling range may be exceeded when the model is used
on-line and new operating conditions, falling outside the operating range included
in the training set, are experienced. This situation can, however, easily be monitored
and, when detected, new conditions may be incorporated in the model through some
updating strategy.

The spectral features extracted from the set of images using MIA can be for-
mulated in various ways depending on the degree of complexity of the features of
interest. This was investigated by Yu and MacGregor [32] who classified the fea-
tures in two categories: overall and distribution features. If one is only interested in
tracking overall color variations from one image to the other, then the weights of the
loading vectors p j

a obtained from each individual image X j (not from Z) can be used
as representative color features of the jth image for further analysis. If, on the other
hand, the most interesting features consists of one or few, more subtle, color charac-
teristics distributed within the image, then using the score density histograms based
on Z (i.e., a common set of loading vectors), normalized as mentioned previously,
will be the most appropriate way to extract the desired information. These features
could consist of a vector of pixel densities corresponding to each combination of
ti–t j values (i �= j) obtained directly from the score histogram with a certain mesh
size, or counts of pixels falling underneath one or a few masks (see Figure 3.7).
Which type of feature to use is application dependent and often requires some trial
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and error unless prior knowledge is available on the features of interest. Note that
only those feature extraction methods that will be used in Section 3.5 are presented
here. For more details or for a more extensive account of the various possibilities,
the reader is referred to Yu and MacGregor [32].

A final but important remark needs to be made about MIA. Applying PCA to
an image requires unfolding (i.e. reorganizing) the original three-way array image
X into a matrix X (see Figure 3.5) by collecting the light intensities of each pixel
row-wise in X. Since interchanging rows in X does not affect the results of the
PCA decomposition, this unfolding operation destroys the information related to
the spatial organization of the pixel intensities (i.e., the image texture). Therefore,
MIA is a very useful technique for extracting spectral characteristics from images,
but cannot be used to extract textural features. The latter is performed using textural
methods, such as wavelet texture analysis (WTA).

3.4.1.2 Multiresolution Analysis for Texture Analysis

Images collected in various fields often show objects or structures of different sizes
[41]. For example, consider the brick wall shown in Figure 3.8. When looking at the
wall from a certain distance (Figure 3.8 (a)), one can clearly recognize the bricks
and mortar joints as well as the visual pattern defined by those. One could also
detect cracks in mortar joints at this level (i.e., distance from the wall). However,
when zooming on a single brick (see Figure 3.8 (b)), visual information at a much
finer level of details appear: the brick surface texture with pits and subtle gray color
variations. That is the brick wall image contains very different textural information
depending on the distance from the wall. If one was to use this image to detect joint
cracks (i.e., coarser texture) or to grade the quality of the brick surfaces, textural
information at a very different level will need to be extracted. This could be accom-
plished by taking several pictures of the wall at various distances to obtain the de-
sired resolution. However, when the optimal resolution is initially unknown, or when
several resolutions are required to obtain the desired information, then collecting
several images can be cumbersome. A multiresolution framework was jointly de-
veloped by Stéphane Mallat [41–44] and Yves Meyer [45] in the late 1980s [46, 47]
for extraction of coarser to finer textural information based on a single version of the
image (i.e., image captured only once at a fixed distance), allowing scale-invariant
interpretation of the images [41].

In multiresolution analysis (MRA) of a 1-Dl signal, the latter is sequentially de-
composed at different levels, also called scales or frequencies. At each level of de-
composition j = 1,2, . . . ,J, the signal is decomposed into two orthogonal signals:
an approximation signal containing coarser information, and a detail signal captur-
ing finer characteristics. This decomposition is performed such that the approxima-
tion signal at level j includes all detail signals at higher levels of decomposition
j + 1, j + 2, . . . ,J (i.e., the detail signals at higher levels than j are embedded into
the approximation signals at level j). Such a decomposition allows for reconstruc-
tion of the original signal by combining the approximation at the highest level J and
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(a) (b)

Figure 3.8 Brick wall image. (a) coarse pattern defined by the bricks and mortar joints. (b) fine
surface texture of a brick. From Tessier et al. [26]

all detail signals from levels 1 to J. Wavelet decomposition is one method satisfying
the MRA conditions and is frequently used for signal compression, denoising, but
also for texture analysis of 2-D signals (i.e. images).

In Fourier analysis, a continuous 1-D signal or function f (x) (e.g., a time series)
is decomposed into a series of periodic functions or waves of infinite duration rep-
resented by sines and cosines at different frequencies. The wavelet transform, on
the other hand, uses waveforms of finite length. This allows space/time-frequency
decomposition of f (x) instead of frequency decomposition only as obtained by
the Fourier transform. Many waveforms are available for this purpose (e.g. Haar,
Daubechies, Coiflet, Symlet, Mexican hat, etc.), and each is mathematically repre-
sented by a function called the mother wavelet ψ(x). Translation and dilation of the
mother wavelet ψ(x) generates a family of wavelets ψa,b(x), where a and b are in-
tegers, respectively scaling and translating the mother wavelet as described below.
Since the scaling coefficient a compresses or stretches wavelet ψa,b(x), it effectively
changes the frequency of the wavelet function.

ψa,b(x) =
1√
|a|ψ

(
x−b

a

)
. (3.7)

The continuous wavelet transform (CWT) is the convolution of signal f (x) with
the scaled and dilated wavelet function ψa,b(x) resulting in a scalar quantity called
the wavelet coefficient da,b. The convolution integral can also be expressed as a
scalar product between the two functions represented by vectors:

da,b =

∫
ℜ

f (x)ψa,b(x)dx = 〈ψa,b(x), f (x)〉. (3.8)

Hence, the wavelet coefficient da,b can be viewed as a measure of similarity be-
tween the signal f (x) and the wavelet function ψa,b(x) [13], at a particular location
in space or time, determined by the value of b, and at a specific frequency, given
by the value of a. Applying this transform to several values of a and b yields a set
of wavelet coefficients characterizing the space/time-frequency decomposition of
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signal f (x). Note that in the CWT , the values of b are selected to cover the entire
signal (i.e., space or length of time covered by f (x)), but a can take any values.

To reduce computing time and the amount of data generated by this analysis,
the discrete wavelet transform (DWT) was proposed, which is performed only at
a smaller number of discrete locations and frequencies. It was shown that select-
ing shifting and dilations (i.e., discrete frequencies) as a power of 2, called dyadic,
would yield great computational economy with similar accuracy as the CWT. The
DWT using dyadic locations and frequencies is obtained by setting 1/a = 2−m or
a = 2m and −b/a = −n or b = n2m, where both m and n are integers.

ψm,n(x) = 2−m/2ψ(2−mx−n). (3.9)

The wavelet coefficients are computed as for the CWT but only at specific m and
n values:

dm,n =

∫
ℜ

f (x)ψm,n(x)dx = 〈ψm,n(x), f (x)〉. (3.10)

Practical implementation of DWT algorithms are, however, performed using
quadrature mirror filters. Indeed, a very important contribution of Mallat was to link
orthogonal wavelets to the filters traditionally used in the signal processing field
[47]. Through this work, a new function called scaling function φ(x), orthogonal to
the wavelet function ψ(x), was introduced to capture the low frequency information
(i.e. coarse) whereas the high frequency detail is extracted by the wavelet function.
These two functions are expressed in terms of orthogonal filters, a low-pass filter h0

related to the scaling function φ(x), and a high-pass filter h1, related to the wavelet
function ψ(x), as shown below:

ψ j,l[k] = 2 j/2h1[k−2 jl] and φ j,l [k] = 2 j/2h0[k−2 jl], (3.11)

where j is the decomposition level, l is the shifting parameter, and k is the discrete
location, either in time or space, on the signal to be decomposed (all integers).

From these two functions, the wavelet coefficients can be computed as the in-
ner product (or scalar product) of the signal f [k] and the wavelet and the scaling
functions. This results in two sets of coefficients, those capturing the low frequency
information (i.e., associated with the low-pass filter), called the approximation co-
efficients a( j)[k], and the second set representing the details or high-frequency in-
formation called the detail coefficients d( j)[k]:

a( j)[k] = 〈 f [k],φ j,l [k]〉 and d( j)[k] = 〈 f [k],ψ j,l [k]〉. (3.12)

These coefficients are calculated sequentially, for each level of decomposition j, us-
ing filter banks [46]. How to implement wavelet series expansion using filter banks
was shown by Mallat [41], while Daubechies [48, 49] showed how to construct
wavelets from filter banks [46].

Applying DWT to a multidimensional signal, such as a 2-D image, can be readily
accomplished by using 1-D DWT along each dimension, one at a time [46]. This is
referred to as a separable solution, which uses separable filters (i.e., h0 and h1 within
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a multidimensional filter bank, as shown in Figure 3.9). This approach is one of the
most frequently used in image processing [46].
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Figure 3.9 A 2-D separable solution for applying DWT to an image. Adapted from Liu et al. [37]

The algorithm begins with the original image, a j, j = 0. Note that in texture anal-
ysis, only gray scale or univariate images are used. Therefore, a0 could be an image
captured using a monochrome camera or an RGB image converted into gray levels.
Each row of this image is filtered using the low-pass (h0) and the high-pass (h1)
filters, followed by column decimation keeping only one column out of two for the
next step. The resulting low and high frequency information along the horizontal
direction is then filtered vertically (i.e., along each column) using again both filters.
A final row decimation step removes one row out of two. The output of this algo-
rithm consists of four new images containing the wavelet coefficients. The low-pass
information in both directions yields an approximation image, a j+1 or a1, capturing
low frequency information. The horizontal low-pass and vertical high-pass extracts
vertical edges in the image, thus capturing the horizontal details (i.e. high frequency
information) into a detail image dh

1 . On the other hand, horizontal edges (or vertical
details) are characterized by the high pass horizontal and low pass vertical informa-
tion and are observed in detail image dv

1. Finally, the high frequency information
in both directions corresponds to diagonal details, dd

1 . The approximation and de-
tail images corresponding to the first level of decomposition now have a four times
smaller resolution due to the column and row decimation (i.e., the number of hor-
izontal and vertical pixels are divided by 2). Such image resolution will be further
divided by 4 at each level of decomposition. This is how the dyadic shifting and
scaling of the discrete wavelet is implemented within the filter bank solution. Fur-
ther decomposition of the textural information at higher levels (or towards lower
frequencies) can be performed using approximation image a j+1 as the input of the
filter bank (see dashed line in Figure 3.9).

The link between the decomposition level and the resolution of the textural infor-
mation is as follows, assuming that each image has its own distribution of textural
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features at different resolutions. In the first level of decomposition j = 1, the input
of the filter bank is the original image a0 containing textural features at any reso-
lution (i.e. both coarse and fine textures). At this level, the detail coefficients dh

1 ,
dv

1, and dd
1 will capture high frequency information, or the finest textural details of

the image. The lower frequency information not used at this level correspond to
the approximation coefficients a1, which will be further decomposed at level j + 1
or 2 in this case. As the analysis proceeds towards higher level of decomposition,
the detail coefficients dh

j , dv
j , and dd

1 will progressively extract coarser textural fea-
tures due to the column and row decimation. In practice, this analysis proceeds until
the approximation image a j−1 has a spatial resolution greater than 10× 10 pixels
[50, 51].

To illustrate this procedure, Figure 3.10 shows an application of 2-D DWT to a
gray level image of a manufactured stone walkway using three decomposition levels
( j = 3). The A j images represent the approximation images at each level whereas the
Dq

j images show the textural details extracted at each level j and direction q = h,v,d.
These images were obtained after an appropriate scaling was applied to the wavelet
coefficient matrices for display as gray level images. One can clearly see which
details are extracted at each level, their directionality, and also the decimation (i.e.,
2×2 binning of pixels) occurring at each level allowing extraction of finer to coarser
textural features.

A1 DH1

DD1DV1 DV2 DD2

DH2A2 A3

DV3 DD3

DH3

Figure 3.10 2-D DWT applied to an image of a manufactured stone walkway. Three levels of
decomposition are shown ( j = 3). From Gosselin et al. [52]

Wavelet texture analysis (WTA) using J decomposition levels, in all three direc-
tions, yields 3J +1 images: 3J images of details and the final approximation image.
The size of these images vary according to the dyadic scaling discussed previously.
In order to analyze and compare the textural information contained in each image of
a set, one needs to reduce the detail images Dq

j j = 1,2, . . . ,J, and the approximation
image AJ (if relevant), to a vector of textural features representing each image of the
set. One of the most frequently used textural feature is the energy, which consists of
the Frobenius norm of the detail images:
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E jq = ||Dq
j ||2F . (3.13)

Several other features have also been proposed and used for representing multi-
scale image texture, such as wavelet histogram signatures or simply wavelet signa-
tures (i.e., first order statistics of the sub-image histograms) [53], and higher-order
statistics of the co-occurrence matrix of the detail sub-images called wavelet co-
occurrence signatures (e.g., contrast, correlation, entropy, angular second moment,
etc.) [54]. Some guidelines as to which features to use can be found in [13, 53, 54].
However, the main objective is to use those which provide the desired degree of
texture discrimination between images.

Finally, other textural methods are also available for extracting the spatial organi-
zation of pixels intensities from images, such as statistical methods (e.g., gray-level
co-occurrence matrices or GLCM [54], the angle measurement technique [55]),
structural based methods, model based methods and filter-based methods (e.g.,
Fourier and wavelet transforms) [13]. A comparison between some of these im-
age texture extraction methods was performed by [51] using images of steel sheets.
Wavelet texture analysis was shown to be one of the most powerful technique for
image texture analysis.

3.4.1.3 Multiresolution Multivariate Image Analysis (MR-MIA)

The complexity of the information to be obtained from multivariate process images
often requires extraction of both spectral (e.g. color) and textural features. These can
be computed separately, using MIA and textural methods, and later combined by
concatenation of color and textural feature vectors. However, more efficient meth-
ods for combining them in a unified framework have been developed, such as mul-
tiresolution multivariate image analysis (MR-MIA) [56]. Two MR-MIA algorithms
have been proposed (i.e., MR-MIA I and II), depending on the degree of interaction
between the spectral and textural (spatial) information. Both algorithms use MIA
(i.e. PCA on images) to extract spectral features and multiresolution analysis (i.e.,
wavelets) for texture, but in a different order.

MR-MIA I. When spatial and spectral features are interacting, for example when
some textures are observable only at specific wavelengths within a multivariate im-
age, and not in other regions of the spectra, then MR-MIA I should be used [56].
It consists of applying 2-D DWT to a given decomposition level j = 1,2, . . . ,J (i.e.,
scale) and orientations q = h,v,d separately, on each spectral channel l of a multi-
variate image, l = 1,2, . . . ,λ . Since the detail images obtained for each wavelength
at the same scale j and orientation q, are congruent, these can be combined into a
new multivariate image. Considering all scales and orientations, applying 2-D DWT
to each spectral channel results in 3J new, congruent multivariate detail images Dq

j ,
j = 1,2, . . . ,J and q = h,v,d, plus a multivariate approximation image AJ . These im-
ages are then analyzed using MIA to extract textural–spectral (or spatial–spectral)
features.
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This algorithm is especially useful for hyperspectral images, where spectral res-
olution is often very high and features of interest (e.g., some chemical groups in
the NIR region) absorb light in a narrow wavelength band. For RGB images, how-
ever, the spectral sensitivity of the red, green and blue detectors of the camera CCD
matrix (i.e., detectors in the Bayer pattern) are strongly overlapping. Therefore, tex-
tures often appear similarly in each channel (i.e., there is little interaction between
spatial and spectral features). In this case, MR-MIA I and II algorithms will yield
similar results, and since MR-MIA II is less computationally intensive, it will be the
most efficient algorithm for RGB images [56].

MR-MIA II. In this algorithm, MIA is performed first and the score images
(e.g., T1 and T2) are obtained. The first score image is very close to a gray-scale
version of the image, whereas subsequent components extract color informations
that are independent of the intensity component [56]. These score images capture
the dominant color features of the RGB image. Texture methods (e.g., 2-D DWT)
are then applied to the score images. If A score images are extracted using MIA, and
texture analysis is performed to the Jth level of decomposition, and along all three
orientations (q = h,v,d), then 3AJ univariate detail images Dq,a

j are obtained plus A
approximation images Aa

J . Therefore, textural features are obtained for each color
contrast captured by each principal component. One then computes wavelet signa-
tures (e.g., energy, Equation 3.13) on each of the 3AJ detail images, and combines
them into a single spectral–spatial feature vector. This approach will be illustrated
in one of the case studies (Section 3.5.2). For a more detailed analysis of the MR-
MIA algorithms, the reader is referred to the work of Liu and Liu and MacGregor
[13, 56].

3.4.2 Feature Reduction and Analysis

Most applications of machine vision in the process industries can be formulated
as either a classification problem or a regression problem, aimed at classifying the
state of the process or at predicting some key process variables based on a set of
images and, perhaps, on some data obtained from process instrumentation. Images
are typically collected under various process conditions selected so as to capture
the effect of disturbances or manipulated variables, using designed experiments or
simply during normal or abnormal production situations. After extracting spectral
and/or textural features from each image of the set, and synchronizing these with
process data obtained from data historians, one obtains the dataset shown in Figure
3.11, which is composed of three blocks or data matrices: XF, Y, and TF. The nature
of the data included within each of these blocks is discussed below.

• XF. This block contains a collection of feature vectors of size 1×K computed
for each of the N images of the set. These image features could represent: (1)
color (or spectral) feature only, such as the loading vectors of PCA applied on
each image separately, or counts of pixels falling under one or a few masks seg-
menting a particular region of the score space (density histogram obtained by
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Figure 3.11 Typical applications of machine vision in the process industries can be formulated into
either a classification or a regression problem

MIA, see Figure 3.7), or pixel densities obtained from a rectangular grid ap-
plied to the score histogram (i.e., discretized 2-D density histogram, see Section
3.4.1.1); (2) textural features only, such as the wavelet signatures (e.g., energy)
and/or the co-occurrence signatures obtained from detail images; and (3) both
spectral and textural features, either obtained separately and subsequently con-
catenated, or computed jointly using one of the MR-MIA algorithms. When use-
ful for classification or prediction purposes, XF may be augmented with a set of
L measurements obtained from current process instrumentation, after appropriate
synchronization with the images.

• Y. This second block is a matrix of responses that may, or may not be available
depending on the machine vision objective and the application per se. Typical
responses may be key process variables which we would like to predict using
the images, such as froth grade in flotation, or categorical response (i.e., dummy
or binary variables) used to associate each image with some pre-defined classes,
such as process states, type of raw materials, etc. This information may be useful
in supervised classification problems.

• TF. The third block consists of the lower dimensional latent variable space which
will be used for classifying the images, establishing multivariate statistical pro-
cess control schemes for process monitoring and fault detection, or for predicting
response variables of interest. These score vectors are obtained using the latent
variable method, such as PCA or PLS, which is the most appropriate for the
problem at hand. Note that to simplify the discussion, Figure 3.11 focuses on the
score vectors since they represent the projection of the multivariate features onto
the latent variable space. However, one should also consider the square prediction
errors (or DMODX, see Section 3.2) to diagnose observations that are at a signif-
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icant distance above or below the hyperplane defined by the latent variable space
(i.e. observations showing a different correlation structure, inconsistent with that
of the latent variable space).

The latent variable method used to compute TF (and other related vectors) de-
pends upon the existence of a response matrix Y, as well as the nature of the re-
sponse variables (i.e., categorical or not). The following discusses which method to
use for three generic types of machine vision problems.

• Unsupervised classification. This situation arises when no response matrix Y is
available, or when one simply wants to assess the natural clustering pattern of the
image based on their features. This is accomplished by applying PCA on the fea-
ture matrix XF. An example of such a situation will be presented in Section 3.5.2.

• Supervised classification. When the machine vision objective is to classify new,
incoming images in pre-defined categories, and when the N images of the train-
ing set can be assigned to a known class, then a supervised classification problem
may be formulated. In this case, the response matrix Y is filled with binary num-
bers assigning each image to a particular class. It has as many columns as the
number of categories. If the nth image belongs to the mth class, then a value of
1 will appear in position (n,m) in matrix Y and zeros elsewhere. When such a
categorical response matrix is available, PLS may be used to extract the infor-
mation in the feature matrix XF, which is the most highly correlated with the
classes in Y, that is, to find the combinations of features that maximize class
discrimination. Applying PLS regression to a categorical response matrix Y is
called PLS-DA, for PLS-discriminant analysis. A supervised classification prob-
lem using PLS-DA is illustrated in Section 3.5.3.

• Regression. Image regression can be used for rapid and non-intrusive prediction
of key process variables (i.e., Y), when these are difficult to measure on-line or
when they are obtained after long dead-times, such as assays requiring the use
of analytical instruments. In this case, PLS regression is used to build prediction
models for Y based on image features XF. An example image regression problem
is presented in Section 3.5.1. Note that one may need to account for the dynam-
ics between XF and Y. This can be accomplished by augmenting XF with past
lags (i.e., time-shifts) of image features and process data before using PLS (i.e.,
finite impulse response model). There are other ways of introducing dynamics
in the model, but this subject is outside the scope of this chapter (see system
identification literature as well as [57–59]).

3.5 Case Studies

Three case studies are presented in this section to illustrate the various multivari-
ate imaging concepts presented in this chapter. The first two cases investigate froth
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grade prediction and froth health monitoring based on RGB color images collected
from the zinc flotation circuit (i.e., sphalerite flotation) at the Agnico-Eagle/Laronde
plant (Abitibi, Québec, Canada). The third example consists of estimating the pro-
portions of three different rock types within a ROM mixture incoming Raglan’s
mine concentrator (Xstrata Nickel Canada).

3.5.1 Prediction of Flotation Froth Grade Using MIA

Flotation is one of the most widely used mineral separation processes. Mechanical
cells and/or columns are organized in flotation circuits in order to achieve a desired
grade and recovery of valuable minerals, the two key process variables related to
metallurgical and economical performance. Recovery is measured when the flota-
tion circuit operates in steady-state, and requires measuring the flow and grade of
the head, tailings, and concentrate streams of the circuit (i.e., using a mass balance).
Grade is traditionally measured using analytical techniques in the laboratory. How-
ever, in the last 15–20 years, on-line stream analyzers (OSA) were developed and
introduced in concentrators to measure the concentration of various minerals in a
stream. Most of them are based on X-ray fluorescence, such as the CourierTM3 ele-
mental analyzer (Outotec Oyj). These analyzers are expensive and used for assaying
many streams (10–12), which result in sampling times varying from 10–25 min for
a given stream, depending on the number of streams in the OSA cycle. For process
control purposes, there was an incentive to reduce sampling time to better capture
the dynamics of the process and the impact of fast disturbances. Furthermore, ways
of increasing the number of monitored streams or flotation cells/columns at a low
cost was also considered. Machine vision sensors were therefore investigated inten-
sively during the 1990–2005 period, essentially, as one solution to infer concentrate
grade using froth images.

Indeed, several authors have shown over the years that concentrate grade is cor-
related with color and textural features of the froth, see [35, 36, 60–65] to cite a
few. An example is given in Figure 3.12 showing four different froth images cor-
responding to zinc grades of 44, 49, 52, and 54%. Sphalerite minerals on the froth
surface have a brownish color. Note that as zinc grade increases, more brown areas
appear on the froth surface. A calibration model between the color features of each
image (i.e., number of pixels showing a brownish color) and concentrate grade can
be developed for on-line grade estimation.

An experimental plan was designed for collecting a set of froth images and grade
data for training such a model, using Agnico-Eagle/Laronde’s zinc flotation circuit
as a test site. A schematic process diagram of the plant is presented in Figure 3.13.
The head stream (i.e., feed) is first conditioned using three mechanically agitated
tanks. Lime and a copper sulfate (CuSO4) solution are fed into the first tank to
control pH and to activate sphalerite mineral surfaces, respectively. Sphalerite does

3 Courier is a registered trademark of Outotec Riihitontuntie 7 D, PO Box 86, FI-02200 Espoo,
Finland, www.outotech.com
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Figure 3.12 Froth images of increasing sphalerite grade (elemental Zn %) collected at the zinc
flotation plant of Agnico-Eagle/Laronde (Abitibi, Québec, Canada)

not float well without pre-conditioning with an activator agent. The activator agent
is therefore crucial for maintaining a high collector selectivity. The collector agent
(potassium xanthate or KAX) is then added into the second tank. The last tank is
used for mixing only (i.e. additional residence time for conditioning). Finally, an air
stream is mixed with the conditioned feed stream before entering the first rougher
cell, called a contact cell (i.e., a hybrid between conventional flotation cells and
columns). This rougher cell was selected for the test since it was known to be diffi-
cult to stabilize. A digital RGB camera as well as a lighting system were installed
above the cell as shown in Figure 3.14, close to the junction of the center and periph-
erical downcomers. Each image had a resolution of 640×480 pixels, and captured a
froth surface approximately 10×15 cm in size.

To span a wide range of operating conditions, froth color and texture, and con-
centrate grade, three tests of about 2–4 h each were performed. Step changes were
implemented on the flow rates of collector (KAX), air, and activator agent (CuSO4).
Froth images were collected every 30 s (except 15 s for the air flow test). A total
of 2050 froth images were captured: 643, 872, and 535 during the KAX, air, and
activator tests, respectively. Since the contact cell was not equipped with an OSA, a
froth sampling strategy was used to make representative composite samples for con-
centrate grade assays. The 12-points sampling strategy, also shown in Figure 3.14,
was designed to obtain a representative sample of the concentrate overflowing the
downcomers lips all around the cell and in the center, at least the regions that were
physically accessible. This also minimized the dead-time between the concentrate
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Figure 3.13 A schematic diagram of Agnico-Eagle/Laronde’s zinc circuit and image acquisition
system. From Liu et al. [37]

sample and the froth images, which would have been much larger if the concen-
trate samples had been collected after several meters of piping. The disadvantage
of this sampling approach, however, is that the calibration model establishes a re-
lationship between a local image of froth and an average grade measurement. If
grade distribution on the froth surface is not homogeneous (as was later observed
by Bartolacci et al. [36]), a lack-of-fit should be expected from the model. Neverthe-
less, this approach was selected to verify the robustness of a model based on a local
froth image. In total, 50 composite samples were assayed for their content of zinc
(Zn–sphalerite), lead (Pb–galena), iron (Fe–mainly pyrite), and silver (Ag–several
minerals). Most of these samples were gathered during the collector and activator
tests as air flow rate was not expected to have a significant effect on grade.

The PLS calibration model uses the color features of the froth images (regressor
variables, XF) corresponding to the 50 grade measurements (response variable, Y)
collected during the tests. Synchronization of the images and grade measurement
was performed before the analysis. The color features were extracted by applying
a 2-D 30×30 rectangular grid to the t1–t2 score density histogram of each image
(see Figure 3.7), computed based on a global MIA model (i.e., using the entire set
of froth images). The columns of the feature matrix XF correspond to the number of
pixels falling in each bin of the grid (i.e., particular combination of t1–t2 values), and
hence, to a particular color. The 2-D score histograms of all images are congruent
since they were obtained based on a common set of MIA loading weights and a
common scaling range for score values. This means that variations in the number
of pixels falling within a given bin across a set of images reflect a variation in the
amount of the corresponding color within those images. The resulting matrices had
the following dimensions: XF (50×(30×30)), Y (50×1).

A four latent variable PLS model was built on the XF–Y dataset. Leave-one-
out cross-validation was used to select the number of components. The statistics

www.ATIBOOK.ir



3 Multivariate Image Analysis in Mineral Processing 113

Figure 3.14 Froth sampling strategy used for the contact cell at Laronde’s plant

describing the model predictive ability are summarized in Table 3.1. The model
explained 67% of the variations in Y using 44% of the information in XF (see cu-
mulative R2

Y and R2
X ). About 80% of the variations in lead and silver contents are

explained by the color features of the froth (see R2
Y values). Cross-validation results

(Q2
Y ) are also very similar. Sphalerite content (Zn) had a lower explained variance,

however, model predictions follow the trends quite well, as is shown in Figure 3.15.
Pyrite was the most difficult to predict using froth color. This reminds us of the
basis and limitations of the approach: a mineral cannot be detected by imaging if
changes in its concentration do not introduce a distinguishable color change on the
froth surface. One cannot expect that such a simple low cost solution will replace
more expensive X-ray (i.e., OSA) or laboratory analyses. However, prediction re-
sults obtained for some elements are acceptable for detecting disturbances occurring
between OSA measurements.

Table 3.1 Statistics describing the predictive ability of the PLS model with four latent variables

Statistics Zn (%) Pb (%) Fe (%) Ag (g/t) Cumulative

R2
Y (%) 0.61 0.87 0.41 0.81 0.67

Q2
Y (%) 0.51 0.84 0.27 0.79 0.60

R2
X (%) – – – – 0.44

SEJackkni f e 1.63 0.34 0.79 30.90 –
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The last row in Table 3.1 provides an estimate of standard prediction error for
each element, obtained using the Jackknife resampling approach [66–68]. Basically,
when performing leave-one-out cross validation, 50 PLS sub-models are fitted to
subsets of XF and Y. If predictions obtained using each sub-model are stored, then
one can use these 50 prediction vectors to estimate the model uncertainties (i.e.,
SEJackkni f e). Measurement uncertainties (including sampling, handling, and analyti-
cal errors) were, unfortunately, not evaluated in this study.
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Figure 3.15 Concentrate grade prediction results obtained for the tests on collector, air, and activa-
tor flow rates at Agnico-Eagle/Laronde’s zinc circuit. PLS model predictions (–), grade assays (•).
Error bars correspond to the model one standard prediction error estimate (SEJackkni f e). Adapted
from Duchesne et al. [35]

Time series of model predictions compared with laboratory grade assays are
shown in Figure 3.15. The results for the three tests (collector, air, activator) are
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juxtaposed from left to right, respectively, and separated using black vertical dash
lines. Note that time was replaced by observation number since the tests were per-
formed on different days. In this plot, predictions obtained using each of the 2050
images are provided (gray lines). When available, assays are shown using black
dots; these observations correspond to the data used to train the PLS model. Model
uncertainties are also included in this figure for a few observations. Each error bar
represent the values of SEJackkni f e for each element (i.e., approximate confidence
intervals or reproducibility intervals on model predictions). The last plot in Figure
3.15 shows the step changes that were made on the collector, air, and activator flow
rates, respectively, also juxtaposed from left to right according to each test (i.e., dur-
ing the collector test, variations in KAX flow rate is shown, then air flow rate in
the second test, and CuSO4 flow rate in the third). Each flow rate was changed one
at a time, keeping all other conditions constant (as possible). The numerical values
of the flow rates were scaled between 0 and 1 using their minimum and maximum
values during each test. This was necessary to preserve confidential information.

In general, grade predictions are in a good agreement with the trends of the labo-
ratory assays. As expected, step changes on the collector and activator flow rates had
an important impact on the Zn grade of the froth, whereas air flow rate had very little
effect. In all of these tests, it seems that the model predicted the correct trends. The
results obtained at the Laronde plant were found encouraging and granted further
investigation by the research consortium COREM [36]. Several COREM internal
reports were also written on this subject. Some issues that were further studied in
order to reduce model uncertainties are briefly discussed below.

• Froth grade was found to be heterogeneous across the surface of the contact
cell (see location of sampling points in Figure 3.14), which may explain some
of the model lack-of-fit. It is indeed very important to verify this issue prior to
implementing such a vision sensor. This problem was found to be more acute in
the contact cell than the mechanically agitated cells.

• Long-term testing was performed at Laronde to verify the robustness of the
model predictions over time. This allowed the collection of additional grade data
and adaptation of the model, which were found to help reduce prediction uncer-
tainties.

• Variations in lighting conditions were also found to have an impact on grade pre-
dictions. Regular cleaning of the lighting system needs to be made. In addition,
the choice of light source is also very important. Lights having a flat and stable
emission spectra over their lifespan contribute to model robustness.

Finally, the results presented in this section are not valid only for zinc flotation.
Several other mineral systems were also investigated [35]. Imaging of copper froth
flotation (mainly chalcopyrite) in mechanically agited cells was studied at Barrick
Gold/Est-Malartic plant (now closed, formely located in the Abitibi region in north-
west Québec) and similar results were obtained. Batch flotation of iron ore (inverse
flotation) was investigated using ground iron ore from the Iron Ore Company of
Canada (Labrador City, Newfoundland, Canada). It was shown that image color
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features were strongly correlated with batch flotation kinetic curves and grade. The
reader is referred to Duchesne et al. [35] for more details.

3.5.2 Flotation Froth Health Monitoring using MR-MIA

This section presents a second case study of the froth flotation process, based on the
work of Liu et al. [37], aiming at illustrating an unsupervised image classification
problem using both color and textural features. Plant operators typically use their
visual appreciation of the general state of the flotation process, referred to as “froth
health” in this paper, to verify whether the dosage of the various reagents (e.g., col-
lector, frother, activator, etc.) is appropriate for the current state of the process (e.g.,
grade of ore feed), and to decide upon implementing control actions. For example,
overdosage of collector may lead to an overloaded froth and, eventually, to bubble
collapse and loss of separation capacity, generally requiring a significant amount of
time to recover normal operation. On the other hand, if insufficient collector is used,
the froth mineralization will be lower and loss of recovery will result. Operators
usually detect the onset of these two extreme situations by their assessment of froth
color and morphology, the later being essentially related with bubble size, distribu-
tion and shape [63, 64, 69, 70], also frequently called froth structure. Since froth
color extraction methods have been reviewed in the previous case study (Section
3.5.1), this section focuses on the extraction of froth structural features.

Over the years, several machine vision approaches were developed for moni-
toring froth state in order to overcome the lack of reproducibility in human visual
assessment and the limited time operators have to spend looking at the froth of any
given cell or column. Indeed, it is well known that qualitative visual assessment
varies from person-to-person and as a function of time, period of the day, state of
mind, etc. On the other hand, a machine vision solution provides on-line, consistent,
and quantitative measurements of froth characteristics, available to operators in the
control room for several flotation units.

The most frequently used approaches for quantifying froth structure were based
on image segmentation algorithms [64, 71–73] (e.g., watershed [74]) and textural
methods, such as gray Level co-occurrence matrix (GLCM) [70], [69, 75, 76] and
Fourier transform [61]. Image segmentation may lead to very precise results for
bubble size, but is computationally intensive, and sensitive to variations in lighting
conditions. A new approach was proposed by Liu et al. [37] combining both the
computational efficiency of textural methods and their robustness to lighting condi-
tions, and the ability to estimate a distribution of bubble sizes. The estimated distri-
butions are not as accurate as those provided by segmentation algorithms. However,
robust and reproducible estimates rather than accurate bubble size distributions are
required for process control purposes. The proposed approach uses both froth color
and textural features, called wavelet size signatures, for classifying froth state. These
features are obtained using the MR-MIA II algorithm discussed in Section 3.4.1.3.
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Industrial data and images were also collected from the zinc flotation circuit (contact
cell) of Agnico-Eagle/Laronde’s plant (see Figure 3.13).

3.5.2.1 Wavelet Size Signatures

The concept of wavelet size signatures relies upon the ability of a certain wavelet
to capture the shape and size of the bubbles. This is determined by the shape of
the mother wavelet itself as well as the length or width covered by the wavelet as a
function of decomposition level. First, some wavelets have a shape that is somewhat
close to the shape of froth bubbles. For example, both the wavelet and scaling func-
tion of the symlet order 4 shown in Figure 3.16 look very similar to a bubble sliced
perpendicularly to the froth surface. A peak occurs at the center of the bubble, and
two valleys appear on each side of that peak. It is expected that this wavelet will
correlate well with the image signals showing bubbles of different sizes.
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Figure 3.16 Discrete wavelet and scaling function of the symlet order 4, as well as their cor-
responding high-pass and low-pass filters. Obtained using Matlab R2006b Wavelet Toolbox 3.1
(MathWorks, Inc.)

To understand how the wavelet captures bubble size, it is important to recall that
discrete wavelets have a finite duration, length or width. The symlet 4 shown in
Figure 3.16 spans eight equally spaced discrete points, and the length covered by
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these on the image signal depends on the decomposition level. In the first decom-
position level, the original froth image is used. When the wavelet signal is applied
to that image, it will cover 8 pixels. At the second decomposition level, the dyadic
sampling of DWT will make the wavelet cover a length of 16 pixels, and so on.
Therefore, as the number of decomposition level increases, the wavelet will capture
bubbles of larger sizes or, alternatively, lower frequency information. The correla-
tion between the wavelet and the image signal will be maximal when the size of the
bubble matches the width of the wavelet at a given decomposition level. Since the
wavelet function can be represented as a high-pass filter (see Figure 3.16), bubbles
with smaller diameter than the width of the wavelet will also be captured in the
detail images since these are higher frequency information. Larger bubbles, which
are lower frequency information, will remain in the approximation image. There-
fore, detail and approximation images will capture a range of bubble sizes at each
decomposition level and not a single size [37].

Wavelet size signatures can also be explained by analogy with experimental
determination of ore particle size distribution via sieving. The initial ore sample
is equivalent to the initial froth image (i.e., before wavelet decomposition). Each
screen used in the sieving procedure can be viewed as a wavelet decomposition
level whereas the mesh size of each screen corresponds to the length covered by
the wavelet at each level. The material retained on a particular screen is equiva-
lent to the detail images captured by the wavelet function. The material passing the
screen (further sorted by screens of smaller mesh) is the approximation image at this
level, which is further decomposed. The main difference between these two analog
processes is the size selection process. The first screen retains the materials of the
largest sizes whereas the first decomposition level depletes the image with the finer
details (i.e., high frequency information corresponding to smaller bubbles).

Computing the wavelet size signatures involves a series of steps described below
[37]:

1. First the MR-MIA II algorithm is applied to the set of froth images, involving
PCA decomposition of the set of images, and performing DWT on the T1 image
up to S levels of decomposition. This image is very close to the gray scale con-
version of the RGB image. The symlet order 4 wavelet was found to work well
on froth images [37].

2. The gray scale approximation images for each decomposition level, A0, A1,
A2,. . ., AS, are used to obtain the size signatures. This is motivated by the fact
that bubbles in froth images have very little directionality. The detail images Dq

s ,
s = 1,2, . . . ,S, capturing strongly oriented features, will not be used directly in
this approach for computing size signatures. At each level of decomposition s, the
approximation images are depleted from a range of smaller bubbles (captured in
detail images). When applied at level s = 1,2, . . . ,S (i.e., from high to low fre-
quencies) the approximation images As will contain information about bubbles
larger in size than the width of the wavelet at level s. The difference between
adjacent approximation images (i.e., As and As+1) will eventually provide infor-
mation about the quantity of bubbles of size corresponding to level s that have
been removed or captured by the detail images (i.e., associated with the wavelet
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function) at that level. This will allow estimation of bubble size distribution as
described in the following steps.

3. A threshold is applied to each As image to remove dark pixels and valleys from
the image, thus enhancing the areas covered by the bubbles observed at this level,
which size is greater than the wavelet width at level s. Let As be the total area
covered by the bubbles in approximation image As. This correspond to the total
number of pixels within the image remaining after the threshold was applied
(i.e., pixels belonging to bubbles). The fractional area covered by these bubbles
is computed as follows based on the total area seen by the camera (i.e., field of
view) or, alternatively, the total number of pixels of the image AT :

Fs =
As

AT
. (3.14)

4. To obtain the range of bubbles sizes extracted at each level, adjacent fractional
areas FS are subtracted, that is, for six decomposition levels (i.e., S = 6), F1 =
(A0−A1)

AT
, F2 = (A1−A2)

AT
, . . ., F5 = (A4−A5)

AT
. The last approximation image is usually

left out since it often contains very low frequency information such as variations
in lighting conditions [51].

5. Finally, the number of bubbles having a size within the range captured at each
level Ns is computed as shown below, assuming circular bubbles. Indeed, hori-
zontal and vertical diameters DH,s and DV,s are assumed equal, and correspond
to the width of the wavelet at level s, that is the largest bubble size captured by
the wavelet function at level s.

Ns =
AT Fs

π
4 DH,sDV,s

. (3.15)

This procedure leads to very robust estimates of bubble sizes. It is not corrupted
by noise, which is captured by the detail images at the first level, and not influenced
by lighting variations, which for the resolution of images considered (i.e., 720×
480), appear in the sixth decomposition level. When As and AT are computed in
terms of number of pixels, the bubble sizes are relative measures or scaled bubble
diameters. These could be calibrated to provide bubble diameters in engineering
units (i.e., cm) by measuring the actual area covered by the field of view AT , and
computing As as a proportion of the field of view.

To illustrate estimation of bubble size distribution using the wavelet size signa-
tures, a histogram of the number of bubbles of different sizes (i.e., Ns, s = 1,2, . . . ,5)
for three different froth images are shown in Figure 3.17, where the scaled bubble
diameter ( DH,s or DV,s) related with wavelet width at the various decomposition
levels s. The difference in bubble size distribution observed in the images is clearly
distinguished in the size histogram.
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Figure 3.17 Bubble size histograms computed for three froth images. From Liu et al. [37]

3.5.2.2 Froth Color Features

Color features consists of black holes (BH) and clear windows (CL). Both of these
are shown in Figure 3.18(a). When the froth is poorly loaded with mineral particles,
bubbles size is large and regions not covered by particles starts appearing on top
of bubbles. The black spots located on top of the bubbles of the froth image shown
in Figure 3.18(a)(left) correspond to the so-called CL. Black holes appear in the
opposite situation: when the froth is overloaded with mineral particles and bubbles
are very small. The BH shown in Figure 3.18(a) (right) indicate the onset of froth
collapse. The color features used in classification of froth state correspond to the
number of pixels belonging to either BH or CL. The method used for computing
these for each incoming image is illustrated in Figure 3.18.

A composite image made of two froth images, a poorly loaded (left) and a heavily
loaded froth (right) is shown in Figure 3.18(a). Multivariate image analysis applied
to this composite image (i.e., PCA applied to the unfolded composite image) yields
the t1–t2 score density histogram shown in Figure 3.18(b). The white mask appear-
ing on that histogram, found by trial and error, encompasses most pixels having a
black (or nearly black) color as shown in Figure 3.18(c). The pixels falling under-
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Figure 3.18 Computing the amounts of BH and CL using a composite image of a zinc froth. (a)
Composite image of a lean (left) and heavily load froth (right). (b) 2-D score density histogram
obtained for MIA applied to the composite image. (c) Extraction of BH and CL features using the
score histogram (white mask). Adapted from Liu et al. [37]

neath the mask are mapped into the original composite image. This technique allows
one to compute the total number of black pixels within a given froth image.

Since both CL and BH features appear black in froth images, it would be im-
possible to discriminate these features without additional, contextual information.
These two features appear in very different froth conditions, the former when the
froth is lean (i.e., large bubbles) and the latter when the froth is overloaded (i.e.,
small bubbles). Therefore, a two-class Fisher linear discriminant classifier [77] was
trained on the froth wavelet size signatures discussed previously in order to assign
the black pixels (i.e., those falling under the white mask) to either CL or BH.

3.5.2.3 Froth Health Monitoring

The objective of froth health monitoring is to provide early detection of changes
in the ore feed that would require the operators to adjust reagent dosage in order
to maintain desired metallurgical performance (i.e., grade and recovery). Observing
such changes in ore feed would necessitate collecting images over long periods of
time. Thus, it was decided to mimic inappropriate dosage of an ore feed by making
designed changes on some of the reagents while the ore feed was relatively constant

www.ATIBOOK.ir



122 C. Duchesne

(i.e., create over- and under-dosage for a given ore feed). These tests were also per-
formed on the zinc flotation circuit (contact cell) of Agnico-Eagle/Laronde’s plant
(Figure 3.13).

Two plant tests were made on two different days 7 weeks apart. These involve
steps changes in the activator (CuSO4) and collector (KAX) flow rates. These step
changes were maintained long enough to reach steady-state while all other oper-
ating conditions were maintained constant. A total of 487 and 456 images were
collected during the activator and collector tests, respectively. The digital camera
provided 24 bit RGB images with a spatial resolution of 720× 480 pixels. Images
were captured every minute. For each image, a feature vector of 1×7 is computed
using the methods described above (i.e., five size signatures, N1 −N5, BH and CL).
After merging the feature vectors of all images captured in the two tests, the feature
matrix XF (943× 7) was obtained. This data contains six different steady-states as
well as the transitions between them. Principal component analysis was then applied
to XF to verify whether froth health could be tracked using a simple unsupervised
classification of the froth visual characteristics. The steady-states were found easily
distinguished in the t1 − t2 score plot shown in Figure 3.19.

The PCA score space is clearly able to track the evolution of froth health, from a
poorly loaded froth (e.g., image 840), characterized by large bubbles and the pres-
ence of clear windows, to a very heavily loaded froth (e.g., image 413). The latter
almost look like oatmeal and BH appear on the surface. Froth collapse could occur
if no control actions are made to improve this condition (i.e., reduce collector and/or
activator dosage). Optimal operating conditions would fall somewhere in between
these two extremes. Since the steady-states are clearly distinguished in between
these extreme conditions (from left to right in the score plot), it would be straight-
forward to develop a multivariate statistical process control chart to warn operators
that suboptimal conditions are detected and control actions are required.

The movements from left to right in the score space can be interpreted in terms
of changes in the froth characteristics using the corresponding p1 − p2 loading plot
shown in Figure 3.20. The froth images having high CL, N4 and N5 values (but
lower values for the other variables) will fall on the left hand side on the score plot.
Indeed, their p1 loadings are negative, and since the scores are linear combinations
of all variables, negative t1 values will be obtained. Images having large amounts of
CL and larger bubble size (higher values of N4 and N5) are associated with poorly
loaded froth (see image 840 in Figure 3.19). On the other hand, the heavily loaded
froths falling on the right hand side in the score plot (i.e., positive t1 values in Figure
3.19), such as image 19 and 413, have smaller bubble sizes (i.e., higher values of N1,
N2, and N3) and more BH. This is shown in Figure 3.20 where the p1 loadings for
these variables are positive (i.e., high values for these variables will push t1 values
in the positive quadrant). The excursion in the negative t2 values (right hand side of
the score plot) are associated with the presence or absence of BH on heavily loaded
froths. For example, images 19 and 413 have similar bubble sizes (i.e., they have
similar t1 values) but image 413 has some BH. The higher value for BH brings the
t2 score values into the bottom right quadrant. The appearance of BH indicates the
onset of froth collapse.

www.ATIBOOK.ir



3 Multivariate Image Analysis in Mineral Processing 123

-3 -2 -1 0 1 2 3 4
-6

-5

-4

-3

-2

-1

0

1

2

3

t
1

t 2

SS1
SS2
SS3
SS4
SS5
SS6

840 

413 

19 

245 

630 

511 

630511840

245 19 413

Figure 3.19 The t1 − t2 score plot of MR-MIA II features for selected steady-states images (SS1–
SS6). Representative images for each steady-state are also shown at the bottom. From Liu et al.
[37]

The continuous progression from one steady-state to the other is shown in greater
detail in Figure 3.21. The transition from steady-states SS2 to SS3 is tracked using
the solid line. Some representative froth images are also provided in order to follow
this transition visually. This figure clearly demonstrates the ability of the proposed
approach to monitor froth health, both in steady-state as well as in transitions. Note
that the PCA model projection residuals (i.e., SPE or DMODX) should also be used
to monitor froth health. This plot would safeguard against operators reacting in a
normal way to abnormal images (i.e. problem with the camera or lighting condi-
tions) or other extreme conditions [37]. This plot was not included here since all the
images were found to be well explained by the PCA model (i.e., DMODX values
were lower than limit), but is available in the paper by Liu et al.[37].
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Figure 3.20 The p1 − p2 loadings corresponding to the t1 − t2 score plot of Figure 3.19. N1 −N5
correspond to the five bubble size signatures, ordered from smaller (N1) to larger (N5). BH and CL
variables are the black holes and clear windows color features. From Liu et al. [37]

In summary, froth health monitoring was investigated in this case study using
both wavelet bubble size signatures as well as some froth color features obtained us-
ing MR-MIA II. This approach was found to be very robust to noise and variations in
lighting conditions, and allows estimation of bubble size distribution without image
segmentation. Multivariate statistical process control charts could easily be estab-
lished in order to warn the operator that changes need to be made to reagent dosage
to maintain high metallurgical performance despite changes in ore feed properties.
These charts could be made available in the control room for all the flotation cells
or columns equipped with a digital camera. More appropriate and timely changes
to reagent dosage would result, as well as a more efficient use of operator work
time. An automatic froth health control scheme was also proposed by Liu et al.
[59] based on the monitoring strategy presented in this case study. It essentially
consists of computing the required control moves to implement reagent dosage in
order to bring froth health, quantified by PCA scores (i.e., t1 − t2 in Figure 3.19),
back into a desired region. This control strategy uses both process data and images,
and accounts for process dynamics. The control scheme is cast into an optimization
problem. The reader is referred to Liu et al. [59] for more details on the approach.
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Figure 3.21 Process transition from steady-state SS2 to SS3 in the t1 − t2 score space of the PCA
model. Selected images are also shown along the transition. From Liu et al. [37]

3.5.3 Estimation of Run-of-Mine Ore Composition on Conveyor
Belts

In this last case study, the problem of estimating ROM ore composition (i.e., litho-
logical type, not elemental composition) on conveyor belts is investigated using
multivariate imaging techniques. The very challenging nickel mineral system of
Raglan’s mine (Xstrata Nickel Canada, Inc.) is used to illustrate the methods. Each
mineral is very heterogeneous, some have similar visual characteristics (i.e., colors
and surface texture), and the rock fragments can be dry or wet due to rain or snow.
The machine vision approach therefore needs to take these issues into account in
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order to minimize rock type recognition errors. Hence, the proposed methodology
requires a greater number of steps compared with the previous case studies due to
the higher level of complexity of this machine vision problem. This section sum-
marizes the work published by Tessier et al. [26, 78], and presents a supervised
classification problem of image features using PLS discriminant analysis or PLS-
DA.

It is well known that variations in ROM ore properties such as size, composition,
and grindability strongly affect the performance of autogeneous (AG) and semi-
autogeneous (SAG) grinding mills, such as power consumption, circulating load,
and product size distribution [79]. The Julius Kruttschnitt Mineral Research Centre
(JKMRC) has pioneered the Mine-to-MillTM4 optimization projects to address these
issues since 1998. In the past, most efforts to track and control these variations have
focused on developing on-line size analysis using vision systems for troubleshooting
and/or for feedforward/feedback control of crushers and grinding mills, for reducing
power consumption and avoiding mill overload. A variety of commercial vision
systems are currently available for that purpose, such as WipWare’s WipFrag [80]
and Metso’s VisioRock [81]. These commercial packages use some segmentation
algorithms and other traditional image processing techniques to compute ore size
distributions on-line from gray scale images.

Monitoring other ROM ore properties, such as mineral species (i.e., lithotype)
and grindability, is a more difficult problem and most approaches developed in the
past are either limited in the location where the measurement can be taken within the
plant or in the size and type of the ore fragments to be analyzed. Furthermore, these
approaches are generally specific to one ore property, and imaging approaches do
not consider the impact of rock surface moisture. For example, tracking of ore grind-
ability was proposed by Simkus and Dance [82] using data collected from drilling
machines to infer grindability, then following truck loads using GPS technology,
and finally modeling of stock piles, bins and hoppers to estimate the work index
of the ore incoming the concentrator plant. State estimation techniques were also
proposed for grindability [83, 84], involving detailed mechanistic models as well as
input–output process data. Machine vision approaches to mineral type recognition
have also been proposed for a high color contrast binary mixture of fine chalcopyrite
and molybdenite particles [62] as well as for ternary mixtures of manganese, iron
and alumina [85], again having very high color contrasts. A method for gold ores
having different textural characteristics was proposed by Petersen et al. [86]. Cop-
per ores were classified into seven lithotypes using several image features (i.e., 667
color, textural and geometrical features) and neural networks . Methods for rock tex-
ture retrieval in large databases were also found in the pattern recognition literature
[88],[89]. Finally, grading of crushed aggregates (i.e., civil engineering materials)
was proposed by Murtagh et al. [90] using WTA and PCA decomposition. A more
extensive literature review is available in Tessier et al. [26, 78].

The objective of this study is to develop a machine vision approach that would
classify rock types on a conveyor belt in order to estimate their proportions in the

4 Mine-to-Mill is a registered trademark of the Julius Kruttschnitt Mineral Research Centre Isles
Road, Indooroopilly, Qld Australia 4068, www.jkmrc.com.au
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ROM mixtures. On-line rock composition could be help modify the sorting/blending
strategy for regularizing the grindability of the ROM mixture before feeding the
AG/SAG grinding mills. Furthermore, this information could be used as an input to a
feedfoward controller adjusting the operating conditions of the mill (e.g., throughput
or water addition), and even be used to modify flotation reagent dosage proactively
[81].

3.5.3.1 Mineral Characteristics and Vision System Hardware

About 3000 tons/day of ROM is extracted from an open pit and different under-
ground mines at Raglan (Xstrata Nickel Canada, Inc.). The mine is located in the
Nunavik territory of northern Quebec (Canada). The five mineral types shown in
Figure 3.22 are the most frequently observed in the ROM ore. These are massive
sulphide (MS), disseminated sulphide (DS), “net textured” (NT), gabbro (G), and
peridotite (P). These rocks are highly variable in nickel grade and grindability (i.e.
crushing or breaking energy) as shown in Table 3.2. Since DS and NT rocks are very
similar in terms of Ni grade and grindability, they are considered as belonging to the
same class in the rock recognition problem (see Table 3.2). Gabbro and P rocks are
also pooled in the same class for similar reasons. Note that, in this particular case,
classifying the rocks according to nickel grade or grindability is the same problem
since high grade rocks are the softest, medium grade have intermediate grindability,
and waste rocks are the hardest. Therefore, the classification results obtained in this
work are equally valid for both properties.

MS DS NT

G P

Figure 3.22 Images of the five different mineral types from Raglan’s mine. From Tessier et al. [26]

A large quantity of each rock type was obtained from Raglan’s mine. These were
sorted by experienced mineralurgists. Rock fragments were 100% -12 inches, but
fines were removed from the analysis. Indeed, the fines are difficult to see on the
conveyor belt.

Images of rocks fragments from individual classes or mixtures were obtained
using a RGB digital camera (JAI CV-M7+) mounted with a 25 mm lens. This cam-
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Table 3.2 Main characteristics and class assignment for the five mineral types. From Tessier et al.
[26]

Mineral type Impact work
index

Ni grade Density
(kg/m3)

Hardness Class

Massive sulphide (MS) Low High 4000 Soft 1
Disseminated sulphide (DS) Medium Medium 2300 Medium 2
Net textured (NT) Medium Medium 2300 Medium 2
Gabbro (G) High Waste 3000 Hard 3
Peridotite (P) High Waste 2700 Hard 3

era provides 8 bit images of 1024×1376 pixels spatial resolution. The camera was
installed 90 cm above the conveyor leading to a 32×24 cm field of view. The con-
veyor was located at COREM’s pilot plant (Québec City, Canada). More details on
the hardware used, including the lighting system, are available in Tessier et al. [26].

3.5.3.2 The Mineral Recognition Problem

Rock type identification for this mineral system is challenging for three reasons:

1. The visual characteristics of individual rock fragments are themselves very het-
erogeneous. Their color and surface texture patterns vary from one face to the
other. This can be clearly observed in the massive sulphide and gabbro images
available in Figure 3.22. Hence, the intra-class variability in the rock fragments
visual features is important, at least for some of them.

2. A strong overlap in some color and surface textural features between rock frag-
ments belonging to different classes is observed in Figure 3.23 A-B. Image A is
a composite image made from larger images of each rock type. The color signa-
ture of the pixels segmented by the blue region drawn on the MS rock image was
quantified using MIA. The pixels belonging to other rock types but having sim-
ilar color features as MS are identified by the blue color in image B. The strong
color overlap between MS, DS and NT rocks is clearly observed. Hence, inter-
class variability may be small between some of the classes (i.e. some classes may
overlap in the classification problem).

3. The rock surfaces can be completely dry or wet depending on weather conditions.
Surface moisture modifies the visual appearance of the fragments, their color
mainly. Wet rocks are systematically darker when wet as shown in Figure 3.23 C
(dry) and D (wet).

The machine vision approach will address each of these issues in order to achieve
accurate rock type classification.
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A B

C D

(a) (b)

(c) (d)

Figure 3.23 Difficulties with the investigated mineral system: (a) composite image of the five
rock types including a mask selecting pixels belonging to MS. (b) Composite image overlaid with
pixels (in blue) having similar color characteristics to those falling under the MS mask. (c) Dry
run-of-mine ore. (d) Wet ROM ore. From Tessier et al. [26]

3.5.3.3 The Machine Vision Approach

The proposed machine vision approach is presented here using the framework
shown in Figure 3.4.

1. Image pre-processing. Visual features cannot be directly extracted from images
of rock mixtures (e.g., Figure 3.23(c)) due to the color overlap between some
rock classes (Figure 3.23(a) and (b)). Furthermore, applying texture methods to
such an image would extract rock edge information and overall surface texture
of the rock blend which are not relevant informations for recognizing individ-
ual rock types. The full size images of rock mixtures are therefore subdivided
into smaller images which more likely belong to a single rock type. This can be
accomplished using the traditional image segmentation algorithms. This would
be particularly efficient when optical rock sizing is also desired. Alternatively,
the full size image can be divided using a rectangular grid of the certain mesh
size. This is a simpler method, but requires the subimages to be relatively small
in order to make sure that most of them contain information from a single rock
fragment. The latter approach was used here. The full size 1024×1376 images
were divided into 512 smaller subimages of 64×43 pixels, with a corresponding
field of view of 1.5 cm2. A similar approach was used in other mining vision
problems [85, 88].
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2. Feature extraction. Both color and textural features were extracted from each
subimage as described below. These will later be used to classify subimages into
one of the three rock classes (see Table 3.2). The classification results will, in
turn, allow estimation of the proportions of the various rock types within a mix-
ture.

• Color features. As discussed previously, pixel-by-pixel color signatures (i.e.,
MIA color distribution features) are not efficient for discriminating rock types
due to the overlap between some classes. Instead, the p1 − p2 loading vectors
are used as representative average color features of the subimages. These are
obtained by applying PCA to each individual subimage. Such a way of rep-
resenting average image color is further discussed and compared with other
methods in Yu and MacGregor [32]. The vector of color features for each
subimage [p�

1 p�
2 ] is therefore (1×6)-D.

• Textural features. Two sets of textural features were computed for each
subimage. The first set consists of energy features (i.e. Equation 3.13) ob-
tained after applying DWT on the subimages at two levels of decomposition.
This yields six energy features since all three detail images (h,v,d) were used
at both levels. To generate even more informations about the images, second
order statistics obtained from the six detail images were also computed as
proposed in [36, 91]. These are the energy, entropy, contrast and correlation
features obtained from the GLCM [54] of the six details images. This provides
24 additional texture descriptors for each subimage, resulting in a (1×30) tex-
ture vector after combining the two sets of textural features.

3. Feature reduction and analysis. After extracting and combining the color and
textural features for all subimages, the following matrices are obtained for one
full size rock mixture image: XF (512× 36) and Y (512× 3). The latter corre-
sponds to binary numbers (i.e., 0–1) assigning each subimage to a rock class. If
the ith subimage belongs to class 1, then Y(i, :) = [1 0 0], if it rather belongs
to class 2, Y(i, :) = [0 1 0], and so on. This correspondence between subim-
ages and rock classes is obviously only known a priori for the training dataset.

• Discriminant PLS. To reduce the 36-D feature space and to enhance class
separation, made necessary due to overlap, a supervised latent variable clas-
sification technique (i.e., PLS-DA) was then applied to (XF, Y). The PLS-DA
model extracts those linear combinations in XF that are the most highly corre-
lated with the classes or, alternatively, the information that maximizes class
discrimination. This operation also partially removes the systematic color
variations caused by surface moisture. Indeed, moisture will be made inde-
pendent of class information by design since all three rock classes will contain
dry and wet rocks. Hence, the PLS-DA model will not capture the effect of
moisture. This should increase the robustness of the rock classification model
to weather conditions.
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• Establishing class boundaries. The final step involves establishing class
boundaries of each rock type within the latent variable space of the PLS-DA
model (i.e., in the score space of that model). A wide range of techniques are
available for this purpose, from Fisher’s linear discriminant analysis [77] to
nonlinear classification algorithms such as self-organizing maps [92], based
on artificial neural networks, or support vector machines [40, 93, 94]. The lat-
ter will be used in this case study since it is efficient with overlapping classes.

3.5.3.4 Training and Validation of the Mineral Type Classification Model

A database of rock images was first collected for training and validation of the rock
type classification model. The available rock loads for each type were sequentially
spread on a conveyor belt. Then, between 50 and 60 images were captured for each
rock type in order to cover the variability of appearance of each type. After collect-
ing a dry rock image, and before moving the conveyor, the rocks contained within
the field of view were watered and a second image was captured (i.e., the wet rock
image). Therefore, a wet rock image corresponds to each dry rock image. Repeating
this procedure for each rock type led to a set of about 500 images with almost half
of them showing wet rocks.

The training dataset was made of 10 composite images representing the variabil-
ity of each rock type in dry or wet conditions. Each composite image of a particular
rock type was formed with 10 smaller images randomly selected from the larger
database discussed above. The size of the smaller images was selected such that the
composite images have the same size as the original images in the large database
(i.e., 1024×1376 pixels). Furthermore, once a smaller image was selected for one
of the five dry composite images, its wet counterpart was also selected for the cor-
responding wet composite image. These training images are available in [78].

The procedure described in Section 3.5.3.3 was then applied to the 10 composite
images of the training set, one for each rock type in dry and wet condition. That is,
each image was further divided into 512 subimages after which color and textural
features were extracted for each. The resulting feature and class matrices, XF and Y,
were (4316×36) and (4316×3)-D, respectively, after removing some outlier images
showing the conveyor belt only. The soft/high grade rocks (MS) were assigned to
class 1, the medium hardness/grade rocks (DS and NT) were assigned to class 2 and,
finally, the hard/waste rocks (G and P) were assigned to class 3. These components
PLS-DA model was built on the training dataset, together explaining 44% of the
variance of XF. That is, about half of the information contained in the feature matrix
is correlated with the classes and is used for class discrimination. The t1 − t2 score
scatter plot of the PLS-DA model showing the clusters corresponding to each class
are shown in Figure 3.24. Note that in these score plots, each dot corresponds to a
multivariate summary of the visual features of one subimage.

If the ROM ore consists of only soft/high grade and hard/waste rocks (i.e., class 1
and 3), then the classification problem would be easier as shown in Figure 3.24(a). A
simple linear classification problem aiming at finding the location of a straight line
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Figure 3.24 Scatter plots of the first two latent variables (t1 − t2) of the PLS-DA model for the
training dataset. (a) Soft and hard classes. (b) All three classes. (c) Distribution of dry and wet
subimages. From Tessier et al. [26]
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in the t1 − t2 latent variable space that minimizes classification errors could be used
for automatic identification of soft and hard rocks (i.e. green and red dots, respec-
tively). However, when the medium hardness/grade rocks (class 2) are introduced
the classification problem becomes more difficult as shown in Figure 3.24(b). The
medium rock class (i.e., blue dots) significantly overlap with the other two classes,
and the contribution of the third component (not shown) to class discrimination is
marginal. This justifies the need for more sophisticated methods for establishing
class boundaries in the presence of significant class overlap. Support vector ma-
chines, a statistical learning technique [40, 93, 94], was used in this study for seg-
menting class boundaries. It essentially projects the data into a higher dimensional
space where simple linear classification is possible. This is particularly useful when
clusters overlap. A complete description of SVM is outside the scope of this chap-
ter. However, the reader is referred to the following publications for more details
[40, 93, 94]. A total of three 3-class SVM models were trained for establishing class
boundaries in the latent variable space of the PLS-DA model (i.e. Figure 3.24(b)).
The parameters of these models as well as their performance in training are de-
scribed in [26, 78]. The performance of the complete machine vision approach will
be discuss later in this section.

The last score plot in Figure 3.24(c) shows the clustering pattern of the subim-
ages from all three rock classes, but dry and wet images were identified using red
and blue dots, respectively. Both clusters overlap almost completely, which supports
the assumption that PLS-DA does not treat dry and wet images differently, but fo-
cuses only on rock class discrimination based on rock hardness/grade. This should
improve the robustness of the classification model to systematic variations in rock
visual appearance introduced by surface moisture condition, which is irrelevant for
classifying rocks in hardness/grade categories.

To validate the rock type classification model a second series of 10 composite
images was created, five for dry and five for wet rocks. One composite image of
dry rocks is shown in Figure 3.25(a). These composite images again consist of 10
smaller images but, instead of showing different pictures of a single rock type as for
the training phase, they include smaller images belonging to all three rock classes.
The advantages of this approach, compared with using pre-defined rock mixtures
on the conveyor belt (i.e., Figure 3.25 (b)), is that the location of each rock type
within the composite image is perfectly known, and it is also easier to control the
composition of the rock mixture. For example, if two smaller images of MS rocks
appear in a composite image, then MS proportion in the mixture is 20%. For the dry
rock composite images, five different proportions of the three rock types were sim-
ulated by deciding upon the number of smaller images of each rock type to include
in the composite image. Then, the required number of smaller images of each rock
type were randomly selected from the large image database discussed earlier in this
section. The five wet composite images were made of the wet couterpart of the dry
images. Again, a correspondence between wet and dry images was maintained for
easier comparison. It is also important to mention that none of the smaller images
selected in the validation step were used in the training dataset.
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A B(a)(a) (b)

Figure 3.25 Typical rock mixture images. (a) Composite. (b) As would appear on a conveyor belt.
From Tessier et al. [26]

After applying the machine vision approach to the 10 validation composite im-
ages, the results presented in Table 3.3 were obtained: this shows a comparison
between true and estimated surface composition. The latter is defined as the per-
centage of the field of view of the image occupied by each of the three rock classes.
As expected, the results are more accurate for dry rocks than for wet rocks. Even if
the PLS-DA model partially removed systematic variations associated with surface
moisture, wet rock images have much less contrast. Furthermore, most classification
errors come from the overlap of the medium hardness/grade rock class with the other
two. On average, the classification model provides satisfactory results as shown at
the bottom of Table 3.3 (see mean as well as correlation between true and estimated
compositions). Results are very good for dry rocks but classification performance
degrades for wet rocks.

3.5.3.5 Mineral Type Recognition on a Conveyor Belt

A simulated conveyor belt application was performed on more realistic rock mixture
images (Figure 3.25(b)) to complete the proof of concept of the proposed machine
vision approach. To maximize the coverage of rock mixtures, the ternary mixture
design shown in Figure 3.26 was used. A total of 17 mixtures of the three rock
types were selected. Among this number, 13 involve the three rock classes, and
five others consist of each of the individual rock species. These mixtures are shown
schematically in Figure 3.26 (a) whereas the corresponding proportions are provided
in the table, Figure 3.26 (b). Note that the proportions used in this design are weight
percentages.

Once the amounts (i.e., weights) of each rock type required by any given exper-
iment were gathered, the loads were manually mixed and spread on the conveyor
belt. Each load covered from 8 to 15 feet of conveyor length. As the belt moved
forward, several images of the rock mixtures were captured. The number of images
collected for each mixture is also given in Figure 3.26(b). Here again, after captur-
ing a dry rock mixture image, and before moving the belt, the rocks were watered
and a wet image was collected. Correspondence between dry and wet rock images
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Table 3.3 Validation results for the 10 composite images. From Tessier et al. [26]

True surface composition (%) Estimated surface composition (%)
Image Ore Soft Medium Hard Soft Medium Hard
1 Dry 20 50 30 19.0 50.5 30.5
2 Dry 20 60 20 25.6 56.9 17.5
3 Dry 20 30 50 12.1 24.9 63.0
4 Dry 20 40 40 21.3 34.7 44.0
5 Dry 20 30 50 22.0 28.9 49.1
6 Wet 20 50 30 23.6 61.9 14.8
7 Wet 20 60 20 29.2 67.4 3.4
8 Wet 20 30 50 22.8 34.6 42.6
9 Wet 30 40 30 39.3 47.2 13.5
10 Wet 20 30 50 29.2 39.4 31.4

Mean Overall 21 42 37 24.4 44.6 31.0
Dry 20 42 38 20.0 39.2 40.8
Wet 22 42 36 28.8 50.0 21.1

Correlation between true and estimated Dry 0.73 0.90 0.84
Wet 0.65 0.47 0.63
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Figure 3.26 Design of experiment for conveyor belt application. From Tessier et al. [26]

was preserved in this final application. In the end, about 560 images were collected
including both dry and wet rocks. The machine vision approach was applied to
each image and the rock classification results are provided in Figure 3.27, which
presents a comparison between the true and estimated weight compositions (solid
line and dots, respectively). To convert surface composition obtained by imaging
into weight composition, the estimated surface composition were weighted accord-
ing to the density of each mineral (see Table 3.2).

Very promising results were obtained, particularly for dry rock mixtures. The
trends are followed quite well, although some confusion between medium and hard
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Figure 3.27 Estimation of rock composition for the simulated on-line conveyor belt application.
Dots: model predictions. Solid lines: true weight compositions. Columns: dry and wet rocks. Rows:
soft, medium and hard rocks, from top to bottom. From Tessier et al. [26]

rocks occur for images in the range 350–400. For wet rocks, specular reflection due
to wet surfaces seems to be confounded with the shiny surface of MS rocks. This
may explain why MS composition (soft rocks) is overestimated by 20–30% in the
first half of the test. This problem is less important in the second half of the test
where either 100% or 0% MS is present on the conveyor. Adding imaging hardware
to remove specular reflection combined with contrast enhancement methods may
help improve classification results for wet rock mixtures. Since this was one of the
first attempt to directly take into account surface moisture in the rock type classifica-
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tion problem, further investigations of these issues are required. Overall, the results
were found to be very promising and support future work on this subject.

3.6 Conclusions

Multivariate imaging techniques were presented in this chapter and applied to the
development of three novel on-line vision sensors for use in the mineral process-
ing field. These sensors aim at: (1) estimating flotation froth mineral grade; (2)
froth health monitoring for appropriate reagent dosage; and (3) on-line estimation
of ROM ore lithotype composition on conveyor belts. Both MIA, based on well
known PCA and PLS, and MRA, relying on wavelet decomposition, have been pre-
sented and used for spectral/textural analysis of process images (i.e., flotation froth
and ROM rock mixtures). These techniques were shown to be very efficient for
extracting the stochastic features of process images relevant for monitoring and/or
predicting process conditions or product quality. As opposed to traditional auto-
matic inspection problems in the manufacturing industries, the relevant features of
images collected in process industries are usually unknown a priori. A machine
vision framework based on multivariate methods was also presented for identify-
ing these relevant image features, and for using them in mineral process modeling,
monitoring, and advanced control.

The first case study served to illustrate a multivariate image regression problem
using spectral image information only. It was shown that predictions of zinc min-
eral grade obtained using RGB froth images were in a good agreement with the
trends of the laboratory assays. The long-term robustness of such a sensor to light-
ing conditions, mineral feed and other environmental conditions still needs to be
demonstrated, but the results obtained at the Laronde plant were found encouraging
and granted further investigation by the research consortium COREM (unpublished
work). Among other issues to be investigated are (1) the optimal positioning of the
camera for a given flotation cell or column to make sure that images are representa-
tive of the entire froth surface, (2) selecting the best flotation unit(s) within a bank
on which to install the camera. Fast on-line froth grade measurements could be in-
tegrated into a grade control loop manipulating reagent dosage when mineral feed
and other disturbances occur. It could also be used to decide how to distribute the
reagents across the flotation bank for optimal use of chemicals.

An unsupervised classification problem using both spectral and textural image
features was proposed as the second case study, again using the froth flotation pro-
cess. The concept of on-line “froth health” was presented for detecting inappropri-
ate reagent dosage for a given ore feed composition. A new bubble sizing algorithm
based on wavelet decomposition (i.e., wavelet size signatures) was discussed. It is
robust to noise and to variations in lighting conditions, and does not require direct
image segmentation. After combining with some froth color features (i.e., clear win-
dows and black holes), a PCA monitoring scheme was developed and was shown to
be able to detect the onset of froth collapse, related to over-dosage of reagents with
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respect to a given ore feed, as well as the opposite situation where under-dosage
leads to poor mineral recovery. Providing such information to operators in the con-
trol room could result in more stable operation, better mineral recovery and more
efficient use of operator’s attention. Straightforward modifications to the proposed
approach could also yield froth grade predictions as discussed in the first case study.

The last case study presents the very difficult problem of estimating ROM ore
lithotype composition on conveyor belts based on dry and wet rock fragments of
highly heterogeneous visual appearance, but also showing significant similarities
between some rock types. This problem was selected to illustrate supervised clas-
sification of both spectral and textural features, requiring several steps due to the
level of complexity of the rock identification problem. On-line classification of rock
fragments according to their grade or grindability could be useful for modifying the
sorting/blending strategy before feeding AG/SAG grinding mills, for feedfoward
control of the mill’s operating conditions (e.g., throughput or water addition) and
for proactive adjustments to flotation reagent dosage. Very promising results were
obtained, particularly for dry rock mixtures. For wet rocks, specular reflection due
to wet surfaces and lower color contrast led to greater classification errors. Since
this was one of the first attempt to directly take into account surface moisture in the
rock type classification problem, further investigations on these issues are required.
In particular, adding imaging hardware to remove specular reflection combined with
contrast enhancement methods may help improve classification results for wet rock
mixtures. Overall, the results were found to be very promising and suggest future
work on this subject.

The multivariate imaging methods presented in this chapter have also been
used with great success in a wide variety of fields ranging from remote sensing
[25, 29, 95], combustion, pyrometallurgy, and the steel industry [34, 38, 39], for-
est products and pulp and paper [30, 31], snackfood industry [32, 33], plastics
[52, 96, 97], and even medical imaging [29, 98]. In most process cases, the vi-
sion sensors were used to develop new advanced control schemes that could not
be implemented using standard process instrumentation. The author hopes that this
chapter will help stir some interest in the mineral processing research community.
Fast, robust and reliable vision sensors are still required to improve mineral process
control, stability and productivity.
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[3] MacGregor JF, Yu H, Muñoz SG, Flores-Cerrillo J (2005) Data-based latent variable meth-
ods for process analysis, monitoring and control. Comput Chem Eng 29:1217–1223

[4] Kourti T (2005) Application of latent variable methods to process control and multivariate
statistical process control in industry. Int J Adapt Control Signal Process 19:213–246

[5] Cutmore NG, Liu Y, Middleton AG (1997) Ore charactetisation and sorting. Miner Eng
10:421–426

[6] Zeng Y, Zheng M, Forssberg E (1993) Monitoring jaw crushing parameters via vibration
signal measurement. Int J Miner Process 39:199–208

[7] Zeng Y, Forssberg KSE (1995) Multivariate statistical analysis of vibration signals from
industrial scale ball grinding. Miner Eng 8:389–399

[8] Bergh LG, Yianatos JB, León A (2005) Multivariate projection methods applied to flotation
columns. Miner Eng 18:721–723

[9] Gardner S, Le Roux NJ, Aldrich C (2005) Process data visualisation with biplots. Miner Eng
18:955–968

[10] Groenewald JW de V, Coetzer LP, Aldrich C (2006) Statistical monitoring of a grinding
circuit: an industrial case study. Miner Eng 19:1138–1148

[11] Hodouin D, MacGregor JF, Hou M, Franklin M (1993) Multivariate statistical analysis of
mineral processing plant data. CIM Bull 86(975):23–34

[12] Gonzalez GD, Orchard M, Cerda JL, Casali A, Vallebuona G (2003) Local models for soft-
sensors in a rougher flotation bank. Miner Eng 16:441–453

[13] Liu J (2004) Machine vision for process industries: monitoring, control, and optimization of
visual quality of processes and products. PhD thesis, Department of Chemical Engineering,
McMaster University, Hamilton, Ontario, Canada

[14] Marshall AD, Martin RR (1992) Computer Vision, Models and Inspection. World Scientific
Publishing, Singapore

[15] Wold S, Esbensen K, Geladi P (1987) Principal component analysis. Chemom Intell Lab
Syst 2:37–52

[16] Wold S (1978) Cross-validatory estimation of the number of components in factor and prin-
cipal components models. Technometrics 20:397–405

[17] Geladi P, Kowalski BR (1986) Partial least-squares regression: a tutorial. Anal Chim Acta
185:1–17

[18] Geladi P (1988) Notes on the history and nature of partial least squares (PLS) modelling. J
Chemom 2:231–246
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time visual sensor for supervision of flotation cells. Miner Eng 11:489–499
[73] Wang W, Bergholm F, Yang B (2003) Froth delineation based on image classification. Miner

Eng 16:1183–1192
[74] Beucher S, Meyer F (1993) The morphological approach to segmentation: the watershed

transformation. In: Dougherty E (Ed), Mathematical Morphology in Image Processing, Mar-
cel Dekker, New York, 433–481

[75] Aldrich C, Moolman DW, Eksteen JJ, Van Deventer JSJ (1995) Characterization of flotation
processes with self-organizing neural nets. Chem Eng Commun 139:25–39

[76] Nguyen KK, Thornton AJ (1995) The application of texture based image analysis techniques
in froth flotation. In: Proceedings of DICTA95, Brisbane, Australia 613–618

www.ATIBOOK.ir



142 C. Duchesne

[77] Duda RO, Hart PE, Stork DG (2000) Pattern Classification. 2nd Edition, Wiley-Interscience,
New York
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Chapter 4
Soft Sensing

Guillermo D. González

Abstract This chapter addresses different aspects of soft sensors and their impor-
tance, especially for mineral processing plants. It considers current state-of-the-art
soft sensors and the future outlook of the industry, taking into account different
classes of linear and nonlinear in-the-parameter soft sensor models, their design,
and soft sensor shell systems for providing a robust operation in industrial envi-
ronments. A geometrical approach to soft sensor modeling is given for nonlinear
but linear in-the-parameter models. Inclusion of phenomenology in linear in-the-
parameter models is highlighted. The chapter includes a review and examples from
the mineral processing industry.

4.1 Introduction

This chapter is concerned with the problem of availability of information provided
by measurements in plants either when sensors become unavailable or when they
have not been installed. The solution to this problem is approached by means of
soft sensors, i.e., systems replacing the missing measurement (primary measure-
ment) with an estimation or prediction of the missing measurement based on the
other measurements (secondary measurements) correlated with the primary mea-
surement. A detailed analysis of soft sensors for industrial applications in general
is given by Fortuna et al. [1] where different topics and industrial applications are
covered. A summary of soft sensor topics may be found in [2]. However in [1],
cases of soft sensors used in mineral processing are not included. In this chapter, the
focus is on soft sensors in mineral processing plants, which due to their particular
characteristics require special attention to certain topics. In addition, by covering
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zal@ing.uchile.cl

143

www.ATIBOOK.ir



144 G.D. González

application of soft sensors to this industry it is expected that gaps are filled in the
available reviews in papers and in books on soft sensors.

In order to fulfill the objectives stated for a plant (circuit, system, unit, etc.) it is
essential to be able to extract information about the plant’s condition, in order either
to drive it to a given operating point, or to a desired trajectory, or to such condition
that a performance measure is optimized. Such required information is obtained
directly or indirectly through sensors that measure plant variables. If any of these
measurements becomes unavailable, technical and economic objectives will not be
met because the plant’s control, either automatic or manual, will be impaired and
the plant products will fail to meet specifications.

The sensor measurement may become unavailable because an installed sensor
system fails or its operation is interrupted for maintenance or repairs. A sensor for a
given measurement may also not be installed at all, e.g., because it is not available
on the market, or due to the high cost of the sensor system and its maintenance.
A soft sensor may also provide measurement estimations when an actual sensor is
shared among several measuring points (e.g., X-ray copper grade analyzer) or, in
general, it can fill in measurements when sampling is infrequent.

An unmeasured variable, such as an unmeasured disturbance, prevents the system
from benefiting from information necessary for better plant performance. Through
changing an unmeasured disturbance into a measured disturbance, a sensor or a
soft sensor makes it possible to use such a measurement in the control of the plant
(e.g., by means of feedforward control or other model-based control schemes). As a
result, it is sometimes possible to considerably improve the plant’s operation. This is
particularly important when the unmeasured disturbance has a relatively large effect
on the controlled variables, as in some mineral processing plants.

On the contrary, when the sensor or soft sensor is not available, the use of ad-
vanced control strategies would become necessary. For example, if the controlled
variable is highly correlated with a random unmeasured disturbance, either some
form of stochastic control may be required, or a less efficient control system must
be used. But it is a well-known fact that complicated control strategies tend to be
vulnerable and of reduced robustness. As a result, it often happens that after several
problems come up, the control strategy is abandoned and control reverts to one that
is less elaborate, but surely less efficient. All this may be avoided if the sensor mea-
surement is available or if conditions are such that a soft sensor may be designed to
estimate the missing unmeasured disturbance.

Among the main unmeasured disturbances in mineral processing are lithology,
mineralization, liberation, grindability, and concentration of reactants in flotation
pulps. The absence of sensors for these plant variables implies that the soft sensor
must not only be designed using off-line measurement samples that are analyzed in
a laboratory, but also be updated using off-line samples.

There is clearly a question of economics in deciding whether a sensor’s back up
should be to a spare sensor or to a soft sensor. Justification for a soft sensor depends,
on the one hand, on the relative cost of a real back-up sensor. For example, as a back
up for a wattmeter, a spare wattmeter may be best, which can easily be plugged in to
replace the missing one. On the other hand, for backing up other complex sensors,
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a soft sensor may be a best choice. Such would be the case in the replacement of
a particle size analyzer used in the mineral processing industry where an undue
period of time and effort may be required to replace the missing sensor. However, if
a soft sensor is available, it may be used during this period for manual or automatic
control. A soft sensor may even be an option to a real sensor if certain conditions are
met, mainly if only infrequent updating of the soft sensor model using laboratory
samples is required.

The relevant relations between the primary measurement and the secondary mea-
surements or functions of them may be expressed in a model. Its output is an estima-
tion or prediction of the missing primary measurement and constitutes a soft sensor
for the primary measurement (Figure 4.1). In this case the core of a soft sensor is a
soft sensor model [1, 3], which must be chosen from a class of models, e.g., from
ARX, NARX (nonlinear but linear-in-parameter (LIP) models), ARMAX, NAR-
NAX, fuzzy models, state-state/output models (Kalman filter, extended Kalman fil-
ter), fuzzy models (e.g., Takagi and Sugeno models), neural network models, radial
basis function network models, support vector machine regression models, models
based on principal component analysis (PCA), projection to latent structure (PLS)
and clustering, and models incorporating combinations of them.

Alternatively, an approach is to use features extracted from measurements of
secondary variables, including static or dynamic images captured by vision sensors
(video cameras). These features are used to generate the soft sensor output for the
primary measurement.

The principal modeling aspects of softsensors with emphasis on mineral process-
ing is undertaken in Section 4.2. A geometric approach to soft sensor modeling in
the special but important case of nonlinear but LIP models is found in Section 4.3.

Modeling is not a simple task when it comes to mineral processing, compared
with mechanical, electrical, and other systems. Mineral processes tend to be quite
nonlinear, multivariable, and subject to stochastic unmeasured disturbances (e.g.,
liberation, mineralogy, lithology), which have a considerable influence on the vari-
ables (e.g. particle size, concentrate and tailings grade) that are important to the
automatic or manual control of the mineral processing unit, circuit or plant, and
therefore to its economic performance. This fact complicates matters because ob-
viously the unmeasured disturbances – influential as they may be on the primary
measurement – cannot be used as secondary measurements.

Development of an accurate phenomenological model turns out to be too com-
plex or even impossible, so accurate local relatively simple models around operating
points are desired (e.g., linear models such as ARX models). But such simple models
cannot in general be a representation of the portion of the plant being modeled over
a broad operating region and time span. Therefore up-dating of the model is required
as the operating point shifts during plant operation due to changes in manipulated
variables, measured and unmeasured disturbances, and because of changes of plant
parameters.

A solution to the problem of the conflicting model requirements of simplicity ver-
sus coverage may be afforded by nonlinear but LIP models, such as NARX models
[1, 4]. This class of model may have a much larger operating region coverage than
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linear models (e.g., ARX, ARMAX) and at the same time share the linear regression
possibilities of linear models.

Soft sensor design must be approached not only considering the design of the soft
sensor model. In addition a soft sensor shell providing robustness for the primary
measurement estimation is needed, mainly in case secondary measurements may
themselves become degraded and even unavailable and also because of changes in
operating points not dealt with by the soft sensor model. The main functions of the
soft sensor shell system are signal conditioning and monitoring, determining that the
primary sensor has failed in some sense (including loss of calibration), on-line deter-
mination of which soft sensor model of a possible set of models is best for replacing
the unavailable actual sensor, adaptation of the soft sensor models to changing plant
conditions, providing adequate excitation of plant inputs for on-line estimation of
the model parameters, etc. If conditions previous to sensor replacement by the cor-
responding soft sensor are favorable, it may become convenient to choose the model
parameters using their optimal prediction rather than fixed values at the replacement
instant. The soft sensor shell and its main functions are treated in Section 4.4.

Section 4.3 contains a geometric approach to the subject of soft sensor modeling
in the case of linear models or nonlinear models that are LIP. A global approach to
modeling LIP models is taken with respect to the kinds of primary and secondary
variables, whether they are represented by deterministic time sequences, discrete
time stochastic processes (i.e., random sequences), or continuous time functions and
stochastic processes. The issue of using time averages instead of expected values is
considered, together with conditions that allow the averages to be valid represen-
tations of expected values. This is important because the use of expected values is
generally the appropriate way to approach the problem of model structure deter-
mination and parameter estimation. However, probability distributions are mostly
not available for determining expected values, so they must be estimated by their
corresponding time averages.

An additional problem to be considered when a sensor in a control loop is re-
placed by a soft sensor is the effect that this change may have on the performance of
the control, since now the control loop contains the additional system constituted by
the soft sensor model. This fact may cause deterioration of control and even insta-
bility as the plant operating point changes unless the model is updated fast enough
(Section 4.2).

The use of soft sensors has become wide-spread in different industries, particu-
larly in the mineral processing industry. A sample of the soft sensors currently used
in this industry and of the different classes of models that are being used is given
in Tables 4.1 to 4.4, which show that soft sensors have been developed for particle
size in grinding circuits, density or solids concentration, grindability, work index,
operational work index, lithology, grades in flotation cells, weight and flow. This
sample is not intended to be exhaustive, but its purpose is to cover the scope and
most of the approaches concerning soft sensor design and operation with regard to
the mineral processing industry. For each soft sensor, this set of tables contains the
reference citation, the class of model used, its main features, and its application in
the industry or to tests performed using data obtained from industrial plants or from
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simulated plants. Examples of soft sensor design for industrial ore concentrators are
given in Section 4.4.

In the future, we expect that the developments of soft sensors will be driven by
the development of new data processing and sensor technologies in general, and of
new equipment in the mineral processing industry.

Nanotechnologies will permit the development of networks of a great number
of miniature sensors profusely located almost anywhere in the processing units and
connected to many miniature high-speed processors through newly developing wire-
less communications systems. Paralleling these developments, these new sensors
may have their corresponding soft sensors based on these nanotechnologies. Also,
the development of soft sensors for which no sensors have been developed may also
be favored. It is not difficult to imagine also that new data processing and communi-
cations technologies may also have a favorable impact on soft sensor shell systems
[5].

Thus, the new technologies point to an omnipresence of multiple sensors and soft
sensors in the processing units together with the pervasiveness of miniature signal
processing computers.

It is also reasonable to expect that the development of new equipment based on
new technologies may require new sensors and soft sensors. In order to improve
the efficiency of the comminution processes new equipment is being introduced in
the mineral processing industry, e.g., the HPGR mill (high pressure grinding rolls
mill) [6] and the IsaMill [7]. Concerning flotation, a potentially increasing use of
the Jameson cell is also to be mentioned, where this flotation technology produces
an intense flotation recovery process using robust equipment [8].

PLANT

SOFT SENSOR
SYSTEM

u

v

p

y

y
η

Figure 4.1 Soft sensor system output ŷ replacing failed sensor signal y using a model having
as inputs correlated secondary measurements: commands u, measured disturbances v, and other
plant outputs η . Although the unmeasured disturbances p affect the plant output y, they cannot be
directly used as inputs to the model
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Table 4.1 Examples of soft sensors for particle size in grinding circuits
Reference Model

class
Main features Primary variable, applications,

tests

González et
al., 1985 [9]

ARX Static particle size estimator with
dynamic compensator.

+65 # for grinding circuit consist-
ing of a rod mill and a ball mill.

González et
al., 1995 [10]

NARX Stepwise regression. Comparison
between gray and black box
NARX soft sensor models. Ef-
fects due to improper sampling
period.

Tests using data from industrial
grinding circuit for estimating
or predicting % +65# in circuit
product. Sampling period effects
tested in simulated simple plant.

Casali et al.,
1998 [11]

NARX Stepwise regression. Robustness
to secondary measurements fail-
ures using a set of candidate soft
sensor models. Gray models us-
ing composite candidate regres-
sors determined by phenomeno-
logical model.

Tests using data from industrial
grinding circuit for estimating
or predicting % +65# in cir-
cuit product. Stepwise regression
selects mainly phenomenological
regressors instead of direct sec-
ondary measurements.

Du et al.,
1997 [12]

NN NN soft sensor for particle size in
product of grinding circuit con-
sidering adaptation to changing
conditions. Use of PCA to sim-
plify the SS model in order to im-
prove on-line adaptation perfor-
mance.

Tests using simulated industrial
grinding circuit. SS estimates
passing 53 μm particle size.

Sbarbaro et
al., 2008 [13]

NARX Adaptation of soft sensor model
parameters to changing condi-
tions considering parameter con-
straints using the error projection
(EP) algorithm. Regressors in-
volving inputs in LIP NARMAX
model are convolutions.

Tests using data from industrial
grinding circuit for estimating
or predicting % +65# in circuit
product. Comparison of EP and
RLS algorithms.

Sbarbaro et
al., 2001 [14]

NN Feedforward and autoassociative
NN are used as soft sensors
for particle size. After selection
of model input variables (sec-
ondary measurements) NN pa-
rameters are determined using the
Levenberg–Marquardt algorithm

Tests using data from industrial
grinding circuit for estimating or
predicting % +65#. Comparison
of NN models used concerning
input noise and number of param-
eters.

Sun et al.,
2008 [15]

SVM Particle size soft sensor model de-
signed by combining SVM, iden-
tification, and empirical meth-
ods weighted according to perfor-
mance of each.

Tests using particle size data form
industrial grinding circuit. One
hour sampling time over 23 days.

Notation: LIP = Linear-in-parameters; NARX = Nonlinear ARX; NN = Neural Network; SS
= Soft Sensor; PCA = Principal Component Analysis; SVM= Support Vector Machine.
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Table 4.2 Examples of soft sensors for density or solids concentration in ore concentrators
Reference Model

class
Main features Applications, tests

Casali et al.,
1995 [16]

NARX Stepwise regression used to select
SS inputs from set of candidate
components. NARX Gray models
through introduction of compos-
ite components having physical
significance, which are selected
instead of direct simple measure-
ments. Robustness is obtained by
on-line selection of a SS model
from a set of models, using an
availability index

Tests in pulp density using data
from an industrial grinding plant.
The SS model is selected on-line
from a set of four candidate mod-
els.

Casali et al.,
1998 [17]

NARX Solids concentration soft sen-
sor at hydrocyclone overflow.
Gray models through introduc-
tion of composite components
having physical significance. Se-
lection by stepwise regression

Test using data from industrial
grinding circuit.

Chuk et al.,
2005 [18]

Dynamic
and static
empirical
models

SS based on transfer function
model empirical relations for
froth density estimation in col-
umn flotation used in conjunction
with expert fuzzy system to pre-
vent froth collapse.

Tests by simulation using a model
developed for column flotation.

González et
al., 1993 [19]

ARX Effects of choosing frozen, aver-
age, and optimally predicted soft
sensor parameters at the time of
replacing a sensor by the soft sen-
sor.

Tests for pulp density (solids con-
centration) using data from an in-
dustrial grinding circuit show im-
proved performance in case of
predicted parameters.

González et
al., 1995 [10]

NARX Stepwise regression. Comparison
between gray and black box (lin-
ear) soft sensor models. Compar-
ison between models with origi-
nal measurements and models in-
cluding phenomenological com-
ponents.

Hydrocyclone overflow particle
size sensor and feed pulp density
(solids concentration) soft sensor
tested using data from industrial
grinding circuit.

Notation: LIP = Linear-in-parameters; NARX = Nonlinear ARX; NN = Neural Network; SS
= Soft Sensor; PCA = Principal Component Analysis.
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Table 4.3 Example of soft sensors for mill loading, work index, grindability in grinding circuits,
weight

Reference Model
class

Main features Applications, tests

Amestica et
al., 1993 [20]

State
model

Extended Kalman filter for non-
linear reduced dimension state
model based on phenomenolog-
ical knowledge. Combined state
and parameter estimation. Main
states: total ore, fine ore, and wa-
ter mill contents. Estimated pa-
rameters (transformed into states)
are grinding rate, water and ore
discharge rates.

Tests by simulation using data
from a detailed dynamical model
of a pilot semiautogenous mill
having 27 size fractions states.
Considerable improvement is
found with model based on
nonlinear extended Kalman filter
compared with linear Kalman
filter. Tests by simulation using
the developed model.

Apelt, 2002
[21]

Various Thirty-six dimension state esti-
mation of SAG mill contents and
parameters: ore grindability, mill
discharge grate parameters turned
into states. There are 27 size frac-
tion states.

Tests using data from industrial
SAG circuit give acceptable re-
sults if a bulk ore discharge flow
is considered to be measured, and
almost perfect estimation if a 27
size fraction ore discharge is as-
sumed to be measured.

González et
al., 2008 [22]

Extraction
of fea-
tures of
measured
variables

On-line detection of grindabil-
ity index based on concatenated
wavelet transform variances of
three measured variables. Re-
duced dimension dynamic model
of SAG circuit is developed and
used for testing

Tests by simulation using dy-
namic SAG circuit state model
adjusted to data from a large in-
dustrial grinding circuit show im-
portant improvements due to con-
catenation.

Casali et al.,
2001 [23]

Extraction
of fea-
tures of
measured
variables
(images)
and NN

On-line ore work index SS based
on lithological ore composition
determined from image analysis
of ore in conveyor belt using a
NN classifier. Grindability deter-
mined on the basis of estimated
lithology.

Laboratory tests using ores from
a grinding plant have given good
results.

González et
al., 2000 [24]

Gray
(ARX
plus em-
pirical)

Global operational work index SS
for a grinding circuit using empir-
ical models for operational work
index and ARX for p80. Sensitiv-
ity analysis is used to determine
that mean f80 may be used as em-
pirical model input.

Tests using ore samples from
mine site and data from grinding
circuit.

Notation: LIP = Linear-in-parameters; NARMAX = Nonlinear ARMAX; NN = Neural Net-
work; SVM = Support Vector Machine SS = Soft Sensor; PCA = Principal Component Anal-
ysis; SAG = Semi-autogenous. Continued on next page.
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Table 4.3 (continued)
Reference Model class Main features Applications, tests

Perez et
al., 1999
[25]

Extraction of
features of
measured vari-
ables (images)
and genetic
classification

Estimation of ore lithology by
classifier using genetic algorithm.

Laboratory tests using monthly
rock samples from mine site.
Seven lithological classes are
considered and 130 features are
extracted from each rock sample
out of a database consisting of
760 digital images.

Espinoza,
et al.,
1995 [26]

Clustering of
operating points

Clusters formed represent differ-
ent types of overload conditions.
Distances to cluster centers give
early warning of overload.

Clusters are formed using data
from an industrial ball mill grind-
ing circuit. If distance to an over-
load cluster is below a threshold
corrective actions are taken ac-
cording to the cluster characteris-
tics.

Pan et al.,
2003 [27]

NN Industrial weightometer soft sen-
sor including monitoring sys-
tem for data validation, failure
detection, replacement of fail-
ing weightometer and alarming.
Among inputs are particle size
distribution and power draw.

Several models are developed and
tested in an industrial diamond
processing plant.

Herbst et
al., 1989
[28]

State model Kalman filter for combined state
and parameter estimation in SAG
and AG mill circuits. States are
total ore and water mill hold-ups,
ball hold-up, liner weight. Esti-
mated parameters are ore grind-
ability, liner wear rate and ball
wear rate.

Design and tests using milling
model. Estimated variables are
used in a model-based control
and expert control systems de-
signed using the models.

Herbst et
al., 1996
[29]

State model SAG mill charge volumes estima-
tion using Kalman filter.

Installed in industrial grinding
circuits.

Notation: LIP = Linear-in-parameters; NARMAX = Nonlinear ARMAX; NN = Neural Net-
work; SVM = Support Vector Machine SS = Soft Sensor; PCA = Principal Component Anal-
ysis; RMS = root mean square; SAG = Semi-autogenous.
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Table 4.4 Examples of soft sensors for grades and density in flotation
Reference Model

class
Main features Applications, tests

Chuk et al.,
2005 [18]

Dynamic
and static
empirical
models

SS based on transfer function
model empirical relations for
froth density estimation in col-
umn flotation used in conjunction
with expert fuzzy system to pre-
vent froth collapse.

Tests by simulation.

Espinoza et
al., 1995 [26]

ARX Stepwise regression. Comparison
of concentrate grade soft sensors
with and without clustering.

Tests of rougher flotation grade
using data from an industrial
grinding plant. Clustered SS
gives remarkably better RMS and
correlation.

González et
al., 1994 [30]

NARX Concentrate grade SS. Stepwise
regression. Gray models. Com-
parison between soft-sensor mod-
els (large prediction span) and
control models (low prediction
span and forcible inclusion of
some manipulated variables).

Tests using data from an indus-
trial rougher flotation plant and
from a model.

González et
al., 2003 [31]

Various Local soft sensor models us-
ing various models stemming
from a general model struc-
ture: ARMAX, NARX NAR-
MAX, cluster, neural networks,
fuzzy Takagi–Sugeno, and com-
binations of them. Comparisons.
Data validation for soft-sensor
design.

Test using concentrate grade data
from industrial rougher flotation
plant .

Hyötyniemi,
2000 [32]

Extraction
of fea-
tures of
measured
variables
(images)

SS giving froth characteristics on
the basis of froth image analysis,
including characteristics dynam-
ics.

Installed in flotation plant and
used in expert control loops.

Notation: LIP = Linear-in-parameters; NARMAX = Nonlinear ARMAX; NN = Neural Net-
work; SVM = Support Vector Machine SS = Soft Sensor; PCA = Principal Component Anal-
ysis; RMS = root mean square;
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Table 4.5 Soft sensors in general
Reference Model class Main features Applications

Basso et
al., 2002
[4]

NARX Identification of gas turbine using
NARX model.

NARX model of an industrial gas
turbine, developed using plant
data, shows better performance
than ARX models.

Crisafulli,
1996 [33]

State model Infrequent sampling. Use of
phenomenological knowledge.
Kalman filter.

Fiber rate in sugar cane mill.

Dunia,
1996 [34]

PCA Missing measurement recon-
struction (soft sensing) for
sensors within a set of sensors.
Types of faults. Fault detection.
Identification of failed sensor
through sensor validity index.
Effect of filtering. Separating
sensor fault detection from plant
changes.

Data from boiler process with a
nine sensor set.

Fortuna
et al.,
2007 [1]

Various Book containing treatment of
different topics concerning soft
sensors: justification, SS mod-
els, measurement selection, sen-
sor fault detection, etc.

Examples of soft sensors in in-
dustrial plants, except mineral
processing plants.

González,
1999 [3]

Various Paper containing a review of
soft sensors including topics
in SS model design, different
model classes (especially LIP
or NARX), clustering, effect on
control loop due to replacement
of sensors by SS, the need for a
SS administration system.

Examples of soft sensors in min-
eral processing plants and other
plants. Control.

Control
Eng.
Europe,
2001 [2]

Various Examples on benefits provided by
soft sensors in several industrial
plants. The need for data pre-
processing and adaptation.

Example of commercial packages
for SS development. Soft sen-
sor basics is addressed. Examples
showing SS displays in industrial
environment.

González
et al.,
1996 [35]

Transfer func-
tion

Effects of replacing actual sen-
sors by soft sensors in control
loops.

Tests using simulation.

Gonzlez,
1992 [36]

ARX Design problem when soft sensor
replaces sensor in control loop.

Study using model and simula-
tion.

Notation: LIP = Linear-in-parameters; NARX = Nonlinear ARX; NN = Neural Network;
SVM = Support Vector Machine SS = Soft Sensor; PCA = Principal Component Analysis;
RMS = root mean square; LS =least square; RBF = radial basis function
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Table 4.5 (continued)
Reference Model class Main features Applications

Wang,
1996 [37]

RBF NN Soft sensor based on radial basis
function (RBF) NN. Data is sub-
ject to clustering and a RBF NN
is developed for each cluster. The
SS output is given by the sum of
the several RBF NN weighted by
the respective membership func-
tions to each cluster.

Tests in high purity distillation
column.

Wendt,
1999 [38]

Gray (empirical
+ phenomeno-
logical)

Soft sensor for flow in open chan-
nels having an overshot (sub-
merged) gate, using as inputs to
a gray box model upstream and
downstream levels and gate an-
gle.

Tests in open channel point to the
selection of one of three proposed
models.

Herbst,
1999 [39]

State Generic soft object oriented de-
velopment tool for soft sen-
sor development includes on-line
model updating.

Applications to industrial SAG
and ball milling circuits.

Zhang,
2006 [40]

LS-SVM SS model design using least
square regression and SVM. Non-
linear regression transformed to
linear regression but in higher
dimension space. Cost function
includes a term for penaliz-
ing model complexity. A simple
training algorithm is given.

Tests using data of gasoline ab-
sorbing rate in cracking unit of
a refinery. Better results are re-
ported than those obtained if NN
SS model is used, including less
data needed in training.

Dunia et
al., 1996
[34]

PCA Identification of sensor faults us-
ing sensor validity index.

Tests using boiler process data.

King,
2004 [41]

— Problems arising in soft sensors
for the hydrocarbon processing
industry are analyzed, including
warnings of wrong interpreta-
tions and procedures. The subject
may be extended to other indus-
tries.

Several graphs are given based on
industrial results to support the
different subjects considered.

Barrera,
1996 [42]

—- System for handling SS in in-
dustrial environment. Includes:
several soft sensor models per
primary measurement, selected
according to analysis of sec-
ondary measurement quality and
availability; parameter estimation
while actual sensors are available;
monitoring of soft sensor errors
and decision to update parameter
of models using appropriate exci-
tation signals. Flexible configura-
tion using text strings.

Tested on particle size estimation
in an industrial grinding plant.

Notation: LIP = Linear-in-parameters; NARX = Nonlinear ARX; NN = Neural Network;
SVM = Support Vector Machine SS = Soft Sensor; PCA = Principal Component Analysis;
RMS = root mean square; LS =least squares; RBF = radial basis function; SAG = Semi-
autogenous.
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4.2 Soft Sensor Models

The task of determining soft sensor models is the same as the general modeling
procedure in which model identification plays a central role. Some important issues
affecting the development of soft sensor models are covered in this section, includ-
ing an alternative way, by analyzing features of measured plant variables. Other
important matters are found in the books by Fortuna et al. [1] and Ljung [44]. Due
to the particular characteristics of mineral processing units circuits and plants some
special issues are included in this section, such as the introduction of process phe-
nomenology in models which are LIP.

Modeling in mineral processing is generally more difficult than in other indus-
tries. Indeed, some processes here are highly nonlinear (semiautogenous grinding,
flotation) and subject to unmeasured disturbances having a heavy influence on the
controlled variables (e.g., grindability, concentrate and tailing grades). In addition,
there is a lack of sensors for on-line measurements (e.g., grindability, mineralogy).
For example, Figure 4.2 shows the important effects of unmeasured disturbances in
the case of a concentrate grade soft sensor used in the process of adjusting a flotation
bank phenomenological model to plant data [43]. Since a phenomenological model
would be too complex to use as a soft sensor model or to be included in a model-
based control system, simpler local models have to be developed around operating
points. Therefore, it is to be expected that these models need to be up-dated as the
process operating point shifts. As a consequence, the models are valid only during
limited time spans and these soft sensor models must undergo on-line adaptation
and in some cases off-line adaptation. A compromise must be made between sim-
ple soft sensor models possibly requiring frequent but faster adaptation (e.g., ARX
models [1, 44, 45]) and complex models requiring a less frequent but a slower adap-
tation process (e.g., neural networks, and NARMAX models [1, 45]). In between
there are models such as NARX models [1, 45] which are LIP so that adaptation
may be relatively fast, even though they may be non-linear with respect to the plant
measurements. A different approach to soft sensor design is based on the extraction
of features from plant measurements, including images captured by video cameras
(e.g., of flotation froth).

The modeling process in the case of soft sensors may be defined paralleling the
definition of identification given by Lotfi Zadeh (Figure 4.3): modeling is the deter-
mination of which model M from a given class of models is the best representation
of the modeled primary measurements for a given class of signals and according to
a given criterion (Figure 4.3), on the basis of only measured variables. Examples of
class of models are difference and differential input–output equations, continuous
and discrete time state–state/output equations, neural networks, wavelet models and
fuzzy models. The criterion often used is the mean square error of some error mea-
sure – such as the one step ahead prediction error or the mean square equation error
(between the plant output and the model output given the values of the measure-
ments contained in the right hand side of the model equation). The class of signals
is concerned with the characteristics of the variables involved in the modeling pro-
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cess, such as their rate of change (or frequency contents) so that the relevant plant
dynamics may be captured by the model (e.g., through persistent excitation).

The classes of models may be broadly classified as [44, 45]:

• Phenomenological models or white box models: Models derived from first prin-
ciples for which all parameters are known. For example, in the case of a mechan-
ical system formed by the interconnection of a mass a spring and a damper with
known mass, spring constant and damper constant.

• Empirical models or black box models: Models where there is almost no knowl-
edge of the phenomenology or first principles governing the modeled system.
Such is the case of hydrocyclone models. This class of models is very important
in mineral processing, since phenomenological models are too complex. In many
cases they are combined with phenomenological properties to produce gray mod-
els.

• Gray models are models that have characteristics of both white and black box
models. Here the phenomenological part usually consists of dynamic balances
of masses, volumes, energy, etc., while the empirical part is usually concerned
with internal processes that are difficult or impractical to model using first princi-
ples (e.g., particle breakage, classification in hydrocyclones and SAG mills, mill
power draw). Many models of mineral processing units belong to this class.

4.2.1 Optimality Criterion

The criterion to decide which model is the best is usually based on the one step
ahead prediction error [1, 44]

e(t,κ) = y(t)− ŷ(t|t −1,κ), (4.1)

between the plant output y(t) and its one step ahead prediction output given by the
model, where κ includes all the model parameters. The model fitness is measured
by the mean square prediction error

J = E{[y(t)− ŷ(t|t −1,κ)]2} = E{e(t,κ)2}, (4.2)

so the best model is the one for which (4.2) is minimum. For a given model structure
the parameter vector κ giving the best model is found by vector κ̂ which minimizes

J(κ̂) = E{e(t, κ̂)2}. (4.3)

In the case of structure determination J also incorporates the effect of the number
of model parameters, i.e., the dimension of κ , in relation to the length of the data
sets T (see (4.74)). Since the required probability functions are rarely available the
minimum of (4.3) must be estimated by minimizing the corresponding time average
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V =
1
T

T

∑
i=1

[y(t)− ŷ(t|t −1, κ̂)]2 =
1
T

T

∑
i=1

e(t, κ̂)2. (4.4)

The fact that y(t) and ŷ(t|t −1,κ) are in general stochastic processes implies that V
is a random variable having an expected value and a variance depending on T . For
the estimate V to be useful it should be unbiased, i.e., J = E{V}, and its variance
should tend to zero as T tends to infinity. This situation propagates to the estimation
of the model parameters (see Section 4.3.2).

Applying the necessary condition for the minimization of (4.3)

∂
∂ κ̂

E{e(t, κ̂)2} = E{ ∂
∂ κ̂

e(t, κ̂)2} = 0, E{e(t, κ̂)
∂

∂ κ̂
e(t, κ̂)} = 0. (4.5)

From (4.1),

∂
∂ κ̂

e(t, κ̂) =
∂

∂ κ̂
[y(t)− ŷ(t|t −1, κ̂)] = −∂ ŷ(t|t −1, κ̂)

∂ κ̂
(4.6)

since, obviously, the plant output y(t) does not depend on the model parameters κ̂ .
Then from (4.1),(4.5) and (4.6) the necessary condition for determining the optimal
κ̂ is

E{[y(t)− ŷ(t|t −1, κ̂)]
∂ ŷ(t|t −1, κ̂)

∂ κ̂
} = 0. (4.7)
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Figure 4.2 Concentrate grade sensor measurement (dotted line) and soft sensor output (solid line),
where differences may be explained by the effect of important unmeasured disturbances
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Figure 4.3 A general approach to modeling. Vector u contains the manipulated variables, v is the
vector of measured disturbances, p is the vector of unmeasured disturbances, y is the plant output
to be modeled, η are other measured plant outputs and ŷ is the model output

4.2.2 A General Class of Black Box Models

Black box and gray box models are especially important for soft sensors in mineral
processing plants because the complexities of the involved processes entail very in-
tricate phenomenological models. As a consequence it is extremely difficult to iden-
tify these models accurately and reliably with plant data. Simpler back box models,
on the other hand may be much more easily identified, but they usually require up-
dating as the operation point shifts. However, gray models combining phenomenol-
ogy with empirical or black box models afford a possible and useful compromise
between simplicity and the need for too frequent updating. A unified approach to
black box modeling is given by Sjöberg et al. [45] and Bakshi et al. [46] which cov-
ers all classes of black box models: FIR, ARX, ARMAX, OE, NFIR, NARMAX,
NOE, nonlinear LIP models such as NARX models, wavelet models, radial basis
function models, neural network models, Takagi and Sugeno, PCA and PLS based
models, and other model structures. As an example in [31] ARX, NARX, PLS, Tak-
agi and Sugeno, and wavelet models are used in the design of soft sensors for the
concentrate grade of a rougher flotation bank of an industrial copper concentrator.

What follows is based on the general class of black box models proposed by
Sjöberg et al. [45]. Let this general model be

ŷ(t|t −1,κ) =
m

∑
k=1

θkϕk(ξ (t),μk), (4.8)

where μk is a row vector of parameters for function ϕk and

ξ (t) = [ξ1(t)ξ2(t) . . .ξq(t)]
T (4.9)
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is a vector of the selected inputs to the model, which for k > 1 may contain com-
mands or manipulated variables u(t − k), measured disturbances v(t − k), delayed
primary variable outputs y(t − k) , other plant outputs η(t − k), delayed predictions
ŷ(t|t−1−k, κ̂) , and prediction errors (residuals) e(t−k, κ̂) [1, 45]. The selection of
basis functions ϕk in the model structure determination phase is covered in Section
4.2.4.

For the case of the soft sensor models covered in this Chapter, in (4.8) vector κ
contains all the model parameters to be determined, i.e., θ and μ :

κ = [θ T μT ]T , θ = [θ1θ2 . . .θm]T , μ = [μ1μ2 . . .μm]T . (4.10)

In static models and in dynamic models where present values ξ j(t) appear, (4.8)
is just the estimated output obtained and (4.1) becomes the modeling error.

Specific black box models turn out to be special cases of this general form, in-
cluding neural network models. Let

ϕ(t,μ) = [ϕ1(ξ (t),μ1)ϕ2(ξ (t),μ2) . . .ϕm(ξ (t),μm)]T . (4.11)

Equation 4.8 may be written, using (4.10) and (4.11),

ŷ(t|t −1,κ) = ϕT (ξ (t),μ)θ (4.12)

For example, if the ϕk are radial basis functions or wavelets, parameters in μ are
related to scaling and delays or shifts [45]. The following abbreviated notation shall
be used:

ϕk(ξ (t),μk) = ϕk(t,μ). (4.13)

Figure 4.4 has a schematic representation of (4.8).
If in (4.11) functions ϕk do not contain model parameters, or if their parameters

are fixed and known, let this fact be reflected in the notation

ϕk(ξ (t),μk) = ϕk(ξ (t)) = ϕk(t),{k = 1, ...,m}, (4.14)

ŷ(t|t −1,θ ) = ϕT (ξ (t))θ , (4.15)

and in this case κ = θ . It must be noted that here ŷ(i|i−1,θ ), for i < t is not a model
input ξr because it is a function of parameter vector θ , implying that some of the ϕk

would also be functions of θ . In addition, let the set (4.14) be a linearly independent
set. Then the set of functions (4.14) constitute a basis Bm for ŷ(t|t −1,θ ) as seen in
Section 4.3. Linear combinations of the basis functions given by (4.12) span a linear
space to which the LIP model output ŷ(t|t −1,θ ) belongs, since

ŷ(t|t −1,θ ) = θ1ϕ1(t)+ θ2ϕ2(t)+ . . .+ θmϕm(t) = ϕT (ξ (t))θ . (4.16)

Basis functions ϕk provide a means for introducing nonlinearities in a model
which is LIP, since they may be nonlinear combinations of the ξ j , e.g., of direct
plant measurements contained in ξ . Basis functions ϕk may have physical signifi-
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Figure 4.4 Example of general black box or gray box model structure (4.8), where ŷ is the model
output, ξ is a vector of selected model inputs, possibly including delayed versions of ŷ , and
parameters θk define a linear combination of functions ϕk = ϕk(t, μ)

cance or be terms of expansions, as in truncated wavelet, Fourier, and Taylor series
expansions.

There is a general expression for a one step ahead predictor ŷ(t|t − 1) for an
assumed discrete time plant model of the form

y(t) = G(z−1)u(t)+ H(z−1)w(t), (4.17)

where w(t) is a white noise random sequence uncorrelated with u(t), and G(z−1)
and H(z−1) are fractions of polynomials in the delay operator z−1 . This predictor
[1, 44] is given by

H(z−1)ŷ(t|t −1) = G(z−1)u(t)+ (H(z−1)−1)y(t). (4.18)

In the ARMAX case

A(z−1)y(t) = B(z−1)u(t)+C(z−1)w(t), (4.19)

where A, B, and C are polynomials in the delay operator z−1 [1, 44],

y(t) =
B(z−1)

A(z−1)
u(t)+

C(z−1)

A(z−1)
w(t), (4.20)

so
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G(z−1) =
B(z−1)

A(z−1)
H(z−1) =

C(z−1)

A(z−1)
. (4.21)

From (4.18) and (4.21) the one step ahead predictor for the ARMAX case is
given by

C(z−1)ŷ(t|t −1) = B(z−1)u(t)+ (C(z−1)−A(z−1))y(t). (4.22)

For convergence, asymptotic stability of (4.22) is required, for which a necessary
condition is that the roots of C(z−1) have absolute values that are less than one.

For the ARX model class C(z−1) = 1 in (4.22), so

ŷ(t|t −1) = B(z−1)u(t)+ (1−A(z−1))y(t). (4.23)

In the case of soft sensors there are usually several inputs u1,u2, ...ur. Let then

u(t) = [u1(t) u2(t) . . .ur(t)]
T G(z−1) = [G1(z

−1) G2(z
−1) . . .Gr(z

−1)] (4.24)

G(z−1)u(t) = G1(z
−1)u1(t)+ G2(z

−1)u2(t)+ . . .Gr(z
−1)ur(t). (4.25)

Following the same procedure used by Ljung [44] to derive the one step ahead
prediction for one input, given by (4.18), it may easily be shown that in this multiple
input case the one step ahead prediction has the same form, i.e.,

H(z−1)ŷ(t|t −1) = G(z−1)u(t)+ (H(z−1)−1))y(t), (4.26)

where vectors u(t) and G(z−1) are defined by (4.24).

Example 1. Let the assumed plant model be the ARMAX model

y(t)+ a1y(t −1)+ a2y(t −2)+ a3y(t −3) = b1u(t −1)+ w(t)+ c1w(t −1)
+c2w(t −2),

(4.27)
where w is a white noise sequence uncorrelated with u. Therefore the noise in (4.27)
is colored (non white). Then

A(z−1) = 1 + a1z−1 + a2z−2 + a3z−3, B(z−1) = b1z−1, C(z−1) = 1 + c1z−1 + c2z−2

(4.28)
and from (4.22),

ŷ(t|t −1) = −c1ŷ(t −1|t −2)− c2ŷ(t −2|t −3)+ b1u(t −1)

−(a1 − c1)y(t −1)− (a2− c2)y(t −2)−a3y(t −3). (4.29)

Let
θ = [c1 c2 (a1 − c1) (a2 − c2) a3 b1]

T . (4.30)

and

ϕ(t) = [−ŷ(t−1|t−2) − ŷ(t−2|t−3) −y(t−1) −y(t−2) −y(t−3) u(t−1)]T .
(4.31)
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Since the one step ahead predictions depend on the model parameters, the explicit
notation

ŷ(t|t −1) = ϕT (t,θ )θ (4.32)

has been used, since (4.32) is nonlinear in the parameter vector θ .
In the case of the ARX class of models, from (4.23), or letting c1 = c2 = c3 = 0

in (4.29),

ŷ(t|t −1) = b1u(t −1)−a1y(t −1)−a2y(t −2)−a3y(t −3), (4.33)

so
ϕ(t) = [−y(t −1) − y(t −2) − y(t −3) u(t −1)]T (4.34)

does not depend on θ . Then

ŷ(t|t −1) = ϕT (t)θ (4.35)

is linear in the parameter vector

θ = [a1 a2 a3 b1]
T . (4.36)

Example 2. Let the assumed plant model plant model be of the NARX class

y(t) = −a1y(t −1)−a2y(t −2)−a3y(t −3)+ b1u(t −1)+ b2u2(t −1)

+b3
u(t −1)

3−√u(t −1)
+ b4l(t)+ w(t). (4.37)

Here l(t) is a function having a real value 1 for all discrete times t that must be
considered as an additional input to account for the constant term b4.

Let

u1(t −1) = u(t −1) u2(t −1) = u2(t −1)

u3(t −1) =
u(t −1)

3−√u(t −1)
u4(t −1) = l(t). (4.38)

Replacing (4.38) in (4.37) gives

y(t) = −a1y(t −1)−a2y(t −2)−a3y(t −3)+ b1u1(t −1)+ b2u2(t −1)

+b3u3(t −1)+ b4u4(t −1)+ w(t), (4.39)

i.e., a single output ARX class model with four inputs.

y(t) =
b1u1(t −1)+ b2u2(t −1)+ b3u3(t −1)+ b4u4(t −1)

A(z−1)
+

w(t)
A(z−1)

, (4.40)

where A(z−1) = 1 + a1z−1 + a2z−2 + a3z−3.
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Hence,

G1(z
−1) =

b1z−1

A(z−1)
G2(z

−1) =
b2z−1

A(z−1)
G3(z

−1) =
b3z−1

A(z−1)
G4(z

−1) =
b4z−1

A(z−1)

(4.41)
and

H(z−1) =
1

A(z−1)
. (4.42)

From (4.26), (4.41), and (4.42),

1
A(z−1)

ŷ(t|t −1) = G(z−1)T u(t)+ [
1

A(z−1)
−1]y(t), (4.43)

ŷ(t|t −1) = −a1y(t −1)−a2y(t −2)−a3y(t −3)+ b1u1(t −1) (4.44)

+b2u2(t −1)+ b3u3(t −1)+ b4u4(t −1)

ŷ(t|t −1) = −a1y(t −1)−a2y(t −2)−a3y(t −3)+ b1u(t −1) (4.45)

+b2u2(t −1)+ b3
u(t −1)

3−√u(t −1)
+ b4l(t).

Hence,

ϕ(t) = [−y(t −1) − y(t −2) − y(t −3) u(t −1) u2(t −1)
u(t −1)

3−√u(t −1)
l(t)]T

(4.46)
and ŷ(t|t −1) = ϕT (t)θ is LIP vector

θ = [a1 a2 a3 b1 b2 b3 b4]
T (4.47)

even though it is nonlinear in the plant input u(t).

Example 3. Let the assumed plant model be the same as that of Example 2, ex-
cept that parameter b5 is unknown, and must be estimated along with the other six
parameters. Then

y(t) = −a1y(t −1)−a2y(t −2)−a3y(t −3)+ b1u(t −1)+ b2u2(t −1)

+b3
u(t −1)

b5 −
√

u(t −1)
+ b4l(t)+ w(t) (4.48)

and in view of (4.48)
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ϕ(t,μ) = [y(t −1) y(t −2) y(t −3) u(t −1) u2(t −1)
u(t −1)

b5−
√

u(t −1)
l(t)]T

(4.49)
so ϕ(t,μ) depends on parameter b5. Then this is a NLIP (nonlinear in the parame-
ters) model and, in general, a NARX model [1].

Example 4. In the case of the single layer perceptron ϕk(t,μk) contains parameters
(weights) in vector βk, and the bias γk:

ϕk = f (dT βk + γk), (4.50)

where f is, e.g., a sigmoid function (Figure 4.4). This model is NLIP.

4.2.2.1 Optimal Parameter Vector

The optimal parameter vector is obtained through minimization of functional (4.2)
using the necessary condition (4.7)

E{[y(t)− ŷ(t|t −1, κ̂)]
∂ ŷ(t|t −1, κ̂)

∂ κ̂
} = 0. (4.51)

From (4.7)
∂ ŷ(t|t −1, κ̂)

∂ κ̂
=

m

∑
k=1

∂ θ̂kϕk(ξ (t), μ̂k)

∂ κ̂
. (4.52)

For LIP models (e.g., ARX, NARX),

ŷ(t|t −1, κ̂) = ŷ(t|t −1, θ̂) =
m

∑
k=1

θ̂kϕk(t) = ϕT (t)θ̂ (4.53)

and
∂ ŷ(t|t −1, κ̂)

∂ κ̂
=

∂ ŷ(t|t −1, κ̂)

∂ θ̂
= ϕT (t), (4.54)

since no parameters appear in ϕ(t).
From (4.7), (4.53) and (4.54)

E{[y(t)−ϕT(t)θ̂ ]ϕT (t)} = 0, E{ϕT (t)y(t)} = E{ϕT (t)θ̂ϕT (t)}, (4.55)

E{ϕ(t)y(t)} = E{ϕ(t)ϕT (t)}θ̂ , θ̂ = E{ϕ(t)ϕT (t)}−1E{ϕ(t)y(t)}. (4.56)

Assuming ϕ(t) is a wide sense stationary stochastic vector, i.e., its elements are
stochastic processes (random sequences) [47], the correlation matrices in (4.56) are
independent of time t and may be written

Rϕϕ = E{ϕϕT}, Rϕy = E{ϕy}. (4.57)
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If Rϕϕ is nonsingular (a condition achieved through persistent excitation [44]), an
explicit solution

θ̂ = R−1
ϕϕRϕy (4.58)

is obtained for the optimal vector θ̂ of LIP models, such as ARX and NARX models
(see (4.34) in Example 1, and (4.46) in Example 2). In Section 4.4 the same result
is obtained (see (4.110)) in a general inner product space by projecting the primary
measurement y(t) onto the space spanned by the base Bm = {ϕ1,ϕ2, . . . ,ϕm} to
which ŷ(t|t−1) belongs, and specializing the results to the case of a random variable
inner product space.

But, again, the problem is that the optimal model vector is given in terms of ex-
pected values, and in the large majority of cases the probability functions needed to
compute these expected values are not available. Therefore, they must be estimated
using time averages.

R̂ϕϕ =
1
T

t

∑
i=t−T+1

ϕ(i)ϕT (i) ≈ E{ϕϕT}, (4.59)

R̂ϕy =
1
T

t

∑
i=t−T+1

ϕ(i)y(i) ≈ E{ϕy}, (4.60)

ˆ̂θ = R̂−1
ϕϕ R̂ϕy. (4.61)

In Section 4.3.2 it can be seen that R̂ϕϕ is a random matrix and R̂ϕy is a random

vector, so ˆ̂θ is a random vector having an expected value and a covariance matrix.

Hence the estimator ˆ̂θ for a given set of measurements is just one of all possible
outcomes that could have resulted. It should be that realizations of this estimator are
distributed around θ̂ and that variances of the parameter estimations are small. Re-
quired properties for these estimators through time averages then are unbiasedness
and ergodicity or consistency, so that variances decrease to zero as length T of time

window [t −T + 1,t] increases to infinity and ˆ̂θ converges in the mean to θ̂ . Ljung

[44] shows that estimator ˆ̂θ satisfies these conditions.
If the model is NLIP, e.g., a NARMAX model (see Examples 3 and 4), the opti-

mal parameter vector must be obtained using algorithmic methods [48] to directly
minimize the time average (4.3), e.g., using the System Identification Toolbox of
MATLAB® [49], or algorithms used in neural network optimal parameter (weight)
determination [12, 14].

From (4.135) in Section 4.3

ˆ̂θ = (XT X)−1XTY, (4.62)

where
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X =

⎡
⎢⎣ϕT (t −T + 1)

...
ϕT (t)

⎤
⎥⎦ ,Y =

⎡
⎢⎣ y(t −T + 1)

...
y(t)

⎤
⎥⎦ , (4.63)

so the estimator is given in terms of matrix operations instead of sums, which is
very convenient in computer programming. The covariance matrix of estimator θ̂ is
given by [44]

Cov( ˆ̂θ ) = λ0

[
t

∑
i=t−T+1

ϕ(i)ϕT (i)

]
= λ0(X

T X)−1, (4.64)

where an unbiased estimator of λ0 is

λ̂T =
1

T −m

t

∑
i=t−T+1

(y(i)−ϕT (i) ˆ̂θ ) (4.65)

and m is the dimension of ϕ . The diagonal of Cov( ˆ̂θ) are the variances of the pa-
rameter estimations.

4.2.2.2 Gray Models

The phenomenological part of gray models usually consists of dynamic balances
of masses, volumes, energy, etc., as in the case of particle masses for different size
intervals in a mill. The empirical part is usually concerned with some internal pro-
cesses governing the relation between masses, volumes, etc., for example, in a mill
model [50] the transfer of ore particles from one size range to another. Figure 4.5
gives a block diagram of this state model. Other examples of Gray models for soft
sensors are given in [11, 16, 17] and in [10, 19, 31]. In these cases nonlinear com-
binations of secondary variables having phenomenological meaning are used in the
definition of the basis functions ϕk, but the models are LIP, hence NARX models.
An example is given in detail for the case of a +65# particle size soft sensor in
Section 4.3. One of the models determined there is

f65(t|t −1) = θ0 f65(t −1)+ θ1JBM(t −1)S3
p(t)+ θ2JBM(t −3)Sp(t −3)+ θ3l(t).

(4.66)
It can be seen that it is a NARX model, LIP but nonlinear in plant measurements:
mill power draw JBM and solids concentration in the hydrocyclone feed flow Sp.

4.2.3 The Use of the Model as a Soft Sensor

Once the model has been determined it may be used as a soft sensor. Since the soft
sensor is replacing the actual sensor, no measurements are available for measure-
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Figure 4.5 Gray state model for a SAG mill in which dynamic mass balances are combined with
empirical (black box) relations [50]

ments involving the delayed versions y(t − k) of the primary variable prior to the
present time t. Instead, the previous estimated measurements are used. For example
let, the one step ahead prediction be the one found in Example 1. Then replacing

y(t − k) = ŷ(t − k|t − k−1) (4.67)

the soft sensor output is given by

ŷ(t|t −1) = −c1ŷ(t −1|t−2)− c2ŷ(t −2|t−3)+ b1u(t −1)
−(a1 − c1)y(t −1|t −2)− (a2− c2)y(t −2|t −3)−a3y(t −3|t −4).

(4.68)
Collecting terms,

ŷ(t|t −1) = −a1ŷ(t −1|t −2)−a2ŷ(t −2|t −3)−a3ŷ(t −3|t −4)+ b1u(t −1).
(4.69)

This is a difference equation for the soft sensor output ŷ(t) driven by input u. The
solution depends on initial conditions, e.g., ŷ(1), ŷ(0). These initial conditions could
be arbitrary, but a better choice could be some reasonable value derived from knowl-
edge of the plant, ideally their expected values. In any case, if (4.69) is asymptoti-
cally stable, the effect of the initial conditions vanish after a transient. This requires
that the roots of z3 +a1z2 +a2z+a3 = 0 must be inside the unit circle in the complex
plane [44].

Considering now the general case (4.18) and using (4.67),
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H(z−1)ŷ(t|t −1) = G(z−1)u(t)+ (H(z−1)−1)ŷ(t|t −1), (4.70)

ŷ(t|t −1) = G(z−1)u(t). (4.71)

For example in the ARMAX case, by (4.19)

ŷ(t|t −1) =
B(z−1)

A(z−1)
u(t)A(z−1)ŷ(t|t −1) = B(z−1)u(t). (4.72)

In the ARX case, by (4.21)

A(z−1)ŷ(t|t −1) = B(z−1)u(t), (4.73)

so the prediction has the same form as (4.72) for the ARMAX case. However, in
order to obtain a correct estimate of parameters in A and B, parameter estimation
corresponding to the ARMAX case must be used.

4.2.4 Development of Soft Sensor Models

The process of finding the best model for a soft sensor may be separated into two
stages:

• structure determination;
• parameter estimation.

Prior to using the data in model determination it must be analyzed and subjected
to certain processing, as indicated in Section 4.3 and by Fortuna et al. [1] and Ljung
[44] (see also [31]).

4.2.4.1 Model Structure

The determination of model structure is concerned with finding a form for the soft
sensor model. In particular in the case of ARX and NARX class of models this in-
volves finding the most significant basis functions ϕk correlated with the primary
measurement which will be used in the model. In the neural network case, the struc-
ture comprises the type of network, the network topology in general, the most sig-
nificant measurements to be used as inputs, the number of layers, the selection of the
activation functions, and the number of nodes in each layer. Composite components
may also be considered as suitable inputs for a neural network. A schematic dia-
gram of the determination of model structure is shown in Figure 4.6. The selection
of plant measurements is determined by the measurements required by the selected
components or basis functions.

A model having a given structure may be valid for a large operating region of
a process, but its parameters may need to be updated as the operating point un-
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dergoes changes. It may also happen that models with different structures may be
the best choice when the operating point moves to other operating regions, so the
model must be changed. For a smooth transition between two regions clustering and
membership functions may be used, as described below under Clustering. There are
various indexes defined for the training stage of structure determination.

In order to reduce the complexity of the model to be determined the number
of parameters or the number of bases is penalized in relation to the length of the
training record. Examples are the FPE (final prediction error) and AIC (Akaike’s
information criterion) indexes:

FPE =
1 + m/T
1−m/T

AIC = log
[
V (1 + 2

m
T

),
]

(4.74)

where T is the length of the data sets, m is the number of model parameters and
V is the estimation of the mean square prediction error or the modeling error (4.2)
estimated by (4.4) [44]. Another index that has been used in connection with re-
ducing complexity of neural network models is the Lipschitz number to select the
inputs, and a weighted sum of the modeling error and a term penalizing the sum of
the squares of the parameters [14]. Other indexes used for model structure determi-
nation are given by Fortuna et al. [1].

All these indexes tend to avoid overfitting, which may cause the mean square
output error to be very small for the training data set but very large for validation
(generalization) data sets. To ensure that this situation does not occur, in addition
the structure determination should be done with one set of data called the training
set and tested with a different set, the test or validation set.

4.2.4.2 Clustering

The advantages of dealing with a simple, parsimonious model may sometimes be
achieved by means of separating the operation region into clusters, each of which
has a good simple model. Then if the operating point is identified as belonging to a
given cluster, the corresponding model is used. Such a procedure has been used in
building a soft sensor for concentrate grade measurement in an industrial rougher
flotation plant [26]. Much better results were obtained with clustering than with the
case of a single model determined for the complete operating range.

In the design of a soft sensor for the rich copper concentrate grade gcc of an
industrial flotation rougher flotation plant two clusters, C1 and C2 were employed
using fuzzy C-means clustering [31, 51]. For each cluster a soft sensor model was
determined. From the relevant membership functions μ1(gcc) and μ2(gcc) relative
membership functions were defined as

ψ1(gcc) =
μ1(gcc)

μ1(gcc)+ μ2(gcc)
ψ2(gcc) =

μ2(gcc)

μ1(gcc)+ μ2(gcc)
. (4.75)
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The total soft sensor output was then obtained by a weighted combination of
the outputs of soft sensors for clusters C1 and C2 using the relative membership
functions as weights. Figure 4.7 shows the evolution of these relative membership
functions for the data in Figures 4.2 and 4.8. The clustering approach was also used
for this plant to design a Takagi and Sugeno model [31].

Clustering has also been used for a soft sensor designed to model an event and
the proximity to the occurrence of such event [26]. In this case the objective was
to give early warning for the event defined by the overload of a ball mill in an
industrial grinding plant. C-means clustering was used to group the plant’s operating
points. Later developments led to retain two clusters representing two different types
of overload. The distances from the operating point to each of these two clusters,
computed on-line, give an indication of how far the operation was from reaching
one of the two overload conditions. Different corrective actions could then be taken
according to the distance to the nearest cluster.

4.2.4.3 Stepwise Regression

This is one of the methods used to determine which are the most significant com-
ponents (bases) associated with the soft sensor model primary measurement. One
version of stepwise regression begins by selecting that component from a set of
candidate components which is most closely correlated with the variable to be mod-
eled, i.e., the primary variable. In this way a first partial model is determined. The
residue of this model is then correlated with the remaining candidate components.
In each stage that follows, the component to be included is the particular component
that gives the largest partial correlation with the previous step residue, calculated af-
ter a multilinear regression is performed with the previously selected components.
With this procedure, the model structure increases through the addition of one com-
ponent at a time, such that the added component is the one that contributes the
greatest improvement to the goodness of fit to the model. Before each new compo-
nent is included in the model, though, it is tested for its statistical significance. Each
model parameter estimate has an estimated standard deviation. The ratio between
this standard deviation and the coefficient value, is used to decide the inclusion of
every new component. If for any component this ratio exceeds a given threshold
then the corresponding component is not included, or excluded if it had been pre-
viously included. This procedure is repeated until no component from the list of
candidate components is either deleted or included in the model being determined.
Alternatively the procedure stops if inclusion of new candidates does not cause a
significant improvement according to an F-test [52].

MATLAB® stepwise or stepwisefit functions may be used to perform stepwise
regressions. It should be mentioned that stepwise models are locally optimal, but
may not be globally optimal (Mathworks™1, stepwisefit) [53]. Another MATLAB®

function for model structure determination is lsselect [54] with which models with

1 Mathworks is a registered trademark of The MathWorks, Inc., 3 Apple Hill Drive, Natick, MA
01760-2098, USA, http://www.mathworks.com

www.ATIBOOK.ir



4 Soft Sensing 171

all possible subsets of candidate components are systematically determined in order
to choose the best one. It also has options for the forward inclusion or forward
regression method [48] and various criteria for assessing the best model.

Good results have been obtained by Casali et al. [11, 16, 17] and by Gonzalez
et al. [10, 31] using stepwise regression in the design of soft sensors for grinding
circuits and flotation concentrate grades.
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Figure 4.6 Example of a structure determination for a black box model, where the candidate com-
ponents are measured variables or functions of them, derived from phenomenological knowledge
about the plant. The manipulated variables are in vector u. Vector v contains the measured distur-
bances and vector p the unmeasured disturbances
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Figure 4.7 Evolution of the relative membership functions ψ1 and ψ2 used to combine the outputs
of models 1 and 2 corresponding to clusters C1 and C2 in the design of a concentrate grade soft
sensor for a rougher flotation bank (from [31])
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4.2.4.4 Soft Sensors Based on the Kalman Filter

Soft sensor models using Kalman filters have been used when the phenomenological
knowledge about the plant allows a convenient state-state/output model to be built
[20, 21, 29, 39]. A soft sensor has been tested using data from a pilot semiautoge-
nous grinding mill in which the ore contents comprise 27 size fractions which are
states [20], with aid from the phenomenological model [20, 55]. In this case a low
dimension extended (nonlinear) Kalman filter (EKF) was used, since a linear state
model had a very small region of validity. The estimated states were water, total
mill ore content and the fine ore (of sizes less than the grate opening) mill content,
grinding rate, water and ore discharge rates, and fine ore discharge flow. The water
discharge rate, the ore discharge rate and the grindability parameters were converted
to states so they could be estimated by the EKF. The fine ore discharge flow was also
converted into a state by turning into the independent variable of a first order equa-
tion with input depending on the mill ore contents. The measurements considered
for the state/state-output equations were total ore, fine ore and water feed flows, total
mill weight, total ore discharge flow, water discharge flow, and mill power draw.

Apelt et al. [21] use a much more elaborate Kalman filter equation with 36 states
of which 27 represent the mill ore contents by size fractions (as in [20]), and the
rest are the ball charge, the SAG mill weight, the water content, and parameters.
Good results are reported when the ore flows per each of the 27 ore size intervals
are measured instead of bulk ore discharge flow measurement. If only the bulk ore
discharge flow measurement is considered, results are acceptable for the most part.
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Figure 4.8 Test of soft sensor designed using PLS. Concentrate grade sensor measurement (fine
line) and soft sensor output (broad line)
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4.2.4.5 Principal Components

In the principal component modeling methods an N ·m sample measurement matrix
X is formed in which each row is a vector x( j)T containing the m measurements
x1( j),x2( j), . . . ,xm( j) performed in the plant at sample times j = 1, ....,N. Then
each column of matrix X may be considered a realization of a random sequence
() in the time window corresponding to j = 1, ....,N. The m eigenvalues λp and
eigenvectors pi of the symmetrical matrix XT X are found. Since XT X is symmet-
ric, all eigenvectors are orthogonal to each other, and are normalized to Euclidean
length 1. Letting V be the matrix whose columns are the eigenvectors pi, it turns
out that VV T = I. The columns of vector Z = XV are the principal components
z1( j),z2( j), . . . ,zm( j) corresponding to measurements x1( j),x2( j), . . . ,xm( j). Prin-
cipal components are mutually orthogonal, i.e., zi( j)T zk( j) = 0 for i �= k and span
the principal component space. Furthermore zi( j)T zi( j) = ‖zi( j)‖2 = λi, [56–58]. A
subset of principal components that explains most of the data variation is selected,
e.g., by choosing those having the largest eigenvalues. In this way a space of some-
times considerably reduced dimensions is obtained which facilitates modeling, fault
detection, and the solution of other problems.

Principal components have been used in the estimation of a grindability index by
Gonzalez et al., [22]. Here an original dimension 48 space has been reduced to an 8
dimension space in which Fisher discrimination analysis [57] was made simpler for
the identification a grindability index, which corresponds to the soft sensor output.

Using a PCA method a missing measurement may be reconstructed [34], [59].
But more than one measurement may be reconstructed, depending on the dimension
of the principal component space and the number q of sensors. Hence several soft
sensors are implicit in the PCA modeling method and the set of secondary measure-
ments for any of them depends on which of the q measurements are missing. Here
the model structure is contained in the principal component space and is determined
from the sample correlation matrix XT X .

In principal component regression [56, 58] a regression model is determined by
regressing the soft sensor variable on the principal components of the secondary
measurements or basis functions. Here matrix X is similar to the one in PCA, but
contains only the secondary measurements or basis functions used to model the soft
sensor.

Projection to latent structures, an extension of PCA, has been used in the design
of a soft sensor for concentrate grade in a rougher flotation plant. Figure 4.8 shows
a test of the soft sensor with the same data used in Figure 4.2 [31].

4.2.4.6 Neural Networks

Neural network models may be considered as general adaptable nonlinear functions
generators whose parameters (weights) may be determined so as to minimize in-
dexes reflecting the error between the model output and the plant measurement,
following the general modeling approach [1, 12, 14, 27, 31]. Being nonlinear, neu-
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ral network models tend to be valid in larger operating regions, but updating takes
longer [12].

4.2.4.7 Support Vector Machines (SVM)

Support vector machines have recently started being used [60] for designing soft
sensors for the mineral processing industry. Sun et al.[15] have used SVM in the
design of a particle size soft sensor at the hydrocyclones overflow in an industrial
grinding circuit.

4.2.5 On-line Parameter Estimation

Once a model structure has been determined, the model parameters (weights) are
estimated for an operating region. For this purposes gradient techniques are used
to minimize a function of an error by measuring the discrepancy between the plant
measurement and the estimated measurement obtained using the model (e.g., the
mean square prediction error or the output error). For certain cases such as ARX
and NARX models explicit solutions are available and no search for the optimum is
necessary (Section 4.2.2).

As already pointed out, model parameters may have to be updated as the oper-
ating point moves within a region – e.g., defined by clusters – even if the structure
remains valid. Parameter estimation may be performed on-line or off-line, depend-
ing on whether there is an installed operating sensor for the primary measurement
or not. If this sensor is not installed, sampling and laboratory measurements would
be required. In the off-line case the model should be valid in a large operation region
so that the model parameters do not need to be updated frequently, because of the
operational and cost matters involved.

A model based on the slower than appropriate sampling rate will not give sat-
isfactory results, since it is derived using samples that do not represent the actual
evolution of the variable involved. Instead, a model must be built using a sampling
rate that is fast enough for the sampling theorem to be satisfied [61]. If there are
other correlated secondary measurements that are sampled at an appropriately fast
rate there is a solution. A model is built based on the fast sampling rate, notwith-
standing which its parameters (weights) may be found using the infrequent samples
provided by the measurement of the modeled primary variable as well as the fast
rate samples of the correlated (secondary) measurements. For example, an instru-
mentation system for measuring grades in a flotation plant is used in a time sharing
mode to assay 14 samples piped into an X-ray analyzer. If the analyzer takes 30 s to
measure each mineral sample, the sampling rate for any of the 14 measured grades
is 7 min. In a similar case there is a laboratory analysis performed infrequently on
the modeled variable but due to the dynamics of the process a faster rate is required
for good manual or automatic control [33, 62].
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When the sensor becomes unavailable at t f there are three choices for the soft
sensor parameters. On the one hand the values that had been estimated up to time t f

may be used (frozen parameters). But a better choice might be to use the average of
the estimated parameters or, better still, a prediction of the future parameter values
using a parameter evolution sub-model, whenever appropriate conditions are met
and the sub-model parameters may be estimated while the soft sensor is working.
The sub-model is then used to give an optimal prediction of the future value of the
soft sensor model parameters for t > t f . This optimal prediction for a given param-
eter is its conditional expectation given its value prior to the time of failure t f [19].
As an example a first order sub-model for each parameter of a soft sensor for parti-
cle size measurement in an industrial grinding plant has been used. The prediction
evolves exponentially from the initial value at t f to its unconditional expected value
for t >> t f . As should be expected, the frozen parameter choice gives better pre-
diction for times near the fault, while the unconditional expected value parameters
give a better prediction for t >> t f [19].

4.2.5.1 Region of Validity

Once a sensor fails, the parameter updating must cease, since it is no longer possible
to determine the error between the soft sensor output and the actual measurement.
The soft sensor signal then begins to perform its job, providing a virtual measure-
ment of the missing one, using the secondary measurements or composite com-
ponents as bases. But plant characteristics may change during the period after the
sensor failure, e.g., because the operation point shifts due to disturbances or control
actions. If the model involves a simplification of reality, as is usually the case, it may
be expected that, except in very simple instances, the model will likely not be able to
represent the part of the actual plant to be modeled for all possible operating points
or operating trajectories. This is clearly the situation when for the sake of having a
simple model, a class of linear models is selected containing the candidates that rep-
resent a nonlinear plant. As the operating point changes, the optimal parameter set
should change, so a frequent updating of the model parameters may be required. But
since the primary sensor signal is no longer available this updating is no longer pos-
sible, and the soft sensor error becomes unacceptable since its region of validity has
been surpassed. One way to palliate this performance degradation is to increase the
region of validity of the soft-sensor model by incorporating more structure into it,
e.g., using NARX or NARMAX models having physically significant components
(i.e., gray models),[10, 11, 16, 17, 31] or sufficiently complex neural networks. In
any case, on-line adaptation requires a compromise to be made between simple soft
sensor models requiring frequent but fast adaptation (e.g. ARX models) and com-
plex models requiring a less frequent but slower adaptation process, e.g., neural
networks of increasing complexity [12]. In between are those models that although
nonlinear are LIP (e.g., NARX models), and hence may undergo faster adaptation
even though they may be nonlinear in the secondary measurements. Another way is
to use clustering, as explained above.
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4.2.5.2 Soft Sensor Models and Plant models

From the point of view of soft sensor models (and in many other cases: control
system design, fault isolation and detection systems) it is very convenient to have
a dynamic or static model of the plant. If a model is available the soft sensor’s
performance may be evaluated for different operating conditions. But since plant
models in the mineral processing industry are usually quite complex, in most cases
a model which is qualitatively good but only approximate from the quantitative
point of view is sufficient to design and test the soft sensor’s basic behavior. The
final adjustment of the soft sensor may then be performed with plant data using
the best models determined. For example, plant models have been used to design
and test soft sensors in [12, 18, 20, 28]. Figure 4.25 in Section 4.4.2 shows the
SAG mill circuit for which a dynamic model able to handle two types of ore was
developed, and used for designing a grindability index soft sensor [22]. In Figure
4.9 the response of the model circuit variables to a step change in fresh ore feed
flow is shown.

4.2.6 Soft Sensors Designed From Measurement Features

A different way to approach soft sensor design is by analyzing characteristics or fea-
tures extracted from measured variables, such as variances and wavelet transforms,
possibly after undergoing transformations using PCA and discriminant analysis.
Such is the case of the on-line estimation of the grindability index based on con-
catenated wavelet transform variances. Tests done by simulation using a dynamic
SAG circuit state model of a large industrial grinding circuit show good results, as
seen in [22] and in Section 4.4.2. See also Figures 4.24 and 4.27.

Another example is the estimation of ore lithological composition by a classi-
fier using genetic algorithms on the results of image processing of the ore carried
on a conveyor belt. Seven lithological classes are considered and 130 features are
extracted from each rock sample out of a database consisting of 760 digital images
[23, 25]. Calibration was done in the laboratory using ore samples obtained at a
mine site .

Hyötyniemi et al. [32] have used image analysis of flotation froth to extract fea-
tures such as speed of froth movement, color, area, aspect ratio, perimeter, roundness
and transparency of bubbles in the froth. These features are used for categorizing the
froth into classes, and for flotation control by means of an expert control system.

4.2.7 Soft Sensors in Control Loops

One of the most important factors determining a suitable control strategy for a plant
is the availability of sensors to measure not only controlled and manipulated vari-
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Figure 4.9 Model response of ore hold-up, mill power draw and return ore flow from screen when
fresh feed ore flow changes from 1.150 to 1.265 ton/h at t = 8h [22]

ables, but also disturbances. In general, control strategies become simpler as more
measurements of plant variables become available. For example, if a fast acting
random disturbance is measured, it may be used in a relatively simple feedforward
control scheme to compensate its effect upon the controlled variable. But some sen-
sors used in mineral processing plants fail, or have to be removed for maintenance
or repairs relatively more frequently than in other industries. The options are:

1. switch to a complex control strategy which does not include the signal of the now
unavailable disturbance measurement;

2. try to somehow continue using a manual or automatic control without the impor-
tant information provided by the failed sensor;

3. use an estimation or prediction of measurements delivered by a soft sensor, based
on other correlated measurements, and thus maintain the satisfactory simple con-
trol scheme [3].

Therefore soft sensors provide a means for graceful degradation of the control
performance when sensors fail. But the partial modeling involved in soft sensor de-
sign may cause unexpected control performance when soft sensors are used in auto-
matic control loops because of two circumstances: (a) change of the plant-controller
model structure introduced because of the soft sensor model; and (b) parameter
coupling between the unmodeled and modeled part of the plant because of (i) in-
herent coupling of input/output model parameters due to changes in parameters of
the state/state-output plant model, and (ii) a disturbance causing changes in param-
eters of both the modeled and unmodeled part of the plant. Among the components
selected by the structure determination method measurements usually appear that
are not necessarily inputs to the plant (controls or measured disturbances), but other
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measurements of plant variables from sensors which are close to the real sensor to
be replaced. In this way, only a part of the plant might be modeled, so that a con-
trol loop using the soft sensor contains a modeled and an unmodeled part of the
plant. Coupling between the modeled and unmodeled part of the plant may lead to
off-specification control performance – even instability – unless the fact that a soft
sensor is eventually going to replace the actual sensor is considered in the design of
the control loop [3, 35, 36].

4.3 Geometrical View of Modeling for Linear in the Parameter
and Nonlinear Models

The purpose of this section is to provide geometrical insight for modeling and iden-
tification problems. A general approach appears to be possible for linear and nonlin-
ear models which are LIP or that may be transformed into LIP models. In such case,
this approach covers a broad class of variables involved in modeling, e.g., random
variables, stochastic processes (random functions or random sequences [47]), con-
tinuous functions, and integrable functions. In particular, the case of discrete time
random sequences is considered since they represent the preferential treatment for
soft sensor models adopted in the literature and the corresponding applications [1].
Due to the stochastic characteristics of the variables involved, results turn out to
be in terms of expected values. As a consequence, the problem of estimating them
by time averages of plant measurements appears, since the probability functions for
calculating expected values are usually not available. The modeling problem and the
estimation of expected values come together in the problem of finding the optimal
parameter vector for a model which is linear in the parameters, although it may be
nonlinear with respect to measured plant variables.

4.3.1 Modeling From the Inner Product Spaces Point of View

A number of modeling problems may be approached using the properties of inner
product spaces, of which the familiar Euclidean space ℜn is just a particular case.
Inner product spaces are linear spaces endowed with an inner product. Other lin-
ear spaces are also special cases of inner product spaces, e.g., spaces of random
variables, spaces of random functions (stochastic processes), spaces of random se-
quences, spaces of continuous functions, spaces of integrable functions [63, 64]. If
an inner product space has the property of completeness it is called a Hilbert Space,
in which problems concerning limits may be covered.

The fact that inner product spaces share the same axioms with Euclidean spaces
allows one to resort to geometrical images in the solution of problems, in particular,
in the case of modeling. Indeed, the Projection Theorem provides this geometrical
insight for finding a model for a variable y (primary variable in the case of soft
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sensors) in terms of a finite number of basis functions ϕ1,ϕ2, ...,ϕm, which are gen-
erally nonlinear functions of the plant measured variables (secondary variables).
The model is simply obtained by projecting y into the space spanned by the linear
combination of these bases. This is so whether y is a vector in a Euclidean space,
a function in an inner product function space, a random variable in an inner prod-
uct random variable space, a random sequence in a random sequence inner product
space, etc.

For the purposes pursued in this chapter an inner product space ℵis a linear
space in which a real valued function called inner product is defined on any two of
its elements x,y. The inner product is denoted as 〈x,y〉 , so

〈x,y〉 : ℵ → ℜ. (4.76)

The axioms that an inner product must satisfy are the same as the ones for an Eu-
clidean space. This is why other inner product spaces “look like” a Euclidean space.

4.3.1.1 Inner Product Axioms

The four axioms an inner product must satisfy are [63, 64]

(IP1) 〈x + z,y〉 = 〈x,y〉+ 〈z,y〉,
(IP2) 〈αx,y〉 = α〈x,y〉, α ∈ ℜ,
(IP3) 〈x,y〉 = 〈y,x〉,
(IP4) 〈x, x〉 > 0, x �= 0,〈x, x〉 = 0 ⇐⇒ x = 0.

(4.77)

It may easily be seen that in the Euclidean space

〈x,y〉 = xT y, (4.78)

also known as dot product, is an inner product, because it satisfies these four axioms.
Two elements x, y in an inner product space are said to be orthogonal if 〈x,y〉= 0

and the notation x ⊥ y is also used in general. Orthogonality defined as xT y = 0 in a
Euclidean space is a particular case.

Just as in Euclidean spaces, the “size” of an element x is its norm , and

‖x‖2 = 〈x,x〉. (4.79)

This is also a general property of inner products and this norm is called the norm
induced by the inner product. The norm assigns to each element a real number ac-
cording to (4.79). The four axioms for the norm in a normed linear space – and also
in an inner product space, where the norm is the induced norm – are [63, 64]

(N1) ‖x‖ ≥ 0,
(N2) ‖x + y‖ ≤ ‖x‖+‖y‖,
(N3) ‖αx‖ = α‖x‖,
(N4) ‖x‖ = 0 ⇐⇒ x = 0.

(4.80)
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It is also easily and directly seen that in a Euclidean space ‖x‖2 = 〈x,x〉 = xT x
satisfies the four norm axioms.

Table 4.6 shows real inner products and corresponding induced norms in some
inner product spaces. It is relatively easy to prove that these inner products satisfy
axioms IP1 to IP3, but proving IP4 may require in some cases – such as random
variable inner product spaces – deeper mathematics (e.g., using the Lebesgue inte-
gral).

Table 4.6 Inner product spaces

Space 〈x,y〉 ‖x‖2

Euclidean X = ℜn x · y = xT y xT x
Continuous real functions of real argument X = C[a,b]

∫ b
a x(t)y(t)dt

∫ b
a x(t)2dt

Finite real valued sequences X = {x1, ...,xn} ∑n
1 ykxk ∑n

1 x2
k

Random variables (*) with finite expected
values and variance

X : Ω → ℜ E{xy} E{x2}

Real stochastic processes (**) X : Ω → ℑ(∗∗) E{xy} E{x2}
( * ) Ω is the outcome set in a probability space {Ω ,F,P} [47, 64].
(**) ℑ is a function space (or sequence space in case of discrete time), e.g., L2 or l2 spaces
[64].

4.3.1.2 Projection on an Element

In an inner product space, let the projection of y on x be defined as

Pr(y|x) =
〈y,x〉
‖x‖2 x = 〈y,xu〉xu, (4.81)

where
xu =

x
‖x‖ (4.82)

has a unit norm. Since the norm is scalar, by IP2 1/‖x‖ may be incorporated into
the inner product. This is a generalization of the projection of a vector y onto a
vector x in Euclidean space, i.e.,

ŷ = Pr(y|x) = (yT xu)xu. (4.83)

It almost immediately follows that in the general case y− ŷ⊥ x, since

〈y− ŷ,x〉 = 〈y,x〉− 〈ŷ,x〉 (4.84)

and
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〈ŷ,x〉 = 〈ŷ,‖x‖xu〉 = ‖x‖〈ŷ,xu〉 = ‖x‖〈〈y,xu〉− xu,xu〉. (4.85)

By replacing (4.81) in (4.85), and by (4.82)

‖x‖〈y,xu〉〈xu,xu〉 = ‖x‖〈y,xu〉 = 〈y,‖x‖xu〉 = 〈y,x〉. (4.86)

Hence, by (4.84), (4.85) and (4.86) 〈y− ŷ,x〉 = 0 .

x

y

x
x

y,x
y

2=

Figure 4.10 Projection ŷ of y onto x, which may be vectors in Euclidean space, or elements in other
inner product spaces such as those in Table 4.6

A general Pythagoras theorem holds in inner product spaces. Let x⊥y , i.e.,
〈y,x〉 = 0, and let z = x + y. Then

‖z‖2 = 〈z,z〉 = 〈x + y,x + y〉= 〈x,x〉+ 〈x,y〉+ 〈y,x〉+ 〈y,y〉= ‖x‖2 +‖y‖2 (4.87)

Then the Pythagoras theorem in Euclidean spaces is just a particular case of the
Pythagoras theorem in inner product spaces (and in Hilbert spaces in general).

4.3.1.3 Projection on a Subspace

Let Bm = {ϕ1,ϕ2, . . . ,ϕm} be a base for a subspace Vm ⊂ ℵof the inner product
space ℵ. Therefore, any element h ∈ ℵ may be written as the linear combination

h =
m

∑
k=1

αkϕk. (4.88)

Let
Bmon = {ζ1,ζ2, . . . ,ζm} (4.89)
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be an orthonormal basis in Vm , so 〈ζ j,ζk〉 = 0 for k �= j and 〈ζk,ζk〉 = ‖ζk‖2 = 1
for j = k. Then the projection of y into the subspace Vm is defined as

ŷ = Pr(y|Vm) =
m

∑
k=1

〈y,ζk〉ζk. (4.90)

It turns out that ε = y− ŷ is orthogonal to subspace Vm, i.e., ε is orthogonal to
any element in Vm, ε⊥Vm , in particular to each base ζk (Figure 4.11).

Projection Theorem. Let ℵ be a Hilbert space and let Bmon be an orthonormal basis
for a closed subspace Vm ⊂ℵ . Then for y∈ℵ the element ŷ for which ‖y− ŷ‖= ‖ε‖
is minimum is the projection of y into Vm, i.e. [64, 65],

ŷ =
m

∑
k=1

〈y,ζk〉ζk. (4.91)

In other words, projection ŷ is the element in Vm which best approximates y.
Moreover,

ε = (ŷ− y)⊥Vm. (4.92)

If basis Bm is not orthonormal, then by a Gram–Schmitt procedure [64] it may
be turned into an orthonormal basis and (4.92) still holds, since the Gram–Schmitt
procedure produces just a particular change of coordinates (Figure 4.11). There is a
clear similarity with the case of Euclidean spaces, which is to be expected since the
axioms for inner products and norms are the same.

Let y ∈ ℵ and let Bm = {ϕ1,ϕ2, . . . ,ϕm} be a basis – not necessarily orthonormal
– for subspace Vm, and let g be any element in Vm so it may be written as a linear
combination of bases ϕk (Figure 4.11).

Then, the element in Vm which best approximates y (in the sense that ‖ε‖ =
‖y− ŷ‖ is minimum) is orthogonal to Vm:

〈y− ŷ,g〉 = 0 ∀g ∈Vm. (4.93)

In particular, in the case of the basis elements ϕk,

〈y− ŷ,ϕk〉 = 0 k = 1, . . . ,m. (4.94)

This property is illustrated in Figure 4.12 for m = 2. Let ŷ be the projection of y
into the space V2 spanned by bases ϕ1 and ϕ2, and let ŷa be any other element in V2.
Then, by (4.92) ε is orthogonal to V2 and hence to every element in V2, in particular
to ŷ− ŷa . By the general Pythagoras Theorem

‖εa‖2 = ‖ε‖2 +‖ŷa − ŷ‖2, (4.95)

so ‖ε‖2 ≤‖εa‖2 , i.e., ‖ε‖≤ ‖εa‖ , and ‖ε‖ is minimum with respect to any element
in V2
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ζ1
 ζmϕ1

y

y

ε

 

Vm

ϕm

Figure 4.11 Projection of y into space Vm spanned by base Bm or the corresponding orthonormal
base Bmon

In particular in a random variable space ‖ε‖ = E(ε2) , so minimizing ‖ε‖2 im-
plies minimizing the mean square error between y (e.g., the primary variable to be
estimated by a soft sensor) and ŷ (e.g., the soft sensor output).

y

A

B

C

y ay

V2

2 2

aε

θϕ

1 1ϕ θε

2ϕ

1ϕ

Figure 4.12 Norm ‖ε‖ is minimum if ε is orthogonal to the space V2 spanned by bases ϕ1 and ϕ2

The problem at hand is to find the best approximation ŷ of y. Since ŷ belongs to
Vm it may be expressed as
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ŷ = θ̂1ϕ1 + θ̂2ϕ2 + . . . θ̂mϕm (4.96)

and
y = ŷ+ ε. (4.97)

The problem is then to find the optimal parameter vector θ̂ which minimizes ‖ε‖ =
E(ε2).

It is assumed that ϕk are not functions of θ̂ so (4.96) is a LIP model. If not,
changes of θ̂ would imply changes in the bases and the space would not be linear.

Letting
θ̂ = [θ̂1 . . . θ̂m]T ϕ = [ϕ1 . . .ϕm]T , (4.98)

ŷ = ϕT θ̂ y = ϕT θ̂ + ε. (4.99)

The ϕk are functions of the plant measured variables. For example, in a plant
having as inputs u1(t) and u2(t) and as output y(t) some of the bases might be

ϕ j(t) = −y(t −3) ϕl(t) = u1(t −1)u2(t −1) ϕr(t) =
√

log(u2(t −3)). (4.100)

See also (4.45) in Example 2 in Section 4.2.
Clearly this form makes it possible to introduce nonlinear terms representing

plant phenomenology in LIP models. This is an important property in the case of
soft sensors.

Then, from (4.94) and (4.96):

〈y− ŷ,ϕk〉 = 〈y− (θ̂1ϕ1 + θ̂2ϕ2 + . . .+ θ̂mϕm),ϕk〉 = 0; (4.101)

〈y,ϕk〉 = 〈θ̂1ϕ1 + θ̂2ϕ2 + . . .+ θ̂mϕm,ϕk〉. (4.102)

Therefore, for k = 1, ...,m, there is a system of m equations with m unknown θ̂k

given by
〈y,ϕ1〉 = θ̂1〈ϕ1,ϕ1〉+ . . .+ θ̂m〈ϕm,ϕ1〉,

...
〈y,ϕk〉 = θ̂1〈ϕ1,ϕk〉+ . . .+ θ̂m〈ϕm,ϕk〉,

...
〈y,ϕm〉 = θ̂1〈ϕ1,ϕm〉+ . . .+ θ̂m〈ϕm,ϕm〉.

(4.103)

Hence the optimal parameter vector,

θ̂ = [θ̂1 . . . θ̂k . . . θ̂m]T , (4.104)

which minimizes the squared error norm ‖e‖2 = ‖y− ŷ‖2 is given by

Pxxθ̂ = Pyx, (4.105)

where
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Pxx =

⎡
⎢⎢⎢⎢⎢⎢⎣

〈ϕ1,ϕ1〉 · · · 〈ϕm,ϕ1〉
...

...
〈ϕ1,ϕk〉 · · · 〈ϕm,ϕk〉

...
...

〈ϕ1,ϕm〉 · · · 〈ϕm,ϕm〉

⎤
⎥⎥⎥⎥⎥⎥⎦ Pyx =

⎡
⎢⎢⎢⎢⎢⎢⎣

〈y,ϕ1〉
...

〈y,ϕk〉
...

〈y,ϕm〉

⎤
⎥⎥⎥⎥⎥⎥⎦ . (4.106)

If P−1
xx exists, then

θ̂ = P−1
xx Pyx. (4.107)

For example, let the ϕk and y be random variables, in a random variable inner
product space ℵ, where the inner product is 〈x j,ϕk〉 = E{x jϕk}. Let

ϕ = [ϕ1 · · ·ϕm]T (4.108)

be a random vector whose elements are the random variables ϕi. Then

Pxx =

⎡
⎢⎢⎢⎢⎢⎢⎣

〈ϕ1,ϕ1〉 · · · 〈ϕm,ϕ1〉
...

...
〈ϕ1,ϕk〉 · · · 〈ϕm,ϕk〉

...
...

〈ϕ1,ϕm〉 · · · 〈ϕm,ϕm〉

⎤
⎥⎥⎥⎥⎥⎥⎦=

⎡
⎢⎢⎢⎢⎢⎢⎣

E{ϕ2
1} · · · E{ϕmϕ1}

...
...

E{ϕ1ϕk} · · · E{ϕmϕk}
...

...
E{ϕ1ϕm} · · · E{ϕ2

m}

⎤
⎥⎥⎥⎥⎥⎥⎦ (4.109)

and Pxx = E{ϕϕT}= Rϕϕ is the correlation matrix of random vector ϕ , while Pxy =
E{yϕ} = R{yϕ} is the correlation vector between the random variable y and the
random vector ϕ . The optimal parameter vector then is

θ̂ = E{ϕϕT}−1E{ϕy}. (4.110)

This is the same result (4.58) obtained in Section 4.2.2 for the optimum parameter
vector θ̂ in the case of LIP models when the necessary condition for optimality was
used in the case of random variables. However, here the optimal θ̂ has been found
by particularizing the general result (4.107) to the case of random variables.

In most practical cases, the probability functions needed to compute expected
values are not known, so parameter vector given by (4.110) cannot be found. How-
ever, under certain assumptions (i.e., wide sense stationarity, ergodicity [47]) ex-

pected values may be estimated using time averages. In such cases the estimation ˆ̂θ
of θ̂ becomes a random vector having an expected value and a covariance matrix,
as shown in Section 4.3.2.

Let it be assumed that the LIP plant model is

y = ϕT θ + w, (4.111)

where w is orthogonal to all elements of ϕ . Then, from (4.99),

ε = ϕT (θ − θ̂)+ w. (4.112)
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But since ‖ε‖ is minimum, by the Projection Theorem ε is orthogonal to the space
Vm spanned by the elements of ϕT (e.g., see Figures 4.11 and 4.12) so

ε = ϕ1(θ1 − θ̂1)+ · · ·+ ϕk(θk − θ̂k)+ . . .+ ϕm(θ − θ̂m), (4.113)

〈ε,ϕ〉 = ((θ1 − θ̂1))〈ϕk,ϕ1〉+ · · ·+(θn − θ̂) + 〈ϕk,ϕm〉 = 0, (4.114)

for k = 1,2, ...,m , since ε is orthogonal to ϕk. A system of m equations is then
formed which in matrix form is⎡

⎢⎢⎢⎢⎢⎢⎣

〈ϕ1,ϕ1〉 · · · 〈ϕm,ϕ1〉
...

...
〈ϕ1,ϕk〉 · · · 〈ϕm,ϕk〉

...
...

〈ϕ1,ϕm〉 · · · 〈ϕm,ϕm〉

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Pxx

(θ − θ̂) = 0. (4.115)

Hence, if Pxx is nonsingular, a conditions already required in (4.107) for finding
θ̂ , then the only solution is (θ − θ̂) = 0. Thus, θ = θ̂ and from (4.112) the error
ε = w in this general LIP case. Figure 4.13 is an illustration of this case in an inner
product space.

y T=

y

w

ϕ

ε

ϕ θ
Figure 4.13 When w is orthogonal to ϕ , parameter estimation using the projection of y on ϕ gives
the true vector θ in the LIP case

4.3.2 Estimation of Expected Values Through Time Averages

The solution to many problems in engineering is given in terms of expected values.
The difficulty is that the probability functions needed to determine those expected
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values are very hard to obtain or they cannot be determined in practice. A possi-
ble solution for this problem is obtained if the expected values may be estimated
through time averages of realizations (measurements) of random functions or ran-
dom sequences (which are stochastic processes). These time averages may be quite
meaningless unless certain conditions are met.

4.3.2.1 Random Functions or Stochastic Processes

A real random function (stochastic process) is a function z(t,ξ ) of two arguments,
mapping a set of outcomes Ω of a probability space – the elements of which are
denoted here by ξ – to a space H of functions or sequences if t is discrete [47].
Figure 4.14 illustrates this mapping. Then for a given value ξ = ξ ′ , z(t,ξ ′) is a
function of time, e.g., a sequence if t is discrete. This function is called a realization
of z(t,ξ ). In practice a realization is the resulting measurement made on a variable
in a plant, out of all possible measurements that could have occurred for different
ξ , which represents the random nature of the plant variable. On the other hand, for
a particular t = t ′, z(t ′,ξ ) is random variable and z(t ′,ξ ′) is a real number [47].

In industrial plants usually only one realization z(t,ξ ′) of a random function
z(t,ξ ) is available through measurement of a variable in a given time interval. Thus
certain statistics used for plant analysis, modeling and control must be obtained from
single measurements, in particular, correlations between a set of plant variables,
expected values and variances of plant variables, etc.

It turns out that in the stochastic process z(t,ξ ) argument ξ is almost always
omitted in the technical literature, and is only implicitly considered by stating that
z(t) is a random sequence or random function (random process).

A real random variable (which might be better denoted as a function rather than a
variable) is a function η(ξ ) which maps a set of outcomes Ω of a probability space
to the real line ℜ and satisfies certain conditions that insure that the distribution
function F(x) may be obtained [47].

A random function (or random sequence) z(t,ξ ) is wide sense stationary if [47]:

1. E{z(t,ξ )} = z̄ is constant, i.e., does not depend on time t;
2. E{z(t,ξ )z(t − τ,ξ )} = Rzz(τ), i.e., its autocorrelation depends only on the dis-

placement τ and not on t.

Similar definitions apply to joint wide sense stationarity [47]. For example, let
the discrete time model of a plant be given by

y(i,ξ ) = ϕT (i,ξ )θ + w(i,ξ ), (4.116)

where w(i,ξ ) is a white noise random sequence, and

ϕ(i,ξ ) = [ϕ1(i,ξ ) . . .ϕm(i,ξ )]T . (4.117)

According to the above definition, each ϕ1(i,ξ ) is a random sequence, ϕ1(i′,ξ ) is
a real random variable, ϕ1(i,ξ ′) is one of the sequences that results (e.g., through
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z : Ω  H
Ω ξ

ξ

z (t,ξ )

z(t,ξ )

t

t

z (t ,ξ) H

Figure 4.14 A random function (process) is a function z(t,ξ ) of two arguments mapping a set
of outcomes Ω of a probability space to a space H of functions or sequences. For a particular
t = t ′, z(t ′,ξ ) is random variable and for a particular ξ = ξ ′ , z(t,ξ ′) is a realization, i.e., a known
function. If t is discrete a random function is a random sequence, i.e., a sequence of, in general,
correlated random variables

measurement), ϕ1(i′,ξ ′)is a real number, and ϕ(i′,ξ ) = [ϕ1(i′,ξ ) . . .ϕm(i′,ξ )]T is a
random vector. Then

ϕ(i′,ξ ′) = [ϕ1(i
′,ξ ′) . . .ϕm(i′,ξ ′)]T (4.118)

is a vector of real numbers for a particular realization (measurement) ξ = ξ ′ at a
particular time i = i′ of (4.117).

Let
ŷ(i,ξ ) = ϕT (i,ξ )θ̂ (4.119)

and
ε(i,ξ ) = y(i,ξ )− ŷ(i,ξ ). (4.120)

Let X(ξ ) be a random matrix (i.e., its elements are random variables) formed by
stacking ϕT (i,ξ ) , for given times 1,2, ...,k, ...,N. Then

X(ξ ) =

⎡
⎢⎢⎢⎢⎢⎢⎣

ϕ1(1,ξ ) · · · ϕm(1,ξ )
...

...
ϕ1(k,ξ ) · · · ϕm(k,ξ )

...
...

ϕ1(N,ξ ) · · · ϕm(N,ξ )

⎤
⎥⎥⎥⎥⎥⎥⎦=

⎡
⎢⎢⎢⎢⎢⎢⎣

ϕT (1,ξ )
...

ϕT (1,ξ )
...

ϕT (N,ξ )

⎤
⎥⎥⎥⎥⎥⎥⎦ . (4.121)

Similarly, let

Y (ξ ) =
[

y(1,ξ ) · · · y(k,ξ ) · · · y(N,ξ )
]T

, (4.122)

Ŷ (ξ ) =
[

ŷ(1,ξ ) · · · ŷ(k,ξ ) · · · ŷ(N,ξ )
]T

, (4.123)

ε(ξ ) =
[

ε(1,ξ ) · · · ε(k,ξ ) · · · ε(N,ξ )
]T

, (4.124)

W (ξ ) =
[

w(1,ξ ) · · · w(k,ξ ) · · · w(N,ξ )
]T

, (4.125)
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be random vectors also formed by stacking.
Vector W (ξ ) represents a window of a stationary white noise random sequence

{. . . ,w(−r,ξ ), . . . ,w(0,ξ ),w(1,ξ ), . . . ,w(N,ξ ),w(N + 1,ξ ), . . .} (4.126)

where E{w(k,ξ )} = 0, E{w(k,ξ )w( j,ξ )} = 0 for k �= j , and E{w(k,ξ )w(k,ξ )} =
σ2

w.
Then,

Y (ξ ) = X(ξ )θ +W(ξ ) (4.127)

is the assumed model of the plant, and

Ŷ (ξ ) = X(ξ )θ̂ (4.128)

is the model output. The error vector is

ε(ξ ) = Y (ξ )− Ŷ(ξ ). (4.129)

Then, from (4.128) and (4.129)

Y (ξ ) = X(ξ )θ̂ + ε(ξ ). (4.130)

For a given set of measurements, X(ξ ′) is a matrix of real numbers and Y (ξ ′),
Ŷ (ξ ′),ε(ξ ′) are vectors of real numbers.

4.3.2.2 Time Averages

Let

AT (ξ ) =
1
T

n1+T

∑
i=n1+1

z(i,ξ ) AT (ξ ) =
1
T

∫ t+T

t
z(t,ξ )dt (4.131)

be the time average of a random sequence or of a random function. Since the sum
is with respect to i or the integration is with respect to t, AT (ξ ) is only a function of
ξ , and therefore has the form of a random variable, which it really happens to be
[47].

It may be immediately seen that AT (ξ ) is an unbiased estimator of E{z(t,ξ )} if
z(t,ξ ) is wide sense stationary, because

E{AT (ξ )} =
1
T

∫ t+T

t
E{z(t,ξ )}dt =

1
T

∫ t+T

t
z̄dt = z̄, (4.132)

where E{z(t,ξ )} = z̄ and similarly for random sequences.
This fact is illustrated in Figure 4.15, where p(AT ) is the probability density

function of AT .
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E{AT  (ξ )} = {} zzE =

p(AT)

T2 > T1

T1

AT

Figure 4.15 Unbiasedness and ergodicity of the time average estimator AT (ξ )

But not only unbiasedness is a desired property for an estimator such as AT (ξ ).
It should also have a small variance so that with only one set of measurements in
a time window of length T a result close to z̄ is obtained. This can be achieved if
z(t,ξ ), besides being wide sense stationary is also ergodic [47]. This means that as
length T goes to infinity the variance σ2

AT
of AT tends to zero. In practice this means

that a small variance σ2
AT

may be obtained by increasing the length T of the time
window of the measurements. Figures 4.15 and 4.16 illustrate the ergodic property.

4.3.2.3 Parameter Estimation

In practice θ̂ in (4.110) is estimated by using the time average estimators

E{ϕϕT} ≈ 1
N

N

∑
i=1

ϕ(i,ξ )ϕ(i,ξ )T E{ϕy} ≈ 1
N

N

∑
i=1

ϕ(i,ξ )y, (4.133)

then, from (4.110), the estimator using time averages is

ˆ̂θ (ξ ) = [
N

∑
i=1

ϕ(i,ξ )ϕ(i,ξ )T ]−1
N

∑
i=1

ϕ(i,ξ )y. (4.134)

It is immediately apparent that ˆ̂θ has the character of a random vector. Besides,
by (4.121) and (4.122), (4.134) may be written

ˆ̂θ (ξ ) = [X(ξ )T X(ξ )]−1X(ξ )TY (ξ ). (4.135)
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Plant

z (t,ξ )

Time Average
Expected Value

(mean in ξ )

Ergodicity

msc
{ }zEAT(ξ )

Figure 4.16 The ergodic property causes convergence in the mean square of estimator AT (ξ ) to
E{z} (i.e., the variance of their difference tends to 0 as T tends to infinity)

For the case treated here it may be shown that the random estimation vector is
unbiased and that its variance tends to zero as the length T of the time window tends
to infinity [44].

4.4 Soft Sensors in Industrial Concentrators

This first part of this section deals with actions that must be taken in order to en-
sure the availability of soft sensors. The second part gives some examples of soft
sensor design and testing for industrial plants using actual plant data. Two cases are
considered in some detail: (i) model based – a soft sensor for particle size and an
operational work index soft sensor; and (ii) feature extraction based – a soft sensor
for grindability estimation. More cases of soft sensors in mineral processing plants
may be found in the references given in Tables 4.1 to 4.4 in the Introduction.

4.4.1 Soft Sensor Management Systems

From an industrial point of view a soft sensor must be reliable and robust, otherwise
its main purpose, serving as an alternative for obtaining a measurement when a real
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sensor is not available, is not fulfilled. Therefore, in an industrial application the
soft sensor models must be imbedded in systems that ensure robustness of the soft
sensor performance [1]. As an example, a soft sensor management systems called
soft sensor shell may be seen in [42] and [66].

In order to perform its task the functions of a soft sensor shell may be grouped in
modules.

1. Signal analysis module. Data collected through measurements in the plant must
be conditioned prior to being used in the determination of soft sensor models
and soft sensor operation [1, 44]. This involves filtering, data reconciliation in
general and, in particular, elimination of outliers, e.g. [31]. It is also suitable to
carry out a statistical normalization of the data so that all variables have zero
mean and unit variance.

2. Soft sensor set module. It is highly convenient to have not just one soft sensor
model, but rather a set of candidate soft sensors models. For instance, this is
necessary to keep the the primary measurement available in case one or more
secondary measurements become unusable for any reason. This condition will be
determined by the signal analysis module. An example is given below in Section
4.4.2 for the case of a particle size soft sensor. More examples are found in [11,
16, 17].

3. Model selection module. If at time tF the signal analysis module detects that the
actual sensor is unusable, then it must be substituted by one of the candidate soft
sensors of the soft sensor set module. A decision must then be made as to which
of the soft sensors candidates is best suited to replace the actual sensor. This on-
going decision is based on the quality of the primary variable estimation by each
soft sensors in the soft sensor set. This implies: (i) checking if the secondary mea-
surements for the candidate soft sensor models of the soft sensor set are available
and suitable; (ii) Estimating the mean square error between the outputs of these
soft sensors and the primary measurement while the sensor is available before
time tF when the actual sensor becomes unavailable. For example, using a mov-
ing average in a time window [t −T1,t] where t is the present time (alternatively
using a forgetting factor [44]); (iii) using other model validation indexes [1] that
may be determined on-line in the period [t −T1,t].

4. Monitoring module. As long as the actual sensor is available the performance
of each soft sensor in the soft sensor set must be monitored. If, e.g., for any of
these soft sensors the mean square error exceeds a given estimated threshold or
fails any other test during a given time window [t −T2,t], its parameters should
be updated through the parameter estimation module until, e.g., the mean square
error between the soft sensor output and the sensor measurement falls below the
given threshold during a given time window.

5. Parameter estimation module. When it becomes necessary to update the parame-
ters of the soft sensors of the soft sensor set, the secondary measurements should
be made changed so that the parameters are properly estimated as a consequence
of persistent excitation [44]. Measured disturbances may contain important sys-
tem information so they should be included in the candidate set of variables used
in the soft sensor design. But measured disturbances just happen and cannot be
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made to change at will. Therefore, if they have an effect on some of the soft sen-
sor components, and if measured disturbances are not sufficiently variable in a
parameter estimation interval, the model may not adequately reflect their influ-
ence on dynamic conditions. Parameter updating may be performed using a time
window or a recursive parameter estimation method using fixed or variable for-
getting factors [44]. In any case it should be considered that the variance of the
estimated parameters, which affects the soft sensor output, depends on the win-
dow length, or on the value of the forgetting factor in recursive estimation. As in
many estimation problems a compromise must be made between having a small
estimator variance and speed in achieving the parameter estimation. In general,
subjecting the plant to excitation conditions may unduly alter the production ob-
jectives. But since proper excitation is needed for an adequate determination of
model parameters, a compromise should be reached between length and magni-
tude of the excitation and the possibility of losing the information provided by
the soft sensors when the actual sensors become unavailable.

6. Parameter selection module. This module uses past data to predict the parameter.
At the moment of replacement this module decides whether to use frozen param-
eters values, their mean values, or their prediction according to the quality of the
parameter prediction or expected value estimation, verified while the sensor is
operating [19]. See also Section 4.2.4.

7. Sensor fault detection module. This function includes the detection of a fault in
any sensor providing required secondary measurements for the model compo-
nents, as well as in the primary measurement sensor. Fault detection and identi-
fication methods may be found in [1] and [67].

4.4.2 Soft Sensors for Grinding Circuits

4.4.2.1 Particle Size Soft Sensors

A particle size soft sensor has been designed to replace a real sensor which mea-
sures the proportion of particles retained by 65# in the hydrocyclone overflow of an
industrial grinding circuit of a large copper concentrator. The layout of the grinding
circuit is shown in Figure 4.17. A conveyor belt conveys the fresh feed ore to the
sump where it is mixed with the sump water addition and the hydrocyclone reject
flow. The sump discharge flow is pumped to the hydrocyclone feed. The hydrocy-
clone overflow is conveyed to a flotation plant. Measured circuit variables are given
in Table 4.9.

The approach to robustness used here is through selection of the best available
model out of a set of candidate models for the soft sensor.

Collected data.
Three sets of data were used:
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Table 4.7 Measured grinding circuit variables

Symbol Description Units
Gs Fresh feed ore flow t/h

JBM Ball mill power draw kW
Q1w Sump water addition flow m3/h
Sp Solids proportion in hydrocyclone feed pulp Sp

Solids proportion in the hydrocyclone feed pulp,
computed using the measurement of the pulp den-
sity

g/cm3

f65 Mass proportion of particles retained at 210 μm
mesh (+65#) in the hydrocyclone overflow

%65#

• Data Set 1. Data collected during four days of month 1 was used to determine
the structure of the models. From this data set the period during which the plant
appeared to be sufficiently excited was used.

• Data Set 2. Data collected during four days of month 2.
• Data Set 3. Data collected during days three additional days of month 2. It was

used for tests including parameter updating of soft sensor models designed with
Data Set 1.

Model determination.
The model structures were determined by means of the stepwise regression

method, which sequentially selects model components (regressors, components,
bases) from a set of candidate components [11, 48]. See also Section 4.2.4. Follow-
ing the approach by Gonzalez et al. [10], the set of candidate components not only
includes plant measurements (ore and water flows, densities, particle size, power)
but also functions of these measurements determined using a phenomenological
model of the grinding circuit according to the approach given by Casali et al. [11]
and Gonzalez et al. [10].

From a phenomenological model more than 100 possible composite components
(bases) were found for building LIP models. These composite regressors are non-
linear functions of the measured variables and, as pointed out in Section 4.2, make
it possible to extend the validity of the models, for a given parameter set, to an op-
erating region that may be much broader than if only direct plant measurements are
used. In this way, a nonlinear model but which is linear in the parameters is used,
i.e., a NARX model, and linear regression may be employed.

In order to ensure the availability of the estimated +65#, soft sensor models were
designed for the cases in which some measurements affecting the soft sensor com-
ponents became unavailable. Therefore, when determining models for which a mea-
surement was purposely omitted, components which are function of these omitted
measurements are also omitted.

The composite regressors chosen from the candidate set by stepwise regression
are
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Figure 4.17 Grinding circuit for which the particle size soft sensors are designed. Fresh feed ore
flow Gs is conveyed to the sump where it joins the sump water flow Q1w and the hydrocyclones
underflow [5]. The sump discharge flow [2] is pumped to the hydrocyclones feed. At the hydrocy-
clones overflow [3] a particle size sensor (AT) measures the proportion of particles retained by 65
mesh. Hydrocylones feed density is controlled to set-point Cp∗ by a PID controller manipulating
the sump water feed through a local flow control. The sump level is similarly controlled using the
pump speed as manipulated variable

Sp(t −2), S−3
p (t −1), JBM(t −1)S3

p(t),

JBM(t −3)Sp(t −3), Gs(t−1)
Gs(t−1)+Q1w(t) ,

(4.136)

(see Table 4.7).

Soft sensor set.
The best determined models are listed below. Table 4.8 shows the measurements

used and omitted in the design of each soft sensor model. It can be seen that the
solids proportion Sp is included in four out of the five models. Therefore the hydro-
cyclone feed density measurement is very important, since it determines Sp.

Model 1

f65(t) = θ10 f65(t −1)+ θ11JBM(t −1)S3
p(t)

+θ12JBM(t −3)Sp(t −3)+ θ13. (4.137)

Model 2
f65(t) = θ20 f65(t −1)+ θ21Sp(t −2)+ θ22. (4.138)
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Model 3

f65(t) = θ30 f65(t −1)+ θ31
Gs(t −1)

Gs(t −1)+ Q1w(t)
+ θ32. (4.139)

Model 4
f65(t) = θ40 f65(t −1)+ θ41S−3

p (t −1)+ θ42. (4.140)

Model 5

f65(t) = θ50 f65(t −1)+ θ51S−3
p (t −1)+ θ52Q1w(t −3)+ θ53. (4.141)

Table 4.8 Availability of measurements (I) required for each soft sensor and not required (O)

Soft sensor
model

Sp: % solids
in HC feed
from density
measurement

JBM : Ball mill
power draw

Gs: Fresh feed
ore flow

Q1w: Sump wa-
ter addition flow

1 I I O O
2 I O O O
3 O O I I
4 I O O O
5 I O O I

Upon detecting a failure at time tF of a measurement affecting the input to the
current soft sensor, the soft sensor shell should give an alarm and possibly replace
the current soft sensor by a soft sensor which does not use the failed measurement.
For example, if Q1w becomes unavailable, models 1, 2 and 4 may be used, since
they do not depend on this measurement.

As examples, Figures 4.18, 4.19 and 4.20 show the performances of soft sensors
with models 2 and 5 for two periods, with their parameters determined on differ-
ent periods. In particular, in the case of Figure 4.18 and 4.20 there are many long
periods when the actual sensor is down. Nevertheless, an indication that the soft
sensor is performing well is that when the real sensor comes back into operation its
measurement tends to be close to the soft sensor output. The other models also have
satisfactory performances.

4.4.2.2 Global Operational Work Index Soft Sensor

A global operational work index was designed for a grinding plant whose layout
is shown in Figure 4.21 [24]. It consists of a rod mill followed by three sections
in parallel, each one formed by a ball mill in inverse circuit with a hydrocyclone
battery. In this case an empirical relation is combined with an ARX model. The
involved variables are:
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• G f is the feed ore flow to the rod mill, with size f80;
• Gk is the product flow from the rod mill, with size k80;
• Gp is the plant product ore flow, with size p80;
• PeR is the power draw of the rod mill;
• PeB j is the power draw of the ball mill in section j ( j = 1,2,3);
• PT = PeR + ∑3

j=1 PeB j is the total power draw of the mills.

The variables f80, k80 and p80 are the sizes for which 80% of the ore has a smaller
size, at the points shown in Figure 4.21.

Time [min]

%
+6

5#

Figure 4.18 Test of soft sensor 2 in 2.4 days of month 1 using parameters determined on a dif-
ferent day of month 1. Shown is the actual sensor measurement (black) and the soft sensor output
(segmented)

A global operational work index Wiog was defined for the grinding plant of Figure
4.21 – following the definitions of operational work indexes for rod mills and ball
mills – as

Wiog =
Pt/G f

11.02FTG(p80
−1/2 − f80

−1/2)
, (4.142)

where FTG = 0.857 [24].
From (4.142), there are four variables determining Wiog. On the one hand, the

on-line measurements of two of them are almost always available; power PT is mea-
sured by highly reliable wattmeters, and ore flow G f measures the throughput of
the plant so it is maintained to provide a highly reliable measurement. On the other
hand, neither f80 nor p80 are measured. However, for this plant a relation has been
found linking p80 with measured g65 giving +65# particle size percentage (percent-
age weight of particles larger than 210 μm). This relation is

p80 = 1.78 + 10.07g65. (4.143)
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%
+6

5#

Time [min]

Figure 4.19 Test of soft sensor 2 in 3 days of month 2 using parameters determined on a day of
month 1. Shown is the actual sensor measurement (black) and the soft sensor output (segmented)

%
+6

5#

Time [min]

Figure 4.20 Test of soft sensor 5 in 3 days of month 2 using parameters determined on a day of
month 2. Shown is the actual sensor measurement (black) and the soft sensor output (segmented)

But particle size sensors tend not to be highly available, so a back-up soft sen-
sor system for g65 should be installed. Alternatively, a soft sensor for p80 may be
designed that does not use g65 as a secondary measurement (input). But no mea-
surements are available that may be used to estimate the feed f80.
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Figure 4.21 Grinding plant for which a work index soft sensor was developed

4.4.2.3 Development of Soft Sensors for f80 and p80

The requirements of these two soft sensors were determined by finding the sensitiv-
ities SW f and SW p of Wiog with respect to f80 and p80. These sensitivities, defined by
the relative change of Wiog with respect to the relative changes of f80 and p80, using
(4.142) are found to be

SW f =

dWiog
Wiog

d f80
f80

= −0.5
1√

r80 −1
(4.144)

and

SW p =

dWiog
Wiog

d p80
p80

= 0.5
√

r80√
r80 −1

, (4.145)

where r80 = f80/p80 gives the size reduction performed by the grinding plant [24].
Using measurements collected from the plant these sensitivities were found to be

SW f = 0.1084, SW p = 0.608, SW p/SW f = 5.61.
Over a period of 46 months, the average value of f80 was 9774 μm with a stan-

dard deviation of 379 μm, while the average of p80 was 310 μm with a standard
deviation of 45 μm.

If f80 changes by three times its standard deviation around its average, the varia-
tions of Wiog was found to be quite small; 1.26 %. Therefore the average value of f80

may be used. From a soft sensor point of view the soft sensor for f80 is simply its
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estimated average. This agrees with the fact that the optimal estimate of a random
variable is its expected value, when no other information is available.

The operational work index Wiog may be calculated with a fast sampling rate,
since it depends on power PT (a continuous time measurement) and on p80 through
g65 measuring +65# with a sampling period of 1 min. However, the plant data was
available with a sampling time of one month, which is the period in which the ore
work index is determined by laboratory analysis. This explains the time scale used
in Figures 4.22, 4.23 and 4.24.

Figure 4.22 shows the actual Wiog determined using f80 and p80 found by labo-
ratory measurements, and using instead the average value of f80 ± three standard
deviations.
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Figure 4.22 Actual Wiog determined using f80 and p80 found by laboratory measurements is given
by the solid line. The Wiog determined using the average value of f80 ± three standard deviations
instead is given by the two dotted lines

The situation is different in the case of p80, since if p80 changes by three standard
deviations around its average, the change in Wiog is 29.4%. This means that a soft
sensor is required for p80. Only the two highly reliable measurements have been
used as secondary measurements: the feed ore flow Gs to the plant and the total
power PT drawn by the mills. Then the following soft sensor was determined:

p̂80 = θ1PT (t)+ θ2PT (t −1)+ θ3Gs(t)+ θ4l(t), (4.146)

using both stepwise regression and all possible subsets from a set of candidate bases
(components), which included PT (t), Gs(t), their delays up to t − 1 , and l(t) to
accommodate a constant term.
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Figure 4.23 shows a test of the prediction capabilities of soft sensor (4.146). The
parameters were updated from month 1 to month 30 and the prediction was made
from month 31 to 46 .

The prediction of Wiog using average f80 and p80 soft sensor output of Figure
4.23 is given in Figure 4.24.
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Figure 4.23 Soft sensor for p80 (dotted) and p80 predicted (black). The soft sensor model is updated
from months 1 to 30 and the prediction is from months 31 to 46
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Figure 4.24 Global operational work index Wiog computed using mean f80 and p80 inferred by a
soft sensor (solid) and Work Index found by actual f80 and p80 though laboratory analysis (dotted).
The soft sensor model is updated from months t −6 to t and the prediction is from t +1 to t +6
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4.4.2.4 Grindability Index Soft Sensor Using Feature Extraction

A grindability index soft sensor has been developed for ore contents in the mill
of the SAG mill circuit is shown in Figure 4.25 [22]. No model was developed
to estimate this grindability index. Instead this index was estimated using features
extracted from three of the measured variables in the circuit: (i) mill power draw
Pd; (ii) return ore flow Fr; and (iii) fresh feed ore flow Ff (Figure 4.25). The water
feed flow Fw is controlled for a fixed proportion of the fresh feed flow using a ratio
controller. The fresh feed ore flow is the manipulated variable for a PID control of
the total hold-up (ore plus water hold-up) in the mill. Therefore, the feed ore flow
Ff depends on the type of ore. For example, if the ore becomes harder the control
reduces the feed ore flow – and conversely if the ore becomes softer – in order to
attain and keep the total hold-up close to its set-point. A similar situation happens if
the feed size distribution changes from finer to coarser.

Pd

SAG
 mill

Screen

Ore and water 
discharge flows 

Return ore flow Fr

Fresh ore
feed flow Ff

Water feed 
flow Fw

Figure 4.25 SAG circuit for which a grindability index soft sensor was developed based on the
variance of wavelet transforms of measured variables

The feature used in this case is the variance of the continuous wavelet transform
(CWT). The CWT is a transformation

Wy(a,b) =
1√
a

∫ ∞

−∞
y(t)Ψ(

t −b
a

)dt (4.147)

of a function y(t) that produces a function Wy(a,b). In (4.147) Ψ(t) is the wavelet,
a is the wavelet scale and b is the wavelet displacement. The Haar wavelet shown in
Figure (4.26) has been used here [22].

As seen in (4.147) for a any given scale a, function y(t) is multiplied by all
possible shifts of the wavelet, and the product is integrated.

The CWT of function y(t) may be compared with its Fourier transform, and par-
ticularly the Fourier sine or cosine transforms. One difference between these trans-

www.ATIBOOK.ir



4 Soft Sensing 203

1

-1

0 1
t

1

-1

b

a+b

a

0
t

Ψ(t) Ψ(t)

(a) (b)

Figure 4.26 Basic Haar wavelet Ψ(t) with unit scale and zero displacement (a) and with scale a
and displacement b (b)

forms is that while in (4.147) the function y(t) is multiplied by a function having
finite support – i.e., it vanishes outside a finite interval – in the Fourier sine trans-
form of y(t) is multiplied by a sine wave which is different from zero in intervals
[t,t + T ](T > 0) for all t. In addition, while the Fourier transform is a function of
only one variable – frequency – the CWT is a function of two variables: scale and
displacement.

If y(t) is assumed to be a wide sense stationary random process (at least within
a given time window), the expected value of Wy(a,b) is zero, and its variance
Var{Wy(a,b)} does not depend on the displacement b [22], i.e.,

E{Wy(a,b)} = 0, Var{Wy(a,b)} = E{W 2
y (a,b)} = Vy(a). (4.148)

4.4.2.5 Templates

When the grindability index Γ = Γi is known, let V1(a,Γi) be the variance of the
CWT for the feed ore flow Ff (t,Γi), V2(a,Γi) for the power draw Pd(t,Γi), and
V3(a,Γi) for the return ore flow Fr(t,Γi).

Figure 4.27 shows V1(a,Γi) for hard (i = 1), medium i = 2 and soft ores i = 3.
These CWT variances for known grindability indexes serve as templates for esti-
mating the current grindability of the ore in the SAG mill. They may be determined
off-line using historical plant data [22]. Since the expected value of the measured
variable y(t) is not taken into account by (4.147) because of (4.148), the expected
value has been added to the CWT variance, so Vj(a,Γi) shall be considered to in-
clude this addition [22].

Also shown in Figure 4.27 is the CWT of the sample variance template S1(a,Γ )
determined on-line using the current measurement of feed ore flow Ff (t,Γi) – in-
cluding its mean – in a given time window when the current grindability index is
unknown and must be estimated. Then the current grindability index is the one for
which the sample template S1(a,Γ ) is closest to, e.g., as determined by the mini-
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mum of

min
Γi

√∫ T

0
[S1(a,Γ )−V1(a,Γi)]2da. (4.149)

For example, in Figure 4.27 the estimated grindability corresponds to medium
ore.
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Figure 4.27 Templates of CWT variance corresponding to feed ore Ff (t,Γi) for hard ore and coarse
particle size, for medium ore and normal particle size, and for soft ore and fine particle size, under
normal operating conditions. Also shown is sample variance template S1(a,Γ ) for Ff (t,Γ ) corre-
sponding to a given measurement when the ore grindability in the mill is medium, but unknown

Again, since probability functions are not known, expected values and variances
are computed using time averaged estimators (see Sections 4.2.2 and 4.3.2).

In order to proceed with the process of identifying Γ all templates are converted
into points in a Euclidean space of dimension M through discretizing the range of
scale a into M discrete values {a1,a2,a3, ,aM} for each template; Figure 4.28 gives
a pictorial view of this conversion.

Further processing includes (i) Concatenation [22] of the three templates corre-
sponding to feed ore flow Ff (t,Γi), to power draw Pd(t,Γi), and to return ore flow
Fr(t,Γi) and of the sample templates; (ii) PCA to reduce dimensions while retain-
ing relevant information; and (iii) projection to Fisher space for further dimension
reduction and facilitating discrimination between the three possible grindability in-
dexes [22]. Concatenation is a juxtaposition of the templates, so it increases the
Euclidean space dimension from M = 14 to 3M = 42, but this dimension is brought
down to 8 using PCA, and may be further reduced to 2 by projection into the Fisher
space [57]. Figure 4.28 has an equivalence in the PCA space and in the Fisher space.
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M

Soft ore Template 

Medium ore Template

Hard ore Template

Sample Variance Template

Figure 4.28 Pictorial representation of templates V (Γi) in Euclidean space RM for operating condi-
tions corresponding to grindability indexes for hard, medium and soft ores. Also shown is a sample
variance template S(Γ ) for an unknown operating condition of the plant. Ellipses represent sets of
sample templates obtained from repeated on-line measurements for the three different kinds of
ores. The points representing the soft, medium and hard ore templates are calculated by averaging
similar sample templates for each case when the type of ore is known. The estimated grindability
index would be medium in this case

Results were obtained through simulation using a dynamic SAG mill circuit
model (able to handle two different kinds of ore) adjusted to data from a large grind-
ing plant with a layout shown in Figure 4.25 [22].

Comparisons of Figures 4.29 and 4.30 show the advantages obtained through
concatenation of the three measured variables. This advantage is reflected in Tables
4.9 and Table 4.10, which show that the improvement in the correct estimation of
the grindability index brought about by concatenation is quite remarkable.

Table 4.9 Percentages of hits (diagonal) and misses (off-diagonal) of actual grindability index
when only the template for return ore flow Fr is used

Actual index Identified index
0.94 1.00 1.06

0.94 64.2 34.2 1.6
1.00 31.4 34.0 34.6
1.06 3.4 29.4 67.2
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Figure 4.29 Sample variances in the Fisher space obtained with several measurements of Ff for
the three grindabilities corresponding to hard ore (o), medium ore (*) and soft ore (+)
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Figure 4.30 Sample variances in Fisher space (obtained for several measurements) for the three
grindabilities corresponding to hard ore (o), medium ore (*) and soft ore (+) using concatenation
of the CWT variances of Ff , Pd and Fr

Figure 4.31 shows the estimation of the grindability index when the ore changes
from medium to hard at t = 10(h). This is done by determining to which ore template
the distance between the sample template and the three ore templates is minimum
(see Figure 4.28). For t < 10 the smallest distance of the sample template is clearly
to the medium ore template (solid line). Hence the grindability is correctly estimated
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Table 4.10 Percentages of hits (diagonal) and misses (off-diagonal) of actual grindability index
using concatenated templates combining Fs, Pd , and Fr templates

Actual index Identified index
0.94 1.00 1.06

0.94 100 0 0
1.00 0 100 100
1.06 0 0 0

as that of medium ore. As t increases beyond 10h, this distance increases, while the
distance of the sample template to hard ore template becomes minimum, correctly
implying that the grindability is that of hard ore. Further details and other tests may
be found in [22].
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Figure 4.31 Squared distances in the Fisher space between a sample template and the templates
for hard, medium and soft ores, for a step change of grindability index from medium to hard
at t = 10(h). The dotted line is the squared distance from the sample template to the hard ore
template, the solid line and the segmented line are the squared distances from the sample template
to templates for medium and soft ores, respectively. (From [22])
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4.5 Final Remarks

Soft sensors have become widely used in many industrial plants to replace sensors
either as a back up for installed sensors that cease to be available, or as alternative
sensors when no real sensors are installed, if appropriate conditions are met.

The growing area of soft sensor R&D and applications has also encompassed
the mineral processing industry, where the relatively difficult modeling problems
are inherited by the problem of finding suitable soft sensor models. Soft sensors
have been developed for ore particle size, slurry density, ore grade, ore grindability,
mill contents, operational work index and weight in mineral processing plants. But
sensors or soft sensors are still missing for on-line measurement or estimation of
important variables in mineral processes.

Different classes of models that have been used include LIP models, which may
be linear or nonlinear in plant measurements. Among these models, nonlinear mod-
els of the NARX class have the advantage of allowing the introduction of process
phenomenology, while retaining the relatively simple and fast updating properties
of the linear models. An added advantage of LIP models is the geometrical insight
involved. Also employed are neural network models, fuzzy models, support vector
machine based models, and soft sensors designed using characteristics of measures
variables such as mean, variances of the variables themselves or of transformations
of them.

The issue of soft sensor robustness, specifically low sensitivity to disturbances
caused by failing secondary measurements and to changes in operating conditions
and plant characteristics, has been approached. On the one hand, by using models
that cover relatively large regions of plant characteristics and operating conditions,
such as models based on neural networks, fuzzy sets, clustering, and models of the
NARX class. On the other hand, robustness to secondary measurement unavailabil-
ity has been obtained by introducing a set of candidate soft sensors – instead of
having only one soft sensor – based on models whose components have forcibly
been made independent of different secondary measurements. Soft sensor shell sys-
tems have been designed to manage these and other aspects of soft sensor operation
in industrial plants.

New data processing and sensor technologies in general, and new equipment in
the mineral processing industry may be expected to promote the development of
new sensors and soft sensors. On the one hand, nanotechnologies, mechatronics and
developing wireless technologies will allow networks of very high speed miniature
processors, allowing in turn networks of miniature sensors and soft sensors pro-
fusely located throughout the plant equipment. New sensors for as yet unmeasured
variables, developed using these new technologies, will surely appear. On the other
hand, it is also reasonable to expect that the development of new mineral process-
ing equipment based on new technologies may require new sensors and soft sensors.
All these developments should have an important impact on improving plant control
and maintenance and, as a result, on plant technical and economic performance.
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[36] González G, González M, Cartes JC (1992) Control problems due to replacement of sensors
by soft-sensors. Advances in Instrumentation and Control, Proceedings ISA/92 International
Conference and Exhibition, Houston, USA, Vol 47, part 2, 1193–1200

[37] Wang X, Luo R, Shao H (1996) Designing a soft sensor for a distillation column with the
fuzzy distributed radial basis function neural network, Proceedings of the 35th IEEE Deci-
sion and Control, 1996, Vol. 2, 1714–1719

[38] Wendt C, Weyer E, Mareels I (1999) Soft sensor for flow measurement: overshot regulator.
Proceedings IEEE Information, Decision and Control, 1999, 471–475

[39] Herbst JA, Pate WT (1999) Object components for comminution softsensor design. Powder
Technology, 105(1–3):424–429

[40] Zhang H, , Wang X, Zhang C, Lv G (2006) New soft sensor method based on SVM. 2006
IEEE International Conference on Granular Computing, 546 – 549

[41] King MJ (2004) How to lose money with inferential properties: improving process control.
Hydrocarbon Processing 83(10):47–52

[42] Barrera R, Gonzalez G, Casali A, Vallebuona G (1996) SENVIR: a soft-sensor system for in-
dustrial applications (in Spanish). Project FONDEF MI-17, Dept. of Electrical Engineering,
University of Chile
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Chapter 5
Dynamic Simulation and Model-based Control
System Design for Comminution Circuits

Daniel Sbarbaro

Abstract Design and validation of control strategies requires a knowledge of both
control theory and the process to be controlled. These activities can be time con-
suming if a process is complex, involving many interacting equipments with non-
linear characteristics. Simulators have proven to be a powerful tool in the design
and validation of control structures for this type of complex process. The aim of this
chapter is to describe a dynamic simulator for comminution plants implemented in
a commercial simulation platform, and to illustrate its use in the design of control
strategies for different stages in the comminution process.

5.1 Introduction

Comminution circuits, as described in Chapter 1, are among the main processes in
a concentrator plant, being also the most energy-demanding ones. Due to their rele-
vance in plant operation, there have been many studies regarding their optimization.
Key tools in the quest for optimal comminution plant design and operation have
been modeling and simulation [1–3].

Modeling of these processes has been carried out to satisfy different objectives
such as plant design and optimization, operational optimization, control system de-
sign and verification, as well as operator training. Nowadays, models play an impor-
tant role in the planning and operation of mineral processing plants, as described in
[4].

Basically, each model representing a process has an associated set of variables,
classified as follows:

• Manipulated variables can be modified in order to change the state of the model.

Daniel Sbarbaro
Department of Electrical Engineering, Universidad de Concepción, Concepción, Chile, e-mail:
daniel.sbarbaro@udec.cl
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• Output variables are associated with the objective of analysis. These are usually
measurable.

• Disturbances are input variables which cannot be modified at will. These gener-
ally represent the effect of the environment on the process. These variables can
be measured in some cases.

• Parameters are variables associated with the characteristics of the system. Gen-
erally, these do not change during study.

• States are internal variables which uniquely define the behavior of the model.

A mathematical model consists of a series of mathematical relationships be-
tween these variables. These relationships can be established either through em-
pirical knowledge or by the use of first principles, such as energy and mass balance
equations. As mineral processes involve very complex phenomena, it is common to
use a combination of empirical and phenomenological models. These mathematical
relationships describe how characteristics associated with a given material flow are
transformed along the process.

The equations describing each process can be encapsulated in modules in order to
simplify programming and debugging. In addition, modules makes it easier for the
user to configure a simulation scenario, since the addition and deletion of models
does not change the simulation strategy. A simulator can then be defined as a set
of interconnected modules representing a process. Graphical interfaces of modern
simulation tools also make it possible to give the simulation diagram a look much
closer to actual engineering documents such as Process and Instrumentation (P&I)
diagrams.

If the mathematical relationships are independent of time, then the models are
static. These models serve mainly for determining operating points (through the
steady-state effect of constant manipulated variables within a time window), distur-
bances, and plant parameter changes. Although these steady-state conditions may
be arrived at using dynamic simulators, it is faster to use static simulators, which
are simpler than dynamic ones [4]. Static models have been successfully used in the
design of new plants and in the optimization of existing ones through the definition
of new operational parameters.

Dynamic models consider all time-dependent variables. In this way, it is possi-
ble to simulate transient conditions generated by changes in manipulated variables,
disturbances, different kinds of faults (e.g., process, instrumentation, control sys-
tem faults), plant parameter changes, etc. These types of models are very useful for
the design and verification of control systems, for on-line optimization and operator
training.
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5.2 Dynamic Simulation of Comminution Circuits Based on
MATLAB®/Simulink®

As described in the previous section, in order to model a comminution circuit for
control system design, it is necessary to have a flexible modular simulation environ-
ment. This environment must have the flexibility to configure and blend processes
and control equipment models. There are many simulation tools available on the
market that satisfy these requirements. One of these is MATLAB®/Simulink®1, as
described in [5]. This tool has many desirable features, such as a modular approach,
an open model structure, ease in changing circuit configurations, a powerful graphi-
cal interface, advanced nonlinear system solvers and control design toolboxes. Sev-
eral authors have recognized these advantages and they have proposed simulators
for comminution operations [5, 6]. This section describes the efforts carried out at
Universidad de Concepción during the last eight years in the building of a flexible
dynamical simulator for control system design. The simulator includes a library of
equipment and interconnection models which can be blended to configure complex
plants. The library also considers sensor modules that extract information from the
interconnections. This library has been under constant development and refinement
since its conception. Figure 5.1 depicts the modules available to date.

The process modules are interconnected by a flow of material with the following
attributes:

• solid mass flowrate f ;
• water volumetric flowrate (for wet circuits only) q;
• particle size distribution f;
• hardness γ .

To change these attributes, there are special mixing modules. For example
MIXWP adds water to a specific flow.

Each model represents the transformation of flow attributes as they advance
through the process equipment. In the following section, main assumptions and
equations considered in the simulator are described.

The notation of this chapter follows these simple rules: lower-case Latin letters
are scalar quantities representing flows, lower-case Latin bold letters are vectors rep-
resenting size distributions, overline lower-case Latin bold letters are vectors repre-
senting size distributions in terms of mass fraction, and bold Latin capital letters
represent matrices associated with equipments. For instance f represents ore feed
flow at n-size intervals and f = ∑n

i=1 fi represents total ore feed flow. Thus, the
discrete size distribution associated with f can be written as f = f/ f .

1 MATLAB® and Simulink® are registered trademarks of The MathWorks, Inc., 3 Apple Hill
Drive, Natick, MA 01760-2098, USA, http://www.mathworks.com
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Figure 5.1 Modules developed to date

5.3 Dynamic Modeling of Crushing Circuits

The main elements of a crushing circuit are crushers, screens, conveyor belts, bins,
and stock piles. From a dynamic point of view, screens are considered to have an
instantaneous response; i.e., there is no accumulation of mass. In the current version,
there are no models for bins and stock piles.

5.3.1 Dynamic Model of a Cone Crusher

The modeling of a crusher must consider the different factors affecting the size
reduction process and the flow of material through the crushing chamber. Semi-
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empirical models have been used for simulating crushing plants, with excellent re-
sults for operational purposes [7, 8]. On the other hand, there have been few studies
on models based on first principles; i.e., mechanical laws [9]. These models, which
are usually more complex, describe in detail the factors affecting the reduction pro-
cess. Their use is oriented to the design and optimization of crusher structure. Semi-
empirical models provide a reasonable compromise between representability and
simplicity. For this reason, the model used in the simulator is based on Whiten’s
perfect mixing model [7].

Flowrate             f
Size distribution f
Hardness            γf

Flowrate             p
Size distribution p
Hardness     γ

feed

product

Figure 5.2 A cone crusher and its main variables

The variables associated to the crusher model are depicted in Figure 5.2. Mass
balance of the contents is given by the following equation [7]:

dm(t)
dt

= f(t)−p(t)− γ(t)(S−BS)m(t), (5.1)

where γ(t) is a variable representing ore hardness, f(t) and p(t) are vectors having
as elements fi(t) and pi(t), which are the mass flowrate in the ith size fraction of the
feed and the product, respectively. The mass in the ith size fraction of the contents is
noted as m. The matrix S is a diagonal matrix representing the specific breakage rate
of size i, B is a lower diagonal matrix, where bi j represents the fraction of particles
of size fraction j appearing in the size fraction i after breakage. Product mass flow
is assumed to be proportional to the mass contents; i.e.,

p = Dm, (5.2)

where D is a diagonal matrix representing each element in the specific discharge rate
of size j. The steady-state solution of (5.1) can be found by setting the first term to
zero and expressing p in terms of f as follows:

p = [I−C][I−CB]−1f, (5.3)
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where the vector C is the classification matrix defined as S(S+ D)−1.
The matrix B can be broken down into two parts as follows:

B = αB1 +(1−α)B2. (5.4)

The matrix B1 is associated with primary breakage and B2 is associated with the
production of fines. The term α must be found empirically as a function of the
operational variables. Here, the following expression is considered:

α = ao + a1 f + a2s+
a3

css
, (5.5)

where f is the feedrate, s is the % +1 inch in the crusher feed, css is the crusher
closed side setting, and ai are parameters to be empirically adjusted.

The model c describes crusher current and can be obtained by considering the
vector Rm which contains no fine particles. The following empirical relationship
has been proposed in [7], but also includes a term γ as a function of hardness:

c = b0 + b1r + b2r2 + b3γ, (5.6)

where the variable r is defined as

r = ∑ zi

si + si+1
, (5.7)

where zi is the ith element of Rm, and si are the upper and lower limits of the ith
fraction.

Mass retained inside the crusher chamber can be obtained as m(t) = ∑n
i=1 mi(t).

Volume is given by m(t)
ρ(t) , and bulk density ρ(t) is calculated as a function of product

size distribution [9]. Thus, level can be calculated as a function of crusher geometry
and volume of retained mass by solving the equation m(t)

ρ(t) = V (h(t)).
To obtain the value of hardness inside the crusher chamber, a simple mixing

model is considered:
dγ(t)

dt
=

f (t)
m(t)

(γ f (t)− γ(t)), (5.8)

where γ f is the ore hardness in the feed. According to the mixing model principle,
ore hardness in the crushing chamber, γ , is also product ore hardness.

5.3.2 Screens

Screens are modeled as static systems; i.e., no dynamic is associated to this equip-
ment.

As it is illustrated in Figure 5.3, undersize pu and oversize po are given by the
following relationships:
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pu = (I−C)f,
po = Cf.

(5.9)

There many forms for the efficiency curve [3]. In this work, the empirical effi-
ciency curve proposed by Hatch and Mular [8] is used:

E(xi) = ci +
(1− ci)

1 + exp(
x3

50−x3
i

k )
, (5.10)

where E(xi) is the weight fraction of a narrow size range xi of feed that reports to
oversize, ci is a term accounting for bypassing small particles to oversize and x50

is constant for a given set of operating conditions. In other words, it is modeled as
a polynomial function depending on the screen opening h, the screen feedrate of
solids and the percentage of +1 inch material in the screen feed. Ore hardness of
undersize and oversize is assumed to have the same value as feed hardness.

5.3.3 Conveyor Belts

Fixed speed conveyor belts are modeled as a pure time delay; i.e., the product is

p(t) = f(t −d) (5.11)

Flowrate             f
Size distribution f
Hardness             γf

Flowrate             pu

Size distribution pu

Hardness     γ

Flowrate             po

Size distribution po

Hardness     γ

feed

oversize

undersize

Figure 5.3 A screen
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where d is the time delay. This parameter can be estimated by using the length of
the conveyor belt l and its speed v, d = l/v. As depicted in Figure 5.4 both the feed
size distribution and the associated hardness are delayed.

feed

Flowrate 
Size distribution 
Hardness

f
f
γf

out

Flowrate 
Size distribution 
Hardness

f(t-d)
f(t-d)
γf(t-d)

Figure 5.4 A conveyor belt

5.4 Dynamic Modeling of Wet Grinding Circuits

The main elements of a grinding circuit are grinding mills, sumps, and hydrocy-
clons. The flow of material considers the water flowrate along the mineral flowrate
with the associated particle size distribution and hardness. In addition, some wet
grinding circuits involving semi-autogenous grinding (SAG) mills will consider
cone crushers.

5.4.1 Ball and Rod Mills

Ball and rod mill models are based on mass balance for material in each size interval,
following the perfect mixing model principle [2]. These equations can be written in
vector form as

dm(t)
dt

= f(t)−p(t)− γ(t)(φ [S−BS]m(t)+ (1−φ)[S−BS]m(0)), (5.12)

where f(t) is the vector of mass fraction of the mill charge, p(t) is the mass fraction
of the mill product, and φ and (1−φ) represent the fraction of first and zero order
kinetics assumed. If φ = 1, the model represents a ball mill and if 0 < φ < 1 it
represents a rod mill [10]. Figure 5.5 depicts the main input and output variables.
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The mass fraction inside the mill m can also be expressed as a function of the
mass distribution as

m(t) = hm(t), (5.13)

where h is the total hold-up in the mill. Thus Equation 5.12 can be written as

dhm(t)
dt

= f(t)−p(t)− γ(t)(φ [S−BS]hm(t)+ (1−φ)[S−BS]hm(0)), (5.14)

where matrices S and B are breakage matrices.
The total mass retained in the mill, m, can be written as

m = Vc, (5.15)

where V is the volume of slurry in the mill and c is the solids concentration; i.e., the
mass of solids per unit volume of slurry. For overflow mills, the volume of slurry
present in the mill is generally constant over a wide range of operating conditions
[11]. The variation of concentration is described by

dVc(t)
dt

= q f (t)c f (t)−q(t)c(t). (5.16)

Since V is constant q = q f , Equation 5.16 can be written as

dc(t)
dt

=
q f (t)

V
(c f (t)− c(t)). (5.17)

The ore hardness is assumed to be transported through the mill following the
perfect mixing model:

dγ(t)
dt

=
q f (t)

V
(γ f (t)− γ(t)). (5.18)

feed

f
qf

f
γf

Flowrate 
Water flowrate
Size distribution 
Hardness

product
p
q
p
γ

Flowrate 
Water flowrate
Size distribution 
Hardness

Figure 5.5 A ball mill
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In order to model the residence time more accurately, a set of mixing tanks in se-
ries can be considered. Thus, the total residence time can be obtained by connecting
several models in series. In other words, the discharge of one mill will be fed to the
next mill. The volume hold-up of each model V can be used to adjust the residence
time of each sub-model.

5.4.2 SAG Mill

The modeling of SAG mills has been addressed by different researchers [6, 12–14].
In this simulator, the model developed by Amestica [13] was implemented. The
main input and output variables are defined in Figure 5.6.

feed

f
qf

f
γf

Flowrate 
Water flowrate
Size distribution 
Hardness

product

p
qp

p

γ

Flowrate 
Water flowrate
Size distribution 
Hardness

Figure 5.6 A SAG mill

This model is based on a dynamic balance equation for ore and water mill con-
tents, as well as several sub-models for grinding, classification, mass transport and
power draw in terms of hold-up, pulp solid percentage inside the mill, and volumet-
ric filling fraction.

The grinding phenomena inside the mill is modeled by the block diagram de-
picted in Figure 5.7, where the process is decomposed into two steps.

The first block represents the grinding itself. The second block represents the
classification of ore flow emerging from the grinding chamber and considers the
effect of grate and pulp lifters. Thus, the mass balance of ore content in the grinding
chamber can be determined by the following equation:
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dm(t)
dt

= f(t)+ Cp∗(t)−p∗(t)− γ(t)Dm(t), (5.19)

where f is the fresh ore feed, C is the classification matrix and D is a lower triangular
matrix defined as

D =
Mp

Hm
R−1KER. (5.20)

The variable Hm is the ore content in the grinding chamber, Mp is the mill power
draw, matrix KE is a diagonal matrix with KE

i being the specific grinding rate of the
production of fines below size interval i, and R is a unitary lower triangular matrix.
Assuming perfect mixture, the ore discharged from the grinding chamber is given
by

p∗ =
p∗

Hm
m. (5.21)

The classification matrix C is a diagonal matrix, its elements being a function of the
mill pulp solid percentage, defined as ps = Hf /(Hf +W ).

The power draw model is given by the Austin empirical model:

Mp = kD2.5L(1−AJ) f (φ)
Hm +W +Wb

Vm
, (5.22)

where D and L are the diameter and length of the SAG mill, Vm is the internal mill
volume, J is the volumetric mill fraction occupied by the total hold-up, and Wb is
the mass hold-up of steel balls. Function f (φ) depends on the critical speed fraction
φ [15]. The parameters k and A are experimental parameters.

The water balance is given in terms of inflow water q f and discharge flow from
the mill, which is given by the following empirical expression:

qp = (α0 +
α1

H4
m

)W, (5.23)

where α0 and α1 are experimentally adjusted.
Thus, the final expression for water balance is

dW (t)
dt

= q f (t)− (αo +
α1

H4
m(t)

)W (t). (5.24)

Grinding
K

Classification
C

p

C p*

f f* p*

Figure 5.7 Block diagram of a SAG mill
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dγ(t)
dt

=
f (t)

Hm(t)
(γ f (t)− γ(t)). (5.25)

5.4.3 Hydrocyclone

A hydrocyclone is modeled as a system with negligible dynamics, since its resi-
dence time is much smaller than mills and sumps. The model equations used in the
simulator correspond to the Lynch and Rao empirical model [11]. The input and
output variables are defined as in Figure 5.8.
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Flowrate 
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Size distribution 
Hardness
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qo

fo

γf

Flowrate 
Water flowrate
Size distribution 
Hardness

Figure 5.8 A hydrocyclone

The model describes water flowrates in the overflow and cut size as a function of
cyclone parameters and operational conditions:

pu = (I−C)f. (5.26)

The efficiency curve is given by

E(xi) =
eαxi

eαxi + eα −2
, (5.27)

where xi = xi/d50, α is a parameter, and d50 is parameterized in terms of operational
variables and parameters of the hydrocyclone:

Ore hardness is assumed to be transported through the mill as
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log10d50(c) = k1v f − k2Spig + k3In + k4c− k5qs + k6, (5.28)

where v f is the vortex diameter, Spig is the spigot diameter, In is the inlet diameter,
c is the feed percentage of solids, and qs is the slurry volumetric flowrate.

The water balance is
qu = q f − r f q f , (5.29)

where r f is the percentage of water in the underflow, which has been correlated with
inlet volumetric flowrate wf and spigot diameter Spig as follows:

r f = k7
Spig
wf

− k8
1

wf
+ k9. (5.30)

All of the parameters ki, i = 1, ...,9 can be adjusted so as to model a specific hydro-
cyclone. The ore hardness of the feed is transferred to the over and underflows.

5.4.4 Sump

The sump can be modeled as a perfect mixed tank, due to its relatively small size
and the turbulence produced by the feed flow. Thus, a model for a perfect mixing
tank is considered [11]. The main input and output variables are depicted in Figure
5.9.
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Figure 5.9 A sump

Under the assumption that no change in particle size occurs in the sump, the
following mass balance equation provides a description of mass size distribution in
the sump:

dm(t)
dt

= f(t)− p(t)m(t). (5.31)

p(t) represents the mass rate of solids discharged from the sump. Sump level varia-
tions can be found by combining a volumetric balance of slurry and solid balance:

www.ATIBOOK.ir



226 D. Sbarbaro

dc(t)
dt

=
1
V

( f (t)−qs(t)cs(t)− (p(t)−qsp(t)c(t))), (5.32)

where qs(t) is the volumetric feed flowrate defined as qs(t) = q(t)+ ( f (t)/ρs) with
ρs being density of the ore. Volumetric flowrate qsp(t) is fixed by the pump. The
level of the slurry can then be calculated as a function of the volume.

Ore hardness is assumed to be transported trough the sump as

dγ(t)
dt

=
q(t)
V (t)

(γ f (t)− γ(t)). (5.33)

5.5 Model-based Control Systems Design

This section illustrates the use of a simulator in the design of model-based control
strategies for different processes. According to classical design procedure, the major
steps for an advanced model-based controller using a simulator can be summarized
as follows:

1. Define objectives. Identify control objectives with respect to economics and pro-
cess behavior (including safety).

2. Variables identification. Identify manipulated variables, disturbances and con-
trolled variables based on control objectives, process knowledge and experience.
Identify possible restrictions.

3. Experimental testing. Perform plant tests to obtain suitable data for dynamic
modeling. If possible, measure disturbance variables as well. Collect data for
further analysis.

4. Model identification. Identify a linear empirical model based on the gathered
data. If the fit is not good enough, the model can be improved by seeking non-
linear transformations on selected variables. This can be guided by using phe-
nomenological knowledge. After fitting the model, it is always useful to perform
some kind of validation; i.e., to analyze the static and dynamic characteristic of
the model and check whether they are consistent with conditions at the plant.

5. Design. Design the final controller based on the identified model. In some cases,
an identified model can be used to tune a pre-defined controller such as a PID, or
can be an integral part of the controller.

6. Closed loop simulation. Perform off-line testing and tuning of the proposed con-
troller by testing it in a closed loop against the nonlinear simulated process
model.

After finishing the design stage, an implementation and commissioning stage
follows, with final tuning adjustments made on-line. In the following examples, the
simulator will be used to carry out most of the steps described above.
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5.5.1 Models for Control Design

Process models are the core of many control strategies. They can be used for tuning
a strategy or as an integral part of the strategy itself.

Linear models are widely used to represent the process dynamic around a given
operating point. These models, as described in Chapter 4, have a given structure and
a set of parameters that can be adjusted to represent a specific process. Chapter 4 has
provided a thorough review of techniques for finding both structure and parameters
for models. This section focuses on the model structure that is suitable for predictive
control design.

A basic structure generally used for the design of discrete time controllers is an
ARMAX structure (additional structures are commented upon in Chapter 7):

A(z−1)y(t) = z−dB(z−1)u(t −1)+C(z−1)w(t), (5.34)

where y(t) and u(t) are the model output and input, respectively, and w(t) is a white
noise signal. The polynomials A(z−1), B(z−1) and C(z−1) are defined as follows:

A(z−1) = 1 + a1z−1 + · · ·+ anaz−na ;
B(z−1) = b0 + b1z−1 + · · ·+ bnbz−nb nb ≤ na;
C(z−1) = 1 + c1z−1 + · · ·+ cncz

−1nc nc ≤ na.
(5.35)

Parameters for these polynomials can be estimated using the techniques described
in Chapter 4. However, in the model predictive control framework, C(z−1) is con-
sidered as a design parameter as it has a direct effect on closed loop sensitivity [17].

In order to account for the effect of unmeasurable disturbances normally found
in practice (such as step-like disturbances), the so-called controlled auto-regressive
integrated moving average (CARIMA) structure has been proposed:

A(z−1)y(t) = z−dB(z−1)u(t −1)+
C(z−1)

Δ(z−1)
w(t), (5.36)

where Δ(z−1) = 1− z−1. The above equation can also be written as

A(z−1)Δ(z−1)y(t) = z−dB(z−1)Δ(z−1)u(t −1)+C(z−1)w(t) (5.37)

and in the time domain:

na

∑
i=1

aiΔy(t − i) =
nb

∑
i=1

biΔu(t − i−d−1)+
nc

∑
i=1

ciw(t), (5.38)

where Δy(t) = y(t)− y(t − 1) and Δu(t) = u(t)− u(t − 1). These models can be
easily extended to systems with more inputs and outputs. For instance, if the system
has a control input u(t) and a measurable disturbance p(t) acting on the process
input, then a suitable model could be

www.ATIBOOK.ir



228 D. Sbarbaro

A(z−1)Δ(z−1)y(t) = z−dB(z−1)Δ(z−1)u(t −1)+ z−dH(z−1)Δ(z−1)p(t −1)
+C(z−1)w(t),

(5.39)
where H(z−1) is a polynomial of degreenh, nh ≤ na.

These models can be used for making predictions of system output, given future
control inputs and disturbance signals. In order to obtain a prediction, it is necessary
to use Equation 5.38 recursively. In other words, first compute y(t + 1|t), then sub-
stitute the result back into (5.38) at k + 2 to obtain y(t + 2|t). A thorough derivation
of the optimal prediction can be found in [16]. In this section, a simplified deriva-
tion considering C(z−1) = 1 will be described. In order to obtain y(t +1|t), Equation
5.38 can be written as

Δy(t) = −
na

∑
i=i

aiΔy(t − i)+
nb

∑
i=1

biΔu(t − i−d)+
nc

∑
i=1

ciΔ p(t − i−d)+ w(t). (5.40)

Thus, the next step prediction with information up to time t will be

Δy(t + 1|t) = −
na

∑
i=i

aiΔy(t − i+ 1)+
nb

∑
i=1

biΔu(t − i−d + 1) (5.41)

+
nd

∑
i=1

diΔ p(t − i−d + 1)+ w(t + 1)

As the noise term represents future values, the best prediction for y(t + 1|t) will
be

y(t +1|t)= y(t)−
na

∑
i=i

aiΔy(t− i+1)+
nb

∑
i=1

biΔu(t− i−d+1)+
nd

∑
i=1

diΔ p(t− i−d+1).

(5.42)
This procedure can easily be systematized by considering the following Diophan-

tine equation:
1 = E j(z

−1)Δ(z−1)A(z−1)+ z− jFj(z
−1), (5.43)

where the polynomials E j and Fj have degrees j−1 and na, respectively.
Multiplying (5.39) by E j(z−1)z j:

E j(z−1)z jA(z−1)Δ(z−1)y(t) = z−dE j(z−1)z jB(z−1)Δ(z−1)u(t −1)
+E j(z−1)z jH(z−1)Δ(z−1)p(t −1)+ E(z−1)z jw(t)

(5.44)
and using (5.43)

(1− z− jFj(z−1))y(t + j) = z−dE j(z−1)z jB(z−1)Δu(t −1)
+E j(z−1)z jH(z−1)Δ p(t −1)+ E(z−1)w(t)

(5.45)

the prediction y(t + j) is given by
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y(t + j) = Fj(z−1))y(t)+ E j(z−1)B(z−1)Δu(t −d + j−1)
+E j(z−1)H(z−1)Δ p(t −d + j−1)+ E j(z−1)w(t + j)

(5.46)

As the last term associated with noise E j(z−1)w(t + j) only has terms in the future,
the best prediction is

y(t + j|t) = Fj(z
−1))y(t)+ G j(z

−1)Δu(t −d + j−1)+ Lj(z
−1)Δ p(t −d + j−1),

(5.47)
where G j(z−1) = E j(z−1)B(z−1) and Lj(z−1) = E j(z−1)H(z−1).

Thus, the set of N-ahead predictions starting from d steps in the future is:

y(t + d + 1|t) = Fd+1(z−1))y(t)+ Gd+1(z−1)Δu(t)+ Ld+1(z−1)Δ p(t)
y(t + d + 2|t) = Fd+2(z−1))y(t)+ Gd+2(z−1)Δu(t + 1)+ Ld+1(z−1)Δ p(t + 1)

...
y(t + d + N|t) = Fd+N(z−1))y(t)+ Gd+N(z−1)Δu(t + N)+ Ld+N(z−1)Δ p(t + N).

(5.48)
The coefficients of Fj, G j and Lj can be efficiently calculated by recursive methods
[16] or by matrix calculations [17].

These predictions can be expressed in matrix notation as follows:

y = Gu+ F(z−1)y(t)+ Ḡ(z−1)Δu(t −1)+ L(z−1)p, (5.49)

where
y = [y(t + d|t), . . . ,y(t + d + N|t)]T
u = [Δu(t), . . . ,Δu(t + N −1)]T

p = [Δ p(t), . . . ,Δ p(t + N −1)]T
(5.50)

G =

⎡
⎢⎢⎢⎣

g0 0 . . . 0
g1 g0 . . . 0
...

...
. . .

...
gN−1 gN−2 . . . g0

⎤
⎥⎥⎥⎦ (5.51)

Ḡ(z−1) =

⎡
⎢⎢⎢⎣

(Gd+1(z−1)−g0)z
(Gd+2(z−1)−g0 −g1z−1)z2

...
(Gd+N(z−1)−g0−g1z−1 − . . .−gN−1zN−1)zN

⎤
⎥⎥⎥⎦ (5.52)

L(z−1) =

⎡
⎢⎢⎢⎣

Ld+1(z−1)
Ld+2(z−1)

...
Ld+N(z−1)

⎤
⎥⎥⎥⎦

T

, F(z−1) =

⎡
⎢⎢⎢⎣

Fd+1(z−1)
Fd+2(z−1)

...
Fd+N(z−1)

⎤
⎥⎥⎥⎦ (5.53)

Parameters gi, i = 0, . . . ,N −1 are the coefficients of GN−1 and can be obtained by
solving (5.43) for E j and Fj.

www.ATIBOOK.ir



230 D. Sbarbaro

In order to obtain a prediction, it is necessary to know the future value for the
disturbance. A common practice is to assume that it will have a constant value equal
to the last measured value [17]. Taking this observation into account, Equation 5.49
can be written as:

y = Gu+ f, (5.54)

where f is a vector composed of both controlled and control variables known at time
t.

5.5.2 Generalized Predictive Control

In this section, a brief summary of a model-based control algorithm is given. A
thorough description can be found in [16] and [18]. A practical presentation, with
only a few equations but deep insight, is given in [19]. Chapter 7 provides a survey
of current industrial control products based on model-predictive approaches.

The generalized predictive control (GPC) algorithm applies a control sequence
that minimizes a multistage cost function of the form:

J = ∑N2
j=N1

[
y(t + j|t)− r(t + j)

]2

+λ ∑Nu
j=1

[
Δu(t + j−1)

]2 (5.55)

subject to Δu(t + j−1) = 0 for j > Nu. The variable y(t + j|t) is an optimum j-step-
ahead prediction of system output on data up to time t. N1 and N2 are the minimum
and maximum costing horizons, Nu is the control horizon, λ is the weight of future
control actions and r(t + j) is the desired trajectory.

Using the predictive model (5.54) with

y = [y(t + N1|t), . . . ,y(t + N2|t)]T
u = [Δu(t), . . . ,Δu(t + Nu −1)]T

f = [ f (t + N1), . . . , f (t + N2)]
T

(5.56)

and

G =

⎡
⎢⎢⎢⎣

g0 0 . . . 0
g1 g0 . . . 0
...

...
. . .

...
gN2−N−1−1 gN2−N−1−2 . . . g0

⎤
⎥⎥⎥⎦ (5.57)

Equation 5.55 can be expressed as follows:

J =
[
Gu+ f− r

]T [Gu+ f− r
]

+λ uT u,
(5.58)

where r = [r(t + N1), . . . ,r(t + N2)]
T .
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Supposing that no constraints exist on the control signal, the minimum value of
J can be found through the gradient zero:

u =
[
GT G + λ I

]−1GT (r− f). (5.59)

In order to deal with constraints and profit from efficient optimization programs
such as linear programming (LP) algorithms, the objective function is recast in the
following form:

J(Δu) = ∑N2
j=N1

∑n
i=1 |yi(t + j|t)− r(t + j)|

+λ ∑Nu
j=1 ∑m

i=1 |Δui(t + j−1)| (5.60)

where N1 and N2 define the costing horizon, Nu defines the control horizon and n
and m are the number of outputs and inputs, respectively. Absolute values of the
output tracking error and absolute values of control increments are taken from their
squares, as is usual in GPC. If a set of auxiliary variables μi ≥ 0 and βi ≥ 0 are
defined so that

−μi ≤ yi(k + j|t)− r(k + j) ≤ μi

−βi ≤ Δui(k + j−1) ≤ βi

0 ≤ ∑n·(N1−N2)
i=1 μi + λ ∑m·Nu

i=1 βi ≤ ζ ,

(5.61)

then ζ is an upper bound of J(Δu) and the problem is reduced to minimize the upper
bound ζ [16].

When constraints on output variables [ymin,ymax], manipulated variables [umin,
umax] and slew rate of the manipulated variables [ũmin, ũmax] are taken into account,
the problem can be formulated as a LP problem with

min cT x subject to Ax ≤ b, x ≥ 0
x

(5.62)

with

x =

⎡
⎢⎢⎣

ũ− ũmin

μ
β
ζ

⎤
⎥⎥⎦ c =

⎡
⎢⎢⎣

0
0
0
1

⎤
⎥⎥⎦ (5.63)

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

G −I O 0
−G O O 0

G O O 0
−G O O 0

I O −I 0
−I O −I 0

I O O 0
T O O 0

−T O O 0
0 1t 1tλ −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(5.64)
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b =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−Gũmin − f + r
−Gũmin + f− r

ymax −Gũmin − f
−ymax + Gũmin + f

−ũmin

ũmin

ũmax − ũmin

umax −Tũmin −1 ·u(k−1)
−umin + Tũmin + 1 ·u(k−1)

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(5.65)

where matrix T is a lower triangular matrix whose entries are ones, O is a matrix
whose entries are zeros, I is the identity matrix and 1 is a vector composed of ones.

5.6 Model-based Control Strategies for Grinding Circuits

Developing a control strategy for a grinding circuit is an extremely complex task.
This is due to the large number of variables involved in the process, the high degree
of interaction between them, highly nonlinear and time-varying dynamics, long time
delays and strong non-measured disturbances such as ore hardness. Two examples
illustrate the use of a simulator for designing and testing model-based control strate-
gies for grinding circuits.

5.6.1 Regulatory Control of a Conventional Grinding Circuit

Control of conventional grinding circuits has been widely studied, through both nu-
merical simulation and plant experiments. Proposals for grinding control strategies
include, for instance, PID regulators [20, 21]; multivariable control systems [21–
23]; adaptive control [24, 25] and optimal control [26]. Most of these strategies
try to maintain tight level control over the sump box by manipulating pump speed.
This approach results in a highly coupled system, as inlet flow disturbances of the
sump box are propagated towards the battery of hydrocyclones, producing undesir-
able transient dynamics, which can affect the recovery of valuable minerals in the
rougher flotation stage.

This section describes a constrained model-predictive control system formulated
as a LP problem. This dynamically optimizes the operation of the grinding circuit,
enabling the incorporation of some operational practices usually seen at grinding
plants, such as maximization of production at a constant fineness [27]. Furthermore,
under this formulation, inlet flow disturbances from the sump box towards the hy-
drocyclones are decoupled in a natural way, achieving a smoother grinding circuit
operation. The solution to the optimization problem results in a control strategy sim-
ilar to the stabilizing strategy at Amax’s Buick Mine, as described by Herbst [20].
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The basic phenomenological model for a classical grinding circuit as depicted
in Figure 5.10 consists of a rod mill model, a ball mill model, a sump model and
pump-cyclone models.
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Figure 5.10 Block diagram of a conventional grinding circuit

The grinding process is represented by a multiple-input multiple-output (MIMO)
system for which the following control inputs are considered:

1. water addition to the sump box (u1);
2. fresh ore feedrate to the rod mill (u2);
3. pump speed (u3).

The outputs are:

1. product fineness (y1);
2. circulating load (y2);
3. sump level (y3).

Water addition to the rod mill is a constant fraction of the fresh ore feedrate
(m3/h of water = ton/h of fresh ore/1.86) [24]. Sump box level is regulated with a
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PI controller. Table 5.1 lists control and controlled variables and their corresponding
controllers.

Table 5.1 Control and controlled variables and their corresponding controller

Control var. Controlled var. Controller
1. Pump speed Sump box level PI
2. Ore feedrate Water addition P

to the rod mill
3. Water addition Product fineness GPC

to the sump box
4. Ore feedrate Circulating load GPC

Process model parameters are identified by using a set of identification data and
a least-squares method. Figure 5.11 shows controlled and control variables through
several changes in set-points and ore hardness.

As a result of using a tight level control around the sump box, the speed pump
propagates flow disturbances from the sump box towards the battery of hydrocy-
clones, producing undesired transient dynamics in the grinding circuit. These are
emphasized when an increment in ore hardness occurs, as seen in Figure 5.11 at
410 min.

In this case, the grinding process is represented by a 3 × 2 MIMO system, in
which the following control variables are considered:

1. water addition to the sump box (u1);
2. fresh ore feedrate to the rod mill (u2);
3. pump speed (u3).

The outputs considered are:

1. product fineness (y1);
2. sump box level (y2).

Under this formulation, several operation strategies can be designed by changing
weight parameters in the cost function to be optimized.

The control objective for a typical operating strategy used in grinding plants max-
imizes fresh ore feedrate to the rod mill and circulating load indirectly, considering
constraints in product size, sump box level, fresh ore feedrate, speed pump, as well
as the slew rate of control variables.

The control of circulating load is important, as high recirculation at a fixed prod-
uct size means lower energy consumption [20]. However, circulating load is a non-
measured variable most of the time. Therefore, sump box level and speed pump are
taken as a good indication of the circulating load. A high level indicates maximum
circulating load and a low level, minimum load [20]. Therefore, tonnage is increased
to a point where sump box level constraints are met.
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Figure 5.11 Controlled variables. (a) Product size (%). (b) Circulating load (ton/h). (c) Sump box
level (%). Control variables. (d) Rod mill feedrate. (e) Water to sump box. (f) Speed pump

Under this formulation, the sump box level is used to decouple inlet disturbances
from the sump box towards the hydrocyclones. The proposed control strategy main-
tains the speed pump at its maximum operating value, considering the number of
hydrocylones and ball mill capacity. This fixes the volumetric flow Q towards the
hydrocyclones, so that d54(c) is governed solely by the percentage of solids in the
inlet to the hydrocyclones, which can be regulated through the fresh ore feedrate
and with water addition to the sump box level, considering volumetric flow balance
around the sump box. This formulation is particularly useful for rougher flotation
stages which are extremely sensitive to particle size distribution .

The strategy is first tested without considering constraints in the fresh ore fee-
drate. Figure 5.13 shows the controlled and control variables, respectively. It can be
seen from Figure 5.13 that the speed pump reaches its constraint level at 60% and
remains there until 300 min, when an increase of the constraint occurs. During this
time, the fresh ore feedrate is maximized and the the sump box level is maintained
close to its maximum restriction at 80%. Therefore, circulating load is indirectly
maximized, maintaining a desired product fineness, which means lower energy con-
sumption. At 230 minutes, a change in the index function is made, increasing the
weight parameters of the feedrate. Figure 5.13 shows that the fresh ore feedrate is
increased until product fineness reaches its lower constraints and the sump box level
remains close to its highest constraint.
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At 362 min, an increment of ore hardness to the rod mill is simulated, causing a
reduction to product size. This is regulated through a reduction of fresh ore feedrate
and an increase to water addition to the sump box, reducing the percentage of solids
to the battery of hydrocyclones, satisfying the volumetric balance around the sump
box. Therefore, the speed pump remains at its upper constraints, achieving a more
stable grinding circuit, one without oscillations.

As the control strategy maximizes the fresh ore feedrate at all times, it is neces-
sary to constrain the maximum value of this variable, as it can lead to overloads in
the rod mill.

5.6.2 Supervisory Control for SAG Grinding Circuits

The control of SAG grinding circuits has historically been done with expert sys-
tems [28], where a set of controllers are activated by operating conditions. Early
approaches considered a combination of logic based on signal selectors and feed-
back controllers. Reference [29] describes an application of this approach at the
Paddy’s Flat gold plant of Dominion Mining Ltd Western Australia. With the ad-
vent of expert system shells, the logic was enhanced and coded as rules, which were
easier to adapt to the different requirements of each installation. Some examples
can be found in [30], where an application in Boliden Minerals Aitik concentrator
is described. Additional examples can be found in two gold ore grinding circuits in
South Africa, [31] and [32].

Recently, Thorton [33] has summarized the main challenges faced by control
strategy design for SAG mills. He has proposed the use of both feedback and feed-
forward controllers to account for the effects of major plant dynamics and distur-
bances. Their implementation has led to a successful application (95% operator uti-
lization) of conventional control techniques at two SAG milling circuits at North-
parkes Copper Mines.

In recent years, model-based strategies have gained attention due to their suc-
cesses in many process-based industries, such as the petrochemical industry. Early
work on the application of model-based controllers to SAG mills can be found in
[34] and [35]. Recent industrial applications of this approach have been carried by
Ideas Simulation and Control [36].

The following sub-section is based on work carried out by Garrido [37]. It
demonstrates the versatility of a simulator for studying process dynamic and ad-
vanced control strategies at SAG mills.

5.6.2.1 Open Loop Responses

As a first step, the simulator was configured for a simple SAG mill circuit, as de-
picted in Figure 5.14.
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Figure 5.12 Controlled variables. (a) Product size (%). (b) Circulating load (ton/h). (c) Sump box
level (%). Control variables. (d) Rod mill feedrate. (e) Water to sump box. (f) Speed pump
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Figure 5.13 Controlled variables. (a) Product size(%). (b) Circulating load (ton/h). (c) Sump box
level (%). Control variables. (d) Rod mill feedrate. (e) Water to sump box. (f) Speed pump
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Figure 5.14 Simulation set-up for a SAG mill circuit

Simulation examples illustrate the effect of ore feed size distribution and ore
hardness on mill filling level and power draw. Four feed size distributions are con-
sidered in order to demonstrate the effect of these variables. The different feed com-
positions are given in Table 5.2.

Table 5.2 Feed size distributions

Size distribution Fines Medium Coarse
1. Normal 62.5 10.7 26.8
2. increased fines and medium and decreased coarse 64.02 13.34 21.64
3. increased fines and coarse and decreased medium 40.63 8.34 51.03
4. no medium size 65.1 0 34.9
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In Table 5.2, fines are defined as being a size smaller than 50mm, medium as a
size in the interval of [50,1000]mm, and coarse for size bigger than 100mm. It is
worth noting that these size distributions have been chosen solely to illustrate their
effects. However, the distribution labeled normal corresponds to a real distribution
obtained from a SAG mill. The simulation conditions were feed flowrate of 100
ton/h, water-mineral ratio controlled at a 76% of solids, speed at 9.5rpm and no
changes to ore hardness. The simulation starts with distribution 1, at 300 minutes it
changes to distribution 2, at 340 minutes to distribution 3 and finally, at 600 minutes
to distribution 4.
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Figure 5.15 Level and power draw response after changes in feed size distribution

Figure 5.15 shows that under size distribution 1, the mill operates with a filling
of 25% and power draw of 10.6MW. At time 300 minutes, ore feed distribution
has fewer coarse particles. Both level and power draw start to increase, up to a
point around 320 minutes, where power draw starts to decrease but level continues
increasing. This is an undesirable operating region. At time 340 minutes, power
draw starts to increase again, due to a distribution with coarser particles (distribution
3). After reaching a peak, power draw follows the same tendency as filling level.
From time 600 minutes on, the feed does not have medium-sized particles. The mill
increases filling level and power draw up to 29.7% and 10.72MW, respectively.
These simulations show how sensitive SAG mill operation is to changes in feed
particle size distribution. This variable represents one of the main unmeasurable
disturbances affecting operation.
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The next two simulations illustrate the effects of a 30% increase in hardness on
two ore feedrates. Level and power draw for an ore feedrate of 1095 ton/h is depicted
in Figure 5.16, where the change occurs at 200 minutes. Only after 50 minutes is
there a variation in level and power draw, reaching a stable, steady-state.
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Figure 5.16 Level and power draw for a change in the ore hardness with a 1095 ton/h ore feedrate

However, if the ore flowrate is 1200 ton/h, the SAG mill enters a region where
level and power draw do not follow the same tendencies. As level increases, power
draw decreases, stabilizing at 30.5% and 10.71MW respectively, as seen in Figure
5.17.

5.6.2.2 A Two-level Optimizing Strategy

The goal of an optimizing strategy is to maximize feedrate without violating opera-
tional constraints. To reach this objective, a two-level strategy is proposed. The first
level considers the stabilization of main operating variables. The second level sets a
desired filling level so that the mill can operate near this optimal point.

The design of the control strategy considers a system composed of a SAG mill
and a sump as a MIMO system with four inputs, five outputs and two unmeasurable
disturbances as listed below.

The inputs are:

1. water addition to the sump box (u1);
2. fresh ore feedrate (u2);
3. pump speed (u3);
4. mill speed (u4).
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Figure 5.17 Level and power draw for a change in the ore hardness with a 1200 ton/h ore feedrate

Outputs are:

1. power draw (y1);
2. pebbles flowrate (y2);
3. sump level (y3);
4. pulp density of sump output flowrate (y4);
5. level filling (y5);

and disturbances:

1. hardness (d1);
2. feed particle size distribution (d2).

In this application, all output variables are not required to reach a set-point. Some
of them, for example the flow rate of pebbles, are only required to stay within a
certain range.

In the first level, four control loops are implemented: inlet pressure in the hy-
drocyclones is controlled by the number of hydrocyclones in operation. (Therefore,
this variable is considered as constant in this simulation.) Sump level is controlled
by pump speed, considering a model in terms of pump speed, water flowrate and
fresh ore feedrate. Density is controlled by the water feedrate and also considers ore
feed rate as a measurable disturbance. Filling level is controlled by the ore feedrate
and mill speed is subject to constraints in the pebble flowrate. The controller consid-
ers a model including mill speed, fresh ore feedrate and the pebble flowrate, which
is modeled in terms of mill speed and fresh ore feedrate.

The stabilizing strategy was simulated by considering a constant particle size
distribution and a ratio between water flowrate and ore feedrate of 76% as well as a
change of 30% in ore hardness at time 250 minutes. Figure 5.18 shows the response

www.ATIBOOK.ir



242 D. Sbarbaro

of the strategy for different changes in the filling level set-point. Between 100 and
160 minutes, the set-point is smaller than the constraint and the controller is able
to take the process at its value. However, at 160 minutes the set-point is larger than
the constraint and the controller stabilizes the processes at the constraint. At 230
minutes, the constraint on the filling level is lifted and the controller is able to take
the process to the reference point. The density is controlled at its set-point and is
only perturbed when the controller activates the constraints, as seen in Figure 5.20.
Finally, all supervised variables (pebble flowrate and sump level) are maintained in
their normal operational ranges, as seen in Figure 5.19.
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Figure 5.18 Stabilizing controller: filling level, fresh flowrate, mill speed
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Figure 5.19 Stabilizing controller: pebbles flowrate, sump level, pulp flowrate
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Figure 5.20 Stabilizing controller: percentage of solids and water flow rate

The supervisory level (second level) calculates a set-point for filling level so that
the SAG mill always operates at a point near its maximum possible power draw.
Power draw level is modeled as a quadratic function of mill filling level [37]. The
strategy tries to maximize power draw while keeping all variables within defined
constraints. If no constraint is active, then optimal operation will be obtained when
the gradient of this quadratic function is zero.
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Figure 5.21 Optimizing controller: filling level, fresh flowrate, mill speed, gradient

Figure 5.21 shows how the supervisory level changes the set-point every 50 min-
utes so that ore feedrate is maximized. Gradient values near zero provide an indica-
tion of being at an optimal value. At time 250 minutes, ore hardness increases and
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the controller decreases the ore feedrate in order to compensate for this disturbance.
This keeps mill operation at optimal conditions, as seen in Figure 5.21. Figure 5.22
shows that pebble flowrate and sump level stay within the pre-defined limits. The
percentage-of-solids control loop is able to cope with interactions and changes to
set-point, as seen in Figure 5.23.
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Figure 5.22 Optimizing controller: pebbles flowrate, sump level, pulp flowrate
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Figure 5.23 Optimizing controller: percentage of solids and water flowrate
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5.7 Conclusions

This chapter has presented a dynamic simulator for comminution circuits. The im-
plemented models are standard simplified models of the main equipments found
in a comminution circuit, representing the main temporal features of the variables
involved. A modular approach allows for future model upgrades, as well as the pos-
sibility of adding new ones. The use of this type of simulator simplifies the develop-
ment and testing of complex control strategies. Two case studies have demonstrated
the flexibility of the simulator and the potential of a simulation environment for
blending different types of models. This tool not only enables the design of model-
based controllers, but it can also be used for testing and debugging other types of
control strategies such as those based on expert systems.

Real-time integration of this dynamic simulator with industrial control systems
is also possible via object link embedding for process control. This standard spec-
ifies the communication of real-time plant data between different control devices
and provides new opportunities for process and control engineers to improve plant
knowledge and control strategies.
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Chapter 6
Automatic Control of Flotation Columns

René del Villar, André Desbiens, Miguel Maldonado, Jocelyn Bouchard

Abstract Since their first commercial application for mineral separation in the early
1980s, flotation columns have become a standard piece of equipment in mineral
concentrators particularly for cleaning operations. This chapter presents and dis-
cusses the most recent advances in instrumentation and automatic control of flota-
tion columns. It also examines how current industrial practice could benefit from
recent academic developments in these areas. A particular emphasis is placed on the
development of specific sensors for the continuous monitoring of process operations
and their regulation.

6.1 Introduction

Flotation is a commonly used method for separating valuable minerals (metal con-
taining) from useless mineral (gangue). It consists in injecting air bubbles in a vessel
where a finely ground mixture of minerals (ore) is also introduced as a slurry. Parti-
cles are maintained in suspension by means of an agitator in the so-called mechani-
cal cells, and by a rising flow of bubbles in column-cells. If valuable mineral parti-
cles are adequately conditioned (hydrophobicized), they should attach to the rising
bubbles forming bubble–solid aggregates and move up as result of the difference
in specific gravity between pulp and mineralized bubbles. These aggregates finally
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reach the top of the vessel as a stable froth, where they are removed, usually consti-
tuting the valuable product (concentrate). The non-floatable particles (hydrophilic),
which do not attach to the bubbles, settle and leave the vessel through the bottom
port as non-valuable product called tailings. This separation scheme is called direct
flotation. In some rare cases, the tailings stream may constitute the valuable product,
whereas the concentrate is the discarded product (inverse flotation). In some flota-
tion devices (i.e., columns) the froth is sprayed with clean water, which, if adequate
conditions prevail, moves downwards (bias flow) cleaning the froth from undesired
entrained particles.

Despite the highly sophisticated devices (instrumentation and data acquisition)
often found in mineral processing plants, the huge amount of data usually accumu-
lated in their historians is only partially used. Their utilization for automatic control
purposes is rather limited, especially when compared with other types of process
plants such as chemical or petrochemical industries

For instance, typical regulatory control strategies implemented in industrial
columns are basically limited to: (a) controlling the froth depth by manipulating
the tailing flow rate (to indirectly influence the concentrate recovery); (b) manipu-
lating the gas rate to attain the desired recovery. Since the bias rate is not currently
measured, the cleaning action of the froth zone is, at most, manually controlled by
manipulating the wash water rate. Besides gas rate, none of the gas dispersion prop-
erties, nor the bias rate are used for automatic control purposes.

However, some control strategies based on gas dispersion properties as secondary
variables, such as gas hold-up and gasrate, have been proposed by academic re-
searchers. Recent studies have shown that another gas dispersion property, called
“bubble surface area flux (Sb)”, a combination of gas rate and some average bubble
size, is strongly related to flotation performance. Thus, an extended control approach
considering Sb is worth considering. This means controlling bubble size and gas rate
to get a desired Sb value. All these matters will be discussed in Sections 6.4 and 6.5.

The metallurgical performance of a flotation column is determined by the valuable-
mineral concentrate grade and recovery, often called primary variables, as they de-
termine the revenue the plant is able to get from the sale of its concentrate. Whereas
the grade can be measured on-line using an X-ray on-stream analyzer (OSA), the
recovery must be estimated from steady-state mass balance, which usually intro-
duces some sort of estimation error, therefore strongly limiting its use for control
purposes. The long sampling times and cost of these OSA devices, usually multi-
plexed, also favour the use of a hierarchical control. In such a scheme, secondary
variables, ideally strongly correlated with the primary ones and measured or at least
precisely estimated, are controlled. In the specific case of the flotation column, the
interface position (froth depth), bias rate and gas hold-up or bubble surface area flux
are convenient secondary variables. Ideally, the controller must adequately deal with
the interactions between the variables and take into account various operational con-
straints. The set points of the secondary variable controllers are optimally calculated
by a supervisory control strategy which optimizes an economic criterion. This cost
function is based on the relationships between the secondary and primary variables,
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the operating costs and the market value of the sellable product (e.g. the Net Smelter
Return).

It is evident that to develop some form of real-time optimization (RTO) for a
given process, some previous steps must first be completed, namely to dispose of:
(a) physical or virtual sensors for measuring the critical variables of the process; (b)
efficient control strategies able to adequately face the inherent complexity of multi-
variable processes with interactions; (c) mathematical tools to continuously modify
the secondary variable set points to maximize the economic profit of the considered
process. Many industrial and/or academic research groups have been working on
these subjects. The LOOP group (Université Laval) has been especially interested
in the application of all these aspects to the optimization of flotation column oper-
ation. Their experience and that of other research groups (particularly the McGill
Mineral processing group on sensors) will be described in this chapter. The chap-
ter is organized as follows. First, Section 6.2, Process Description, presents a brief
description of the column flotation process and its main operating variables. Then,
Section 6.3, Sensor Development and Applications discusses the available methods
for measuring the main variables specific to flotation columns. Section 6.4, Auto-
matic Control discusses current approaches for automatic control. Finally, Section
6.5, Future Trends and Industrial Applications, reviews possible research orienta-
tions of flotation column sensors and control research and opportunities for indus-
trial applications.

6.2 Process Description

The flotation column being considered in this chapter was conceived by P. Boutin
and R. Tremblay in the early 1960s [1, 2], and was first commercialized by Column
Flotation of Canada (CFC) in the 1970s [3]. The first successful industrial appli-
cation was at Les Mines Gaspé (North-East Québec, Canada) in 1981 [4]. Since
then, this unit has acquired great popularity in the mineral separation business ow-
ing to its capability for producing clean concentrates at good recoveries. Although
the original CFC column had a squared section (36 in or 72 in), present columns are
of a circular section, typically 3 m in diameter. Large capacity plants though, have
chosen rectangular shapes, internally baffled to approach plug flow conditions (e.g.,
20 m by 4 m baffled at 1 m by 1 m). A schematic representation of a flotation col-
umn is given in Figure 6.1. A conditioned pulp stream is fed at 2–3 m from the top
of the column, whereas a flow of gas (usually air) is injected at the bottom through
a bubbling system or sparger. A unique feature of the flotation column is the addi-
tion of a fine spray of water above the overflowing concentrate stream; its objective
will be explained later. Under normal operating conditions, the column exhibits two
distinct regions, each having a different objective and air content (volume fraction).
The lower zone, between the feed port (roughly) and the air bubbling system at the
bottom, typically contains less than 20% of air. The zone between the feed port and
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the column overflow exhibits much greater air content (above 70%); thus it is named
the froth zone.

As mentioned before, water is usually sprayed on the overflowing froth. Provided
adequate conditions are met (water balance in the upper zone and gas rate value),
part of this water finds its way down to the bottom, washing down from the froth
zone any liberated hydrophilic particles that could have been hydraulically entrained
there by the ascending bubbles. In this form, the overflow concentrate will be freed
from undesired gangue particles, thus improving its final grade. As a result of this
washing action the froth zone is also called the cleaning zone.

The sine qua non condition for an effective flotation separation is the different
behavior with respect to water and air, of the various mineral components of the pro-
cessed ore. Some particles, typically the valuable mineral, will attach themselves
to air bubbles (hydrophobic) whereas others, typically the undesired minerals or
gangue, will remain in the water phase (hydrophilic). Almost all minerals are natu-
rally hydrophilic. To render some minerals hydrophobic, while keeping hydrophilic
the remaining ones, various chemical reagents are generally required: collectors, ac-
tivators, depressants and pH modifiers. These chemicals are normally added in the
preliminary stage of pulp conditioning. However, chemical reagents may be directly
added to the flotation device. The reagent addition has obviously an important im-
pact on the metallurgical performance as it will determine the ability of the valuable
particles to be “collected” by the bubbles and thus transferred to the concentrate. Air
bubble properties also play an important role in the collection process; for instance
smaller bubbles exhibit a greater specific area (area/volume) and thus have a greater
particle-carrying capacity. Bubble diameter also influences the ascending speed of
bubbles, whereas its volume affects the buoyancy characteristics of the particle–
bubble aggregates. The reagent used to modify the bubble properties, acting only
upon the air–water interface, is the so-called frother, typically a water-soluble al-
cohol. Preliminary laboratory testing is usually carried out to determine the proper
dosage of all these reagents.

Figure 6.1 Schematic repre-
sentation of a flotation column
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Flotation column operation is characterized by specific variables, namely froth
depth, bias rate, gas rate, gas hold-up, bubble size and bubble surface area flux. The
last three variables, known as gas dispersion properties, partly define the hydrody-
namic conditions which govern the metallurgical performance, and as such, current
research has centered on gas dispersion as being the key hydrodynamic character-
istic of flotation. All these variables are defined hereafter and their measurement is
explained in more detail in Section 6.3.

6.2.1 Froth Depth

As its name indicates, this variable (Hf ) corresponds to the distance between the
top of the column (overflow) and the position of the pulp–froth interface. It deter-
mines the relative height of cleaning and collection zones, and consequently, the
mean pulp residence time in the collection zone of the column. As such, it strongly
contributes to the value of the collection zone recovery, although other variables
such as gas flow rate, bubble diameter, etc. also have an influence. As a result of its
integrator behavior, it must be closely monitored and controlled for stable column
operation. This variable is currently measured by devices described in Section 6.3
and its regulatory control loop is normally implemented in most mineral separation
plants (concentrators).

6.2.2 Bias Rate

Perhaps the most characteristic feature of flotation columns is the addition of a fine
spray of water, called wash water, at the top of the device, on the surface of the
overflowing concentrate stream. In addition to stabilizing the froth and facilitating
the removal of the bubble–particle aggregates from the concentrate launder, this
stream washes down to the pulp zone, hydrophilic particles that might have been
entrained with these aggregates. This washing action can only take place if a proper
water mass balance is assured in the lower part of the column, i.e., the collection
zone, so that part of this wash water can make its way down the froth zone.

This net downward water stream is called the bias rate [5]. For scaling purposes,
it is commonly expressed as a superficial bias rate (Jb), i.e., the bias flow rate (cm3/s)
divided by the column cross-sectional area (cm2). The bias rate is said to be positive
if water moves down the column, and negative otherwise. When this latter case
occurs, the concentrate becomes stained with entrained hydrophilic particles and
the grade decreases, which is a non-desirable situation. While some authors claim
that a slight, but positive, bias rate ensures an adequate cleaning action [5], others
have established that small values do not contribute to reducing the entrainment
of gangue [6]. On the other hand, high bias rates (above 0.4 cm/s) are detrimental
since they might generate increased froth mixing and thus, drop-back of collected
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particles [7]. During column operation, bias rate can become negative as a result
of an excessive gas flow rate, entraining most of the wash water over the top of
the column, diminishing the cleaning action of the froth zone. On the other hand,
increasing bias rate would affect the residence time of ascending bubbles and that of
settling particles in the collection zone, thus altering the recovery. Its action may also
reflect on the froth zone recovery. Unfortunately, all these observations are mostly
qualitative since bias rate measurements, particularly in three-phase systems, are not
very reliable, as shown later on.

6.2.3 Gas Hold-up

This represents the volumetric fraction of gas in the considered zone (froth or col-
lection). It is estimated through Equation 6.1, where the term volume might refer to
the whole zone (overall gas hold-up) or part of it (local gas hold-up):

εg(%) = 100 · Volume of bubbles
Total volume

(6.1)

Since gas is often considered as a flotation “reagent”, and thus influencing the
concentrate recovery, plant metallurgists have been interested in monitoring the gas
dispersion within the column using the air hold-up. Its value strongly depends on
prevailing values of gas rate, frother concentration, bias rate and solid concentration.

6.2.4 Bubble Size

This is defined as the diameter of an equivalent spherical bubble (Db). Note that
bubbles in different sizes give rise to a bubble size distribution (BSD) as shown in
Figure 6.2(b) here represented by a histogram. The collection of mineral particles
by bubbles greatly depends on the amount of bubble surface available as they pass
through the column. Therefore, both their surface and their ascending speed are
important. Consequently, a more adequate way of monitoring the influence of gas
on the flotation process is to use the amount of bubble surface area per unit time of
a cross-sectional area of the column instead of the gas hold-up. This variable, called
bubble surface area flux, or Sb, can be evaluated from the number of bubbles per unit
time (nb), the surface of one bubble (Ab) of diameter (Db), and the cross-sectional
area of the column (Ac) as shown in the left part of Equation 6.2 [5].

Sb =
nbAb

Ac
=

6Jg

Db
. (6.2)

Figure 6.3 illustrates the bubble surface area flux concept. Assuming a suitable
mean bubble diameter, it can be estimated by the right part of Equation 6.2, where
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Jg is the gas superficial velocity (gas volumetric flow rate divided by column cross-
sectional area, m/s). Typically, the Sauter mean diameter (D32) is used.

However, industrial bubbling devices produce a rather broad BSD, making the
use of a single mean diameter inaccurate, since the same value could be obtained
from quite different size distributions. This point will be discussed in Section 6.3.
Recent studies made by Gorain et al. [8] have shown that flotation performance,
expressed in terms of the flotation kinetic constant, is strongly related to bubble sur-
face area flux. It was demonstrated that neither the bubble size, nor the gas hold-up,
nor the gas superficial velocity, independently considered, could adequately corre-
late to the kinetic constant. On the other hand, it was shown that the bubble surface
area flux exhibited a linear relation with the kinetic constant, at various impeller
speeds. Similar results were later reported by other researchers [9, 10]. Although
Sb seems a potential control variable to achieve a given metallurgical performance,
its present definition disregards important information related to the shape of the
BSD, such as multi-modal, narrowness and tail properties. Therefore, formal con-
trol strategies should take into account the Sb value in conjunction with the shape of
the BSD. This issue will be discussed in Section 6.5. Controlling the bubble diame-
ter implies manipulating some key variables, such as the gas superficial velocity, the
frother concentration, and in some cases the bubble generator (either the pore size
for laboratory porous spargers, or the output orifice size in the case of some commer-
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Figure 6.2 (a) Picture of laboratory column bubbles. (b) Histogram representation of bubble size

Figure 6.3 Bubble surface area flux concept
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cial bubblers). The gas superficial velocity can easily be measured using commer-
cially available gas flow meters. However, the frother concentration measurement
presents a major challenge, since no sensor exists for a continuous measurement.
Some alternatives are possible though, as will be explained later. Nesset et al. [11]
proposed empirical models relating D10 and D32 to both superficial gas velocity and
frother concentration for forced air mechanical cells. Both models are only valid un-
der steady-state conditions where a large number of bubbles are counted, typically
10000.

D32 = D0 +C · Jn
g . (6.3)

In this relationship D0, C and n are parameters to be adjusted. This is a modified
version of that proposed by Dobby and Finch [12] for porous spargers in columns,
where the term D0 was not included. In this way, the Sb can be estimated for a given
frother concentration as follows:

Sb =
6 · Jg

D0 +C · Jn
g
. (6.4)

To model the effect of frother concentration on bubble size, an empirical model
was proposed by Finch et al. [13]. An exponentially decreasing function plus a
constant was proposed for modeling the Sauter mean diameter D32 in terms of the
normalized frother concentration (Equation 6.5). In this equation, DI , a, b are ad-
justable parameters, C is the frother concentration and CCC is a parameter called
“critical coalescence concentration” [14], defined as the frother concentration where
the Sauter mean diameter D32 is no longer affected by a further increase in frother
concentration.

D32 = DI + a · exp
{
− b ·C

CCC

}
. (6.5)

The effect of frother type and concentration on the bubble size has also been
explored [15, 16]. This dependence was found to be similar for various types of
frothers (n-pentanol, MIBC, DF-250, F-150, F-140). The impact of frother con-
centration on the whole BSD is only described qualitatively by looking at the his-
tograms generated. It is observed that an initially bi-modal BSD at very low frother
concentration becomes narrower and a uni-modal shape is obtained as the frother
concentration increases. In these works, no information regarding the shape of the
BSD was provided, as histograms are only being used for visualization purposes.
To gain some insight into the nature of the BSD, a plot of D32 against D10 was
proposed by Nesset et al. [11]. If the points (D32, D10) belonged to a very narrow
distribution, they would sit on a unitary-slope straight line, the scatter from such a
line would indicate the degree of dispersion of the size distribution. However this
type of analysis does not provide any information about the actual size distribution
shape.

An adaptive observer has been recently proposed to on-line estimate frother con-
centration [17]. It consists of identifying a set of linear dynamic models representing
the effect of gas rate on the collection zone gas hold-up at different known frother
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concentrations (calibration step). An adaptive law is then obtained using Bayes’
rule to evaluate the conditional probability of each model representing the observed
system behavior. In this way, a frother concentration estimate is calculated as a
weighted sum of model probabilities and their associated (known) frother concen-
trations. This method has been successfully tested in a two-phased system working
with Dowfroth and MIBC frothers. Extension to three-phase systems (solid–liquid
and gas) must consider the effect of solids on gas hold-up. Another concern is re-
lated to the well-known fact that some collectors or even salted water may partly
act in some degree as frothers. Unknown changes in collector dosages or salt con-
tent in process water after calibration will change the frother estimate given by the
proposed method. Therefore, the algorithm will estimate an “apparent” frother con-
centration, not necessarily resulting from the effect of frother itself.

6.3 Sensor Development and Applications

As mentioned in the beginning of Section 6.2, the first successful commercial ap-
plication of the flotation column was in Canada where it was invented. Not sur-
prisingly, the bulk of the research was initially done in Canada or more precisely
at McGill University, where a great deal of work was accomplished in the 1980s
on column flotation modeling, simulation and scale-up. In the second part of that
decade, McGill research work focused on the development of specific sensors for
adequately monitoring column operation. Various graduate students who worked
there during these years, returned to their original countries or other cities in Canada,
and the initial research work was thus spread world-wide. In the 1970s, a research
group (GRAIIM) was formed at Université Laval to work on computer applications
for the mineral industry (modeling, simulation, data reconciliation by material bal-
ances, etc.) This same group later became what is now known as LOOP, interested
in observation and optimization techniques, particularly automatic control. In the
1990s, these two groups (Laval and McGill) began a close collaboration regarding
sensor development and their use for automatic control of flotation columns.

For more than two decades, researchers from both McGill University and Uni-
versité Laval have been working on the development of specific sensors for the
measurement of flotation column operating variables: (a) the pulp-froth interface
position (hereafter simply refer to as interface position); (b) the bias rate; (c) the
gas hold-up, (d) the bubble diameter and its distribution (BSD); and (e) the bubble
surface area flux. The sensors developed for the first three variables are based on
the use of pulp electric conductivity, whereas the bubble distribution sensor (McGill
Bubble Viewer) applies an image analysis technique to pictures of bubbles. The
Laval research group has concentrated its efforts on the development of the first two
sensors, whereas the McGill group has focused on the last three.

This section and Section 6.4 will present some of their achievements in sensor
development and process control, as well as some others resulting from research
work elsewhere in the world.
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6.3.1 Interface Position Sensor

A combination of a float and an ultrasonic sensor to measure the froth depth is now
commonly used in industrial flotation plants because of the simplicity of its concept
and its non-invasive implementation (the sensor’s electronics are not in contact with
the pulp). Even though its accuracy is limited by the assumption of uniform pulp and
froth densities and by the absence of the accumulation of solids on the float gage, its
use seems satisfactory to industrial flotation column practitioners. Pressure gages
have also been used to measure the interface position [5]. Theoretically, a single
pressure transducer should suffice, as long as the average value of collection zone
(ρc) and froth zone (ρ f) specific gravity are known, as shown in Equation 6.6, where
HP indicates the position of the pressure transducer measured from the column lip,
P the pressure reading, and g the gravitational constant:

H =
ρcgHP −P
g(ρc −ρ f )

. (6.6)

Unfortunately, ρc and ρ f depend on time-varying operating conditions and con-
sequently froth depth values calculated from initial pressure transducer calibration
may not represent later operating conditions.

The use of multiple pressure transducers partially solves this problem since it
provides the extra necessary information to estimate the average value of both den-
sities at prevailing operating conditions. Normally three pressure transducers are
used, one located in the uppermost part of the froth zone, and the other two in the
collection zone, one close to the interface and the other well below. If one assumes
that the collection and froth zone specific gravities are uniform up to or from the
interface, often an unrealistic situation [18], the resulting three-equation system can
be solved for H as shown in Equation 6.7, where Pi and Hi are the pressure mea-
surement and the position (distance) of transducer i, measured from the top of the
column:

H = H3
H1(P1 −P3)−P1(H1 −H2)

H3(P1 −P2)−P3(H1 −H2)
. (6.7)

Despite the improvement in froth depth estimation provided by this method,
some problems still remain unsolved. Assuming a uniform specific gravity in each
zone might lead to incorrect results, particularly in the case of the froth density,
which is very dependent on operating conditions [18]. Moreover, the solution of the
system of equations requires that the interface be located above the intermediate
transducer otherwise the system of equations becomes underdetermined. To over-
come these problems, some researchers have looked at methods based on intensive
properties of the pulp involved. Moys et al. [19] first reported a method for measur-
ing froth depth based on conductivity and temperature profiles across the interface.
Since the former has been studied in depth, it will be discussed in the next few
paragraphs. To measure the conductivity profile across the interface, Gomez et al.
[20] proposed a probe consisting of a series of modules mounted around a stainless
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steel pipe. Each module is made of a non-conductive PVC cylinder machined to
support a stainless steel ring electrode. The conductivity value of each consecutive
pair of electrodes (conductivity cell) is sequentially measured. Once all conductivity
cells have been scanned, the conductance values are processed by an algorithm that
searches for the largest change in the conductance profile (“largest slope”); then the
interface position is assigned to the middle position of the cell generating the largest
slope. The accuracy of this “largest slope” algorithm is strongly related to the sepa-
ration between electrodes. It has been reported though, that the largest conductivity
change gives not one but two possible cells containing the interface [21].

The accuracy problem of the largest slope method was tackled by Uribe-Salas
et al. [22], by using a “fairly linear relationship” between conductance and the in-
terface position, enabling data interpolation to increase the accuracy of interface
detection. Although good results were obtained using this technique, its major draw-
back is the extensive experimentation required to obtain the linear relation between
cells’ conductance and actual interface position, which obviously has to be known.
To describe the nonlinear conductivity profile across the interface (rotated S-shape),
Pérez et al. [23] proposed the use of an artificial neural network (ANN). Although
this method provides excellent estimates, it is not suited for practical application be-
cause it requires extensive experimentation for the ANN training, where measuring
the interface position by an independent method (e.g., visual observation of trans-
parent laboratory columns or a properly calibrated probe in industrial columns) is
a must. In order to avoid the determination of linear equations in each conductivity
cell of the probe or the extensive experimentation associated with ANN training,
Grégoire proposed a semi-analytical method in which the cell containing the inter-
face is represented as a series of two electrical resistances, corresponding to its two
components: froth and pulp [21]. If the conductivity of the adjacent cells (above and
below) and the cell containing the interface are known, then these two conductiv-
ities (froth and pulp) can be estimated, and the exact interface position, X, within
that cell can be calculated.

As previously mentioned, the detection of the cell containing the interface is fun-
damental to the success of this approach. This is done through an iterative procedure
where the first step is to detect the location of the largest change in the conductance
profile. Extensive experimental work has shown that this cell does not necessarily
correspond to the interface position, as is currently supposed. Grégoire’s method can
then be applied, assuming that the interface is indeed located in this cell and then
assuming that it is located in the cell immediately above. If the first assumption was
true, then the calculation made under the second assumption would lead to a negli-
gible value for the pulp level X within the interface cell. On the other hand, if the
second assumption was true, then the calculation made based on the first assump-
tion would result in an extremely high value of X (larger than the actual electrode
separation). A conditional selection algorithm (IF-ELSE clause) is implemented to
deal with this decision.

It was observed though, that near the electrodes, Grégoire’s method leads to es-
timate pulp level discontinuities, in the form of a series of sudden jumps, as a result
of the conditional selection algorithm. Although a maximum variation of 5 cm can
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be observed (for 10 cm electrode separation), a small error considering the froth-
depths usually used in industry (1 m), they would be propagated to the actuator, e.g.,
a pinch valve, when a tight level control is used, decreasing the lifetime of the actu-
ator and increasing the variance of the control loop. To correct the above mentioned
problems, a new algorithm was developed by Maldonado et al. [24]. While keeping
the main features of Grégoire’s algorithm, it substantially improves its smoothness
when the interface is near an electrode or moving from one conductivity cell to
another, by considering the weighted average between the two possible values of
froth depth determined by the largest slope method. The steps of the algorithm are
the following: (a) calculation of the conductivity profile; (b) determination of the
possible cells containing the interface, i.e., where the largest conductivity changes
occur; (c) estimation of the X value for these two possible cases using Grégoire’s
algorithm; (d) calculation of the corresponding two possible froth depth values; and
(e) calculation of a weighted average froth depth estimate. That is to say, the froth
depth is determined as a linear combination of the two possible froth depth values,
where the weighing parameters are a function of the conductivities above and below
the cell containing the interface. The experimental results obtained have shown that
the proposed method gives very good froth depth estimates, improving accuracy and
smoothness, which makes this sensor very suitable for control and optimization pur-
poses. The availability of a conductivity profile in the upper part of the column also
opens the door to the evaluation of the bias rate as will be shown in the following
section.

6.3.2 Bias Rate Sensor

Two different approaches have been proposed so far for estimating bias rate. The
first one considers some sort of water mass balance on either zone of the column,
above or below the interface, and makes use of measurements of external flow rates
to estimate an internal variable, the bias rate. The second approach uses column
internal variables, measured near the interface, for estimating the bias rate. The ra-
tionale behind the methods proposed in this category is the change in some internal
variable with variation of the water content in the upper part of the column (above
the interface), resulting from a change in the bias rate.

A method based on the first approach estimates bias rate (Jb) by a water mass
balance in the column section below the feed port assuming a steady-state column
operation, as shown in Equation 6.8 where Jwt and Jw f are the superficial velocity
(volumetric flow rate divided by column cross-sectional area) of the liquid compo-
nent of tails and feed streams, respectively:

Jb = Jwt − Jw f . (6.8)

To implement this measurement method, four relatively expensive instruments
are required: two magnetic flow meters and two gamma-ray density meters, one of
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each type installed in the feed and tailings streams of the column. Despite this costly
set-up, the accuracy of this estimate is very poor since bias is a very small value
calculated from two large quantities, Jwt and Jw f , and subjected to important error
propagation (four instruments each having its own degree of uncertainty). Assuming
a 3% error on each instrument reading, Finch and Dobby estimated a 75% relative
error on bias estimates, which is completely unacceptable [5]. As a result of this
unreliable estimation and the high cost associated with it, not a single concentrator
is presently using a bias control loop in the operation of their flotation columns.
In conclusion, this method can only be used for sensor calibration or for auditing
purposes, and only under carefully maintained steady-state conditions.

To improve the accuracy of the bias estimation through the mass balance ap-
proach, Uribe-Salas proposed to include the liquid-phase conductivity of the tails,
concentrate, feed and wash water streams [25]. This is done through the so-called
“additivity rule”, which states that the conductivity of a mixture is a weighed aver-
age of the component conductivities. He applied this concept to the concentrate
water component Jwc, which is considered to be made of a wash water short-
circuiting stream Jwwc and a water feed-entrainment stream Jw f c, and to the tails
water-component Jwt , which is assumed to be composed of a wash water downward
stream Jwwt and a water-feed downward stream Jw f t . Then, he used these values in
the bias definition given in Equation 6.8.

Uribe-Salas claimed that this approach would in principle improve the precision
of the bias estimate compared with that obtained through the traditional form (Jb =
Jwt −Jw f ). However, it still requires steady-state operating conditions, otherwise the
problem of time-synchronization of the various conductivity and flow rate values
will reduce its reliability. The situation is particularly critical for low k f /kw ratio
values. The extensive instrumentation required, the need for the conductivity of the
liquid component of some streams, and above all, the requirement of a steady-state
operation limit the practical application of this method to laboratory set-ups mostly
working with two-phase systems in well controlled steady-state operation.

While running experiments to validate the use of temperature or conductivity
profiles in the upper part of the column for froth depth evaluation, Moys observed
that the shape of this profile changed with wash water rate variations [26]. A similar
pattern was later reported by Uribe-Salas for the conductivity profile [25] but no
attempt was made to practically implement this relationship.

Based on these observations, Perez-Garibay [27] managed to successfully re-
late the conductivity-profile change to the prevailing bias rate using an ANN. Later
on, Vermette [28] did similar work using the temperature profile. These methods
though, require the existence of a significant difference between wash water and
feed-water conductivities or temperatures, which is usually the case, at least for
northern hemisphere weather conditions. Reported experimental results (laboratory
scale) are very good for two-phase and three-phase (mixture of hematite and silica)
systems.

To verify the usefulness of this sensor for automatic control, dynamic tests were
also conducted to evaluate the capability of the proposed approach for on-line bias
estimation [27]. A 12 in diameter Plexiglas column operating with a two-phase sys-
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tem was submitted to a series of step-changes in wash water, tailings and air flow
rates. Based on continuous conductivity measurements, the ANN provided estimates
of bias and entrainment as a function of time. To verify these predictions, indepen-
dent bias measurements were made through a reference method when the column
was operating in steady-state conditions, before and after a given disturbance was
introduced. ANN predictions for both bias and entrainment were very good.

However, the method has some drawbacks such as the need for extensive ex-
perimentation to constitute the database required for both learning and validation
steps of the ANN and the need for an independent and reliable method of measur-
ing the bias rate necessary for the ANN training database; this can easily be done
on a laboratory scale by a steady-state water balance, but the method has not been
attempted on an industrial scale. As a result of the above mentioned procedure, i.e.,
ANN training using steady-state bias values, it has not yet been confirmed whether
the method would satisfactorily predict transient bias values.

More recently, Aubé [29] used a simple multilinear regression technique to re-
place the ANN algorithm for modeling the bias rate to the conductivity profile. The
steady-state validation results were quite satisfactory, eliminating at least some of
the drawbacks outlined above.

Despite the above mentioned problems, both the ANN and multilinear regres-
sion approaches have been successfully used for automatic control of bias in a
laboratory-scale column on various occasions [21], [30], [31].

In order to solve the remaining concerns of the previously discussed techniques,
Maldonado et al. [32] proposed a method which combines the positive features of
each of them: process phenomenology and some empirical correlations. The pro-
posed method was developed for a water–air mixture only, although work is un-
derway for its extension to three-phase systems. In contrast to methods based on
external (water component) flow rate balances, this one gets information directly
below the interface, i.e. where bias is defined. More precisely, it uses a linear rela-
tionship between the bias rate and the volumetric fraction of wash water (εww) below
the interface, estimated by applying the “additivity rule” (Figure 6.4(a)). The con-
ductivity profile is obtained using the same sensor designed for froth-depth sensing
[24]. Validation results are shown in Figure 6.4(b).

One important advantage of this method is the fact that it can dynamically esti-
mate the bias rate independently of the existence of steady-state conditions. As such,
the method has been successfully implemented in different control applications on
a pilot scale [33, 34]. The proposed method improved the stability of the control
system compared with those control strategies using bias rate estimates obtained as
the difference between tails and feed rate water components [35, 36].

Figure 6.5 shows the dynamic bias estimates (smoother sequence), during step-
changes in wash water rate (the variable used to control bias rate), and bias values
obtained from a water balance in the collection zone (noisy sequence). During the
validation test, feed rate was regulated at a constant value using a local PI controller
and the froth depth was maintained at a fixed value also using a PI controller, by
manipulation of tailings flow rate. Despite the fact that bias rate estimation is based
on a steady-state water mass balance in the collection zone, it is intentionally plotted
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as a dynamic variable to emphasize the effect of the froth depth control-loop on the
estimation. Figure 6.6 shows the effect of gas and wash water rate on the bias rate.
It can be seen that gas rate has a strong impact on bias rate. Unfortunately, the
method has never been tested in industrial columns yet. This subject will be further
discussed in Section 6.4.2.

Persechini [36] also developed and tested three soft sensors to monitor froth
depth, bias and air hold-up for a simplified two-phase system. The latter process
variables were inferred using only two flow meters (air and wash water) and two
pressure gages mounted on the column side. The proposed approach is certainly
interesting and inspiring but requires further developments. The following reserva-
tions are worth mentioning:

• instrumentation would need to be adapted for a slurry application, which repre-
sents the ultimate objective; and

• validation and accuracy of the bias and gas hold-up measurements were not as-
sessed, even for steady-state operation.

6.3.3 Collection zone Gas Hold-up

Basically three methods have been used to measure the air hold-up in flotation
columns respectively based on: (a) differential hydrostatic pressure, (b) electrical
conductivity, and (c) sound detection, the latter has very recently become available.
Despite the fact that all three methods have been tested in industry, some more than
others, and despite the importance of the measured variable for the performance of
the flotation process, their continuous use for plant monitoring is extremely limited,
and for control purposes, non-existent. Differential hydrostatic pressure is currently
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the oldest and simplest technique for evaluating gas hold-up. It consists of measur-
ing the hydrostatic pressure at two points in the collection zone, distant ΔL cm. If
P1 and P2 are the corresponding pressure values and ρsl is the average density of the
pulp between the two sensors, then the gas hold-up is calculated through

εgP = 100

(
1− P1 −P2

ρsl ·g ·ΔL

)
. (6.9)

Since the slurry density value ρsl is hard to measure in industrial columns, the
practical implementation of this method requires assuming a constant value, e.g.,
feed or tail density. However, this fact could lead to erroneous estimates in practice
as indicated hereafter.

When comparing this method with the conductivity-based one for two- and three-
phase system in a well-controlled laboratory column, Nuñez et al. [37] observed
that for the two-phase case, both methods gave similar results whereas for the three-
phase system the pressure-based method provided continuously varying estimates as
a result of the assumption of a constant slurry density used in the air hold-up calcu-
lation. This was clearly observed when the column solid content changed as the fed
pulp replaced the initial water-only content, in that the εgP estimate reflected this
pulp-density effect whereas the conductivity-based estimate εgK was not affected.
During time periods where test conditions were stable, both methods provided con-
sistent estimates not identical but having the same trend, as the respective sensors
were installed at different column positions.
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A different approach for evaluating gas hold-up was developed by Uribe-Salas
[38] using the Maxwell equation for a mixture of a dispersed non-conducting phase
(air) in a continuous conducting phase (pulp). In this method, either phase concen-
tration is related to its electrical conductivity. The final relation for air hold-up is
given in Equation 6.10, where kslg is the conductivity of the mixture pulp air and
ksl is the conductivity of the pulp without air. Whereas the evaluation of the former
does not cause a problem, the latter (ksl) represents the major challenge in using this
method. In fact, this is the same problem encountered in the hydrostatic pressure
method where the measurement of ρsl is required.

εgK = 100 ·
(

ksl − kslg

ksl + 0.5 · kslg

)
. (6.10)

Various methods have been proposed for measuring ksl , the simplest being the
use of the tailing (or feed) stream conductivity [38, 39]. However, this estimate
does not correspond to the same position where kslg is measured and might lead to
errors. Two other methods of evaluating ksl close to the kslg measurement have been
proposed. The first is the “standard addition method” consisting of adding a known
amount of dielectric material in a second cell and solving a system of two equations
(such as Equation 6.10) and two unknowns, kgk and ksl [40, 41]. The second method
uses an open cell for measuring kslg and a parallel cell (called siphon cell), designed
to avoid air bubbles suction, therefore providing an adequate measure of ksl [42].
Figure 6.7 shows the concept of this method. This approach seems to provide more
precise estimates of air hold-up, since the solution of the system of equations in the
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standard addition method might imply an important propagation error. However,
this method might be useful for estimating the gas hold-up in the froth zone where
the siphon method cannot be used.

The third method available for measuring the gas hold-up uses an array of passive
sensors and sonar processing algorithms (sonar array) originally developed for fluid
flow rate measurements and later adapted for measuring the amount of air entrained
in a slurry pipe [43]. This sensor was developed by CIDRA Corporation (USA) and
is commercialized under the name of SONARtrac®1. This technology can simulta-
neously measure the velocity of fluid flow and naturally generated acoustic waves.
The gas hold-up is determined from the propagation velocity of the acoustic waves
(speed of sound) via a nonlinear relationship specific to each case.

The principle of the sonar array instrument is based on the detection, tracking
and measurement of the mean velocities of coherent disturbances traveling in the
axial direction of a pipe. These disturbances are grouped into three major categories:
disturbances conveyed by the flow, acoustic waves in the fluid, and vibrations trans-
mitted via the pipe walls. Each disturbance class travels at a given velocity. For
example, the flow will convey turbulent eddies, density variations, or other fluid
characteristics at the rate of the fluid flow. Liquid-based flows rarely exceed 9 m/s.
Acoustic waves in the fluid will typically have a minimum velocity of 80 m/s and a
maximum velocity of 1500 m/s. The third group, pipe vibrations, travels at veloc-
ities that are several times greater than the acoustic waves. Thus each disturbance
class may be clearly identified and accurately measured. The sequence of events
leading to the actual gas hold-up measurement are as follows:

(a)Acoustic waves are generated by spargers, rotors, or other sources. (b) These
acoustic waves enter the gas hold-up meter along with the air bubbles. (c) The

Figure 6.7 McGill two-cell sensor

1 SONARtrac is a registered trademark of CiDRA Corporation.
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passage of the acoustic waves through the pipe creates a small pressure change
on the inside of the pipe wall. (d) This small pressure change results in a dy-
namic strain of the pipe wall itself. (e) The mechanical dynamic strain signal is
converted to an electrical signal by each element of an array of passive sensors
wrapped partially or fully around the pipe exterior – no coupling gels or liquids
are used. These sensors are spaced at a set distance from each other along the
axial direction of the pipe. (f) The resulting electrical signal from each sensor
element is interpreted as a characteristic signature of the frequency and phase
components of the disturbance under the sensor. (g) An array processing algo-
rithm combines the phase and frequency information of the characteristic sig-
nature from the group of sensor array elements to calculate the velocity of the
characteristic signature as it propagates under the array of sensors. (h) The ve-
locity of the acoustic waves is used to calculate the gas hold-up percentage.

The advantage of this principle is that it is impervious to scale build-up and the
acoustic velocity measurement will not drift with time or temperature. Figure 6.8
shows this device.

The physical embodiment of the gas hol-dup meter consists of a 4 in PVC pipe,
open at both ends, with its axial array of sensors external to the PVC tube but en-
cased within a sealed watertight enclosure, designed to withstand the rigors of a
harsh minerals processing environment. The measurement accuracy is 5% of read-
ing over the gas hold-up range of 0.01% to 20%. The gas hold-up meter is placed
in the collection zone of the flotation device, thus allowing the free access of as-
cending bubbles and descending slurry through the device. The cited article reports

(a) (b)

Figure 6.8 CIDRA’s gas hold-up meter (a) External view and transmitter. (b) Cross-sectional view
illustrating air bubbles and naturally generated propagating acoustic waves
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the successful testing of these sensors in various mineral processing and tar sands
plants in North America.

Other sensors have also been proposed [44–47], all consisting of the extraction of
an aerated pulp sample from the flotation device and letting the two phases separate,
after which the gas phase volume can be measured. Obviously, these batch methods
are inappropriate for control purposes and therefore they will not be discussed here.
Grau and Heiskanen proposed a semi-continuous version of this phase-separation
method [48], whereby a pulp sample is continuously withdrawn from the flotation
cell and sent to the separation chamber or recycled back to the cell, depending on the
position of a by-pass valve. The gas measurement is made by liquid displacement
in an inverted graduated cylinder, which is obviously not a convenient approach for
process control purposes either.

6.3.4 Bubble Size Distribution (BSD) Sensor

For close to two decades, the practical evaluation of bubble size in flotation de-
vices has become a privileged field of research in several universities around the
world. Noteworthy research was carried out in Cape Town University (South Africa)
in 1989, McGill University (Canada) in 2001, Helsinki University of Technology
(Finland) in 2002, Universidad Federal do Rio Grande do Sul (Brazil) in 2003, and
CETEM (Brazil) in 2009. The first BSD sensor was developed in the late 1980s at
Cape Town University [49]. The UCT bubble-sizing sensor comprises a riser tube
and a water reservoir where a glass capillary tube is placed. A fraction of the bub-
bles that reach the reservoir are sucked into the capillary where they are transformed
into cylinders and their length and velocity are measured by two pairs of photo-
transistor–LED detectors. The suction rate is controlled by a peristaltic pump. The
total volume of gas collected is utilized to estimate the absolute size of the bubbles.
However, the diameter of the capillary tube imposes a lower bubble size limit. In
addition, the suction rate and the internal diameter of the capillary tube seem to
impose a maximum bubble size limit [45, 50].

More recently (2001), McGill University researchers developed a sensor for mea-
suring the bubble diameter in flotation devices from bubble image processing [51].
The McGill Bubble Viewer consists of a vertical tube submerged in the pulp, con-
nected to an inclined viewing chamber located outside the cell and a digital camera
placed perpendicular to the upper chamber wall (Figure 6.9). The viewing chamber
has transparent walls and a relatively narrow gap; its inclination angle (typically
20o) can be adjusted for better picture quality. Since the system works under vac-
uum, bubbles rise through the vertical tube, to finally reach the viewing chamber,
where they continue rising, sliding under the upper chamber wall until they leave by
the chamber’s upper end into an ad-hoc container, which needs to be cleared once in
a while. A light source under the bottom wall of the chamber provides the necessary
light for taking pictures of the sliding bubbles.
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The viewing chamber is initially filled with plant process water, to provide a
clear image of the bubbles, in other words, the bubbles are washed before entering
the unit. Frother can also be added to the image area to insure that the bubble size
does not change while the bubbles are rising to be photographed. To obtain a bubble
distribution representative of the flotation cell content, a significant number of pic-
tures must be taken, and later processed by image analysis software. The result of
the whole process is a series of pictures as shown in Figure 6.2(a), and a histogram
of bubble diameters as shown in Figure 6.2(b), which is later transformed into an av-
erage diameter (usually the Sauter mean diameter). At the end of the picture taking
process, the device must be emptied and refilled with clear water, since the view-
ing chamber must not contain a dense pulp which would prevent light from going
through the chamber. Moreover, as bubbles accumulate in the container, pressure
continuously increases whereas the liquid level in the chamber decreases, which
poses a constraint to the time span available for continuous measurements. As a
consequence, the sensor is not adequate for process control purposes in its present
form. This device has been successfully used in several concentrators world-wide
for diagnosis of the air injection system of mechanical cells and columns, but al-
ways using the discontinuous procedure detailed above. COREM (Consortium de
Recherche en Minéralurgie, Québec, Canada) researchers have automated this de-
vice in such a way that it has been used providing semi-continuous measures for an
extended period of time [52]. Despite its on-line measuring capabilities, no effort
has been made so far for its use in process control applications. This point will be
raised in Section 6.5.

A new sensor was proposed by Helsinki University of Technology researchers
[53] based on the McGill Bubble Viewer design and including some practical fea-

Figure 6.9 McGill Bubble Viewer
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tures of the UCT bubble sampler. This bubble size analyzer (HUT-BSA) consists of
a sampler tube, a viewing chamber and an image acquisition system. The sampler
tube is partially immersed in the liquid phase, below the froth-liquid interface, where
it is used to collect rising air bubbles, which are drawn into the viewing chamber.
The function of the chamber is to expose the bubbles to a monochrome CCD camera
which is connected to a personal computer, where the visual information is stored
and processed. The images captured during sampling are automatically processed
using commercial image analysis software and in-house visual basic user interface.

A major drawback of the present approach for analysing bubble distributions
obtained from both the McGill and the HTU sensors is the fact that the use of an
average bubble diameter (D10 and D32) involves a compression of the whole BSD,
where information regarding the shape of the distribution, such as tails and the pres-
ence of multiple modes, is lost. Different probability density functions all having
the same D10 and D32 value can exist, which means that the use of a single aver-
age value would not allow the assessment of the multi-modal, narrowness and tails
characteristics of the actual distribution.

A method to on-line estimate the whole BSD represented by its bubble size prob-
ability density function (PDF) has been recently proposed at Université Laval [54].
A Gaussian mixture model (GMM) is used to represent the bubble size PDF and
a modified version of the well-known expectation-maximization algorithm (EM) is
utilized to estimate the GMM parameters evolution in time. An appealing feature of
this method is that the mean diameters D10 and D32 can be directly obtained from
the GMM parameters, thus obtaining dynamic estimates.

Two other devices have been proposed by Brazilian researchers for the measure-
ment of very fine bubbles. The first sensor (LTM-BSizer) was developed for two-
phase systems only, but the authors mentioned future plans for three-phase system
testing [55]. The sample is driven from the flotation device (a laboratory column) to
a horizontal viewing chamber where bubbles decelerate and eventually stop when
the downstream pinch valve is closed. Images are then taken with the aid of a micro-
scope and a digital camera. When the pinch valve is opened the viewing chamber
is purged and refilled with a new sample and the process is repeated. Images are
processed using commercial software. The second device, the most recent one in
the literature, was designed to measure micro-BSDs on two-phase systems at labo-
ratory scale [56]. The sizing of the generated micro-bubbles was performed with a
Mastersizer 2000SM (Malvern Instruments) through light scattering, which allows
measurements down to 0.1 m. None of them seems, for the time being, to be good
candidates for industrial on-line application, at least for process control purposes.

6.3.5 Superficial Gas Velocity (Jg)

Another commonly measured variable whose importance for the assessment of the
hydrodynamic characteristics of flotation cells is undeniable, is the superficial gas
velocity (Jg), defined as the ratio between the volumetric gas rate and the device
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cross-sectional area. This variable has recently attracted researchers’ attention and
many sensors have been developed mostly for measuring local superficial velocity
in an attempt to evaluate ill gas distribution or sparger malfunctioning [45], [47,
48]. They are all based on some sort of tube submerged in the aerated pulp and
a vacuuming system to drive the gas into a measuring device (typically a gas mass
flow meter). Since regular commercial flow meters (e.g. turbines, Venturi tubes, etc.)
are perfectly adapted for this sort of measurement in flotation columns and they are
entirely adequate for process control purposes, these newly developed sensors will
not be discussed here.

6.4 Automatic Control

6.4.1 Control Hierarchy

In the present context, with globalization and increasingly strong international com-
petition, mineral processing plant managers are constantly seeking to reduce pro-
duction costs while increasing throughput and product quality. One way to reach
this objective is to use better equipment, i.e., to replace existing parts of the plant
with more efficient ones or to add new equipment. Improving plant operation can
also be achieved through on-line data processing by making judicious on-line use of
process sensors and large plant operation databases. Of course, this approach will
only be successful if equipment is working properly.

On-line data processing consists in using measurements provided by plant sen-
sors and knowledge of dynamic plant behavior (evaluated from measurement databases
recorded during plant operation) to automatically, continuously and adequately ma-
nipulate plant actuators, such as valves and variable speed drives, in order to achieve
a specific objective. The ideal on-line data processing is made up of four hierarchic
layers: instrumentation and regulatory control; process observation; process control;
and RTO. This scheme is depicted in Figure 6.10.

Instrumentation for the process being considered has been thoroughly discussed
in the previous section. Regulatory control, the basic control layer, consists of local
monovariable control loops (usually PID controllers) providing steady operation for
the flotation column inputs (air, wash water, pH and reagents), but refers in general
to all control elements (valves and pumps, including that of the tailings).

Process observation aims at getting useful on-line information about plant behav-
ior, therefore allowing the “visualization” of process states and detection of operat-
ing problems, abnormal performances, etc. Reliable sensors are the basic equipment
required for this. However, using data processing techniques such as fault detection
and isolation (FDI)[57, 58], data reconciliation [59] and observers [60], may greatly
improve the process “picture”. FDI rapidly detects and physically localizes prob-
lems such as sensor biases and leaks, whose rapid correction will reduce detrimental
effects on production. Data reconciliation techniques improve the quality of noisy

www.ATIBOOK.ir



272 R. del Villar, A. Desbiens, M. Maldonado, J. Bouchard

measurements by forcing them to be consistent with the knowledge engineers have
about the plant, such as mass and energy conservation laws. Observers are soft-
sensing algorithms which infer signals that cannot be measured (not at all or not
frequently enough). They generate new measurements that can be used to improve
plant operation. Even if process observation is based on passive techniques, they
help engineers improve their vision of the process states and therefore corrective
actions can be taken. Some observation techniques are described in Chapter 2 of
this book. Applications of process observation techniques to flotation columns have
been reported by Bergh et al. [61, 62].

Once the on-line measurements have been improved by the process observation
layer, they may be used to continuously adjust the regulatory controller set points to
provide adequate process control actions. Through feedback and feedforward, ad-
vanced process control permits the maintenance of measured variables at selected
set points despite the presence of disturbances, such as changes in ore properties.
A consequence of the process stabilization around a selected operating point is a
decrease in process variability usually resulting in a smoother and less costly opera-
tion. Robustness and reliability should be the primary focuses regarding any choice
of control algorithms. The intermediate control level aims at maintaining process
variables having a strong influence on metallurgical results (grade and recovery),
such as froth depth, bias, froth parameters, air hold-up or bubble surface area flux,
etc., in a bounded region, i.e., an acceptable operating zone where it is possible to
handle the process and reach production objectives. This level is often called stabi-
lizing control. Applications of process control to flotation columns are described in
the following sections.

The fourth layer is the process optimization step [63], sometimes called supervi-
sory control. It consists in continuously selecting set points of the control layer to
optimize a control objective. The objective is usually related to profit maximization.
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It is well-known that mineral separation performance is dictated by the so-called
grade–recovery curve, which establishes a compromise between the quantity (re-
covery) and the quality (grade) of the device valuable product (concentrate). Usu-
ally, it is the plant metallurgist who decides which position of the curve the plant
(or a section of it) should work at. This decision should, however, be dictated by the
profits generated by operating at a given point on the curve and should automati-
cally be taken by a RTO algorithm based on an economic criterion, such as the net
smelter return.

6.4.2 Process Control

In this section, it is assumed that the instrumentation and regulatory control are
working properly. It is also supposed that the column pulp feed has been correctly
conditioned insuring adequate pH and reagent concentration (collectors, frothers,
etc.). The design and/or tuning of the controller, model-based or not, should rely
on adequate process models. Identification of such models is discussed in Chapter 4
and in Section 5.5.1, and also in several books [66, 67]. As previously explained, it is
often more convenient to indirectly control the primary variables through secondary
variables which can be more easily measured at a reasonable cost. A controller that
adequately manipulates the regulatory controller set points (air flow rate, wash water
flow rate, tailings flow rate, etc.) must then be designed. The secondary variable set
points are the results of the RTO unit.

Undoubtedly, froth depth is the most used secondary variable, and often the only
one, for control of industrial flotation columns. The position of the pulp–froth in-
terface sets the height of the collection zone and therefore is directly related to the
time available for collection of hydrophobic particles on the air bubble surface, the
other factor being the tails flow rate. Consequently, it is partly responsible for the re-
covery of the valuable mineral. However, large froth depth set-point changes would
be necessary to obtain a significant effect on recovery, seriously limiting its use
for recovery optimization purposes. Nonetheless, pulp–froth interface position is an
important control variable since its constancy is a guarantee of stable column oper-
ation: a continuously moving interface is certainly undesirable, since it implies the
risk of feeding the column in the middle of the froth zone or deepening it so much
that a risk of froth collapse exists.

To obtain an adequate cleaning action, a minimal positive value for the bias is
required. On the other hand, if the bias is too large, the residence time of valuable
minerals in the collection zone could decrease.

Gas is at the heart of the flotation process, therefore, controlling gas rate, gas
hold-up, bubble surface area flux or BSD appears to be a way to improve metal-
lurgical performance. The control of bubble surface area flux and BSD will be dis-
cussed in Section 6.5, where future work in this area is discussed. Since measuring
gas hold-up is a more mature technology, examples of its control can be found in
the literature [34–36, 68, 69], as will be illustrated in the next section.
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Imaging systems can provide froth characteristics such as color, form, speed and
size. Eventually, they could also be used as secondary variables for control pur-
poses. For instance, Liu et al. [70] illustrate a new way for modeling and control of
flotation processes based on froth appearances. Froth health monitoring is also dis-
cussed in Chapter 3. Examples where froth speed is measured to improve flotation
performance in cells are described in the literature [71–73].

When controlling a multivariable process such as a flotation column, two main
approaches are possible: decentralized or multivariable control. Decentralized con-
trol consists in using single-input single-output controllers. It requires a good selec-
tion of input–output pairings. Controller tuning must take into account interactions
between the control loops, which may be difficult to accomplish. Despite consid-
erable advances in multivariable control theory, decentralized PI controllers still
remain the standard for most industries. They have fewer tuning parameters, are
easier to understand, and are more failure tolerant. Multivariable controllers are
rather complex, require more engineering manpower and have a lack of integrity,
all which may result in operator non-acceptance. For the flotation column case a
feasible choice of control variables is froth depth, bias rate and gas hold-up whereas
the possible manipulated variables are the tailings, wash water and air flow rate set
points. In the case a decentralized control approach is considered, the following
pairings are suggested: froth depth – tailings flow rate, bias rate – wash water flow
rate and gas hold-up – air flow rate. For a two-phase system, it has been shown that
the resulting model is then an upper triangular matrix [33], indicating that decen-
tralized control with these pairings is very appropriate. The main weakness of this
approach is the difficulty of adequately taking into account constraints, as will be
discussed in the next paragraph and in Section 6.4.3.

Model predictive control (MPC) is, by far, the most widely accepted multivari-
able control algorithm used in the process industry. Several good books describing
MPC are now available [74–76]. Several commercial MPC technologies allowing
model identification and control with constraints can be purchased and successful
applications are found in many process areas [77]. The main advantage of MPC is
its ability to handle multivariable processes while taking into account various con-
straints. Indeed, the plant operating point that satisfies the overall economic goals
of the process, usually lies at the intersection of constraints. The main concepts of
MPC are described in Sections 5.5.2 and 7.3.2. Model development and identifica-
tion (Chapter 4 and Section 5.5.1) are the most difficult, critical and time consuming
steps in the design of a MPC.

Two comprehensive survey papers about control have recently been presented by
Bergh and Yianatos [64] and Bouchard et al. [65]. Table 6.1 summarizes some
control applications reported in these surveys as well as more recent developments.
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Table 6.1 References describing several flotation column control applications

Reference Controlled variables Control algorithm Type of column

[78] Froth depth, bias PID Industrial
[79] Froth depth Backstepping, Pilot, 2 phases

model reference
nonlinear control

[61] Grade, recovery Fuzzy logic supervising Pilot, industrial
local loops

[62] Grade, recovery Expert system Industrial
[30] Froth depth, bias Review of different methods Pilot, 2 and 3 phases
[68] Froth depth, gas hold-up MPC Laboratory
[4] Froth depth PID Industrial

[21] Froth depth, bias PID Laboratory, 2 phases
[31] Froth depth Gain-scheduled PI Pilot, 2 phases
[81] Grade Fuzzy logic Industrial
[82] Column performance through Fuzzy logic Industrial

pulp/froth zone densities
and/or grade and recovery

[33] Froth depth, bias, gas hold-up Decentralized PI Pilot, 2 phases
[34] Froth depth, bias, gas hold-up PI + MPC Pilot, 2 phases
[83] Column concentrate grade and Expert system Industrial

tailing grade of cleaner scavenger
[84] Froth depth, bias MPC Pilot, 2 phases
[69] Froth depth, gas hold-up MPC Pilot, 3 phases
[36] Froth depth, bias, gas hold-up PID Pilot, 2 phases
[85] Froth depth, gas hold-up MPC Laboratory, 3 phases

6.4.3 Application Examples

Two examples are presented, the first a multivariable control (3×3) for a two-phase
system and the second a multivariable control (2× 2) for a three-phase system. In
both cases, the MPC was selected for its ability to handle the existing operating
constraints listed later on.

In the first example [34], regulatory PI controllers were implemented on an in-
strumented pilot flotation column (internal diameter: 5.1 cm; height: 732 cm), as
illustrated in Figure 6.11. Since the primary interest was the development of a regu-
latory control (column hydrodynamic characteristics), a two-phase system was suf-
ficient to illustrate the advantages of the proposed approach. Adequate frother con-
centration (Dowfroth 250) was used to provide proper bubbling conditions and froth
stability. The controlled secondary variables were froth depth, gas hold-up and bias
rate. Froth depth was measured using the weighted average method described at the
end of Section 6.3.1 [24], whereas gas hold-up value was estimated from measured
conductivity values using Maxwell’s equation (Equation 6.10) and bias rate was es-
timated using the method proposed by Maldonado et al. [32] detailed in Section
6.3.2. The manipulated variables were tailing flow rate, wash water rate and gas rate
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set-points. Some controlled and manipulated variables are subjected to operating
constraints which should also be taken into account:

• A low limit for bias: for an adequate cleaning action, thus reducing gangue en-
trainment.

• A high limit for bias: to avoid a decrease in the residence time of the valuable
minerals in the collection zone [5].

• A low limit for wash water flow rate: to ensure froth stability and transport of the
collected particles into the concentrate launder.

• A high limit for wash water flow rate: to avoid an increase in froth mixing and
short-circuiting leading to a decrease in froth cleaning [86].

• A low limit for air flow rate: to maintain solids in suspension.
• A high limit for air flow rate: to avoid hydraulic entrainment and thus concen-

trate grade deterioration, interface loss and presence of large bubbles at the froth
surface.

The proposed control structure is depicted in Figure 6.12. The froth depth (H)
can easily be controlled with a PI controller that manipulates the tailings flow rate
set point (Jt). Bias rate (Jb) and gas hold-up (εg) are controlled with a MPC by
manipulating wash water rate (Jww) and air flow rate (Jg) set points while respecting
the above mentioned constraints. Since the gas hold-up is related to the total bubble
surface area available for particle collection, the objective is to increase its value as
much as possible while respecting operational constraints.

Experimental results are illustrated in Figure 6.13 where set points and con-
straints are, respectively, represented by dash and dash-dotted lines. Since a change
of 50 cm in froth depth only produces a 5% change in the collection zone volume
for a 10 m collection zone height, the impact of the froth depth on column optimiza-
tion is not obvious. A constant 80 cm set point value was selected to damp-down
the gangue entrainment [7]. The Figure 6.13 illustrates the performance of the pro-
posed control structure when the gas hold-up set point is increased. Consequently,
the air flow rate is increased which decreases bias rate until it reaches its constraint,
making gas hold-up unable to attain its high value set point. Selecting such a high
unreachable hold-up set point thus maximizes the bubble surface area available for
particle collection while the bias low limit prevents concentrate grade deterioration
due to hydraulic gangue entrainment.

The second example corresponds to a 2×2 multivariable control in a three-phase
system [69]. The experimental set-up was similar to that used in the previous exam-
ple. The pulp feeding the column was 15% solids, a hematite-silica ore provided by
Compagnie Minière Québec-Cartier (now Arcelor-Mittal Mines Canada). Although
flotation is not the most common separation technique for iron ore concentration,
this mineral was retained for this work as it is reagent-free and does not oxidize, as is
the case of sulphurs. Solid particles graded 66.1% iron, and have a size distribution
characterized by 82.6% passing 75 m and 68.8% passing 45 m. An inverse flotation
process (silica flotation) at pH of 9.5 was chosen to minimize reagent consumption.
The reagents used were WW82 (starch) for iron depressing, MG83 as silica collec-
tor and MIBC as frother. Gas hold-up and froth depth were the controlled variables
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whereas manipulated variables were tailings and air flow rate set points. Figure 6.14
illustrates that good results can also be obtained with a constrained predictive con-
troller for a three-phase system.

6.5 Future Industrial Applications

Previous sections have shown that a significant amount of work has already been
done at the academic level to develop column flotation sensors and design suitable
process control strategies. However, in spite of this, industrial applications are still
rather scarce or nil. It is valid then to ask how the current industry could, from
a practical point of view, benefit from these developments and what needs further
investigation.

Figure 6.11 Pilot flotation column set-up

www.ATIBOOK.ir



278 R. del Villar, A. Desbiens, M. Maldonado, J. Bouchard

Industrial–academic research and development partnerships would simultane-
ously increase the number of industrial applications and improve present process
supervision. Equipment and service suppliers could also take part in this venture
by making column flotation sensors more robust and reliable. Through joint action
nearly mature technologies like conductivity-based probes for froth depth and gas
hold-up, and on-line bubble size measurements could then rapidly become standard
devices for process control.

6.5.1 Sensor Development and Applications

After the industrial evaluation previously mentioned, the conductivity-based sen-
sors for froth depth and bias rate should ideally be revisited by equipment suppliers
with the aim of producing more robust and reliable commercial versions. Although
commercial sensors do exist for froth depth measurement (floats), the conductivity-
based probe could offer the possibility of using the same collected information for
estimating the bias rate, either exclusively, through the ANN method [23], or in
conjunction with gas hold-up sensor signals for the “dynamic” method [32].

Following its successful use for control purposes within the ongoing research
project at the Laronde concentrator [87], the McGill conductivity-based gas hold-up
sensor should also be revisited by its manufacturers to implement the required mod-
ifications for on-line and robust operation. Another interesting technique amenable
to further “exploration” and eventual transformation into a commercial sensor, is the
concept of the standard addition method developed by Perez-Garibay [40] for gas
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hold-up monitoring. This technique was recently successfully tested by Arizmendi
et al. [41] for solid hold-up measurements. Such a technique could become a low-
cost and safer substitute for gamma-ray density meters. In its original application,
the standard addition method remains the only available method for gas hold-up
estimation in the froth zone.

Supervision methods based on multivariate image analysis (MIA) are promis-
ing options to overcome OSA limitations and to monitor froth characteristics. MIA
potential applications for concentrate grade prediction have been reported by Duch-
esne et al. [88]. Liu et al. [89] presented a novel method to extract textural and color
information related to the froth zone BSD, and the presence and amount of clear
windows in flotation froths. Liu and McGregor [70] also showed that the scores of
the MR-MIA (multiresolution multivariate image analysis) could be directly used
in froth control. Froth image analysis based on MIA could become the alternative to
some instrumentation problems of flotation columns, for instance, to monitor water
entrainment. In fact, if the froth color and/or texture are related to the froth water
content, it is possible to build a regression model linking froth image characteristics
to concentrate water content. Like for any image analysis application, conclusions
would be drawn using only surface features, therefore, even if the technique pro-
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vides valuable information, the local nature of the results should not be forgotten. A
more detailed discussion of numerical image analysis potential for the monitoring
of froth characteristics was presented by Bartolacci et al. [90].

Currently, commercial froth imaging systems are available to monitor different
froth parameters such as velocity, bubble size, stability and color intensity. Their in-
stallation with existing or new column flotation applications is always recommended
by equipment providers. Their use for more comprehensive process control strate-
gies should be considered by researchers and practitioners.

6.5.2 Process Control and Optimization

A challenging area for future developments is the proper on-line evaluation and
modeling of the BSD in the collection zone. Gas dispersion properties have proven
to be a key feature of the flotation process, in particular bubble surface area flux
(Sb), linearly correlated with the flotation rate constant, thus becoming a good po-
tential control variable to achieve a target metallurgical performance. As previously
explained, currently all the effort made to obtain a BSD is wasted through the cal-
culation of an average bubble diameter. Once properly modeled, the BSD could
be used for control purposes, either indirectly, through the Sb concept or directly,
leading to metallurgical benefits, particularly if it can be matched to the prevailing
particle size distribution feeding the flotation unit. Therefore, a reasonable control
formulation would be to control the bubble surface area flux being generated from
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a desired BSD matching a given particle size distribution. However, controlling the
whole BSD is a complex problem belonging to the new research area of the control
of stochastic distributions. In our view, new sparger designs will play a crucial role
in increasing system controllability.

Another area which should attract research interest is the proper use of frother
dosage as a control variable. So far, some reported control strategies rely on infor-
mation coming either from froth characteristics (color, bubble size, froth velocity,
etc., usually inferred from image processing analysis) or from the collection zone
(gas dispersion properties). A coordinated overall control strategy seems pertinent
here. It is well known that frother content strongly affects both collection and froth
zones. Indeed, frothers modify bubble size in the collection zone and stabilize the
froth layer. Therefore, frother concentration may well turn out to be a relevant sec-
ondary variable to control. Frother is usually added at the head (front) of the flotation
stage in a concentrator plant by implementing a ratio feedforward control based on
processed tonnage, although in some places it is added at intermediate points in
the flotation circuit. Nevertheless, because of the limitations of feedforward con-
trol in the presence of modeling uncertainties and unknown disturbances, such as
frother persistency, evaporation rate and, most importantly, the effect of reprocessed
water (containing remaining frother), frother concentration in a particular flotation
machine is never precisely known, which makes its control rather complex.

Examples of column flotation control based on metallurgical objectives are rather
scarce in the technical literature. What has been proposed almost exclusively relies
on heuristic techniques, such as expert systems and fuzzy logic [61, 62, 80–82].
True model-based RTO, as described in Section 6.4.1, certainly deserves to be in-
vestigated. A sine qua non condition would be the availability of a mathematical
model linking primary variables (metallurgy) to secondary (operating) variables.

As mentioned earlier in this section, the effect of froth depth on recovery is rather
weak. Indeed, large froth depth set points would be required for significant effects on
this primary variable, thus, its use for optimization purposes is rather limited. At this
moment, there is still no consensus on the quantitative role played by bias rate on
grade and recovery, owing to the lack of an appropriate sensor for this variable. The
effect of Sb, εg and Jg on metallurgy has been studied in-depth, with each variable
being studied separately. What is certainly missing is a comprehensive quantitative
study aiming at determining the relationships between all of the above mentioned
secondary variables and the primary variables, particularly to consider their interac-
tions. The best way to select set points of the secondary variables as a function of
the particle size distribution has not been studied either.

Reliable measurement and control of the secondary variables are required to
make up for the lack of knowledge in this area. Thorough experimental campaigns
consisting of a series of steady-state tests, each run at different values of the sec-
ondary set points would then be possible. During the tests, samples of feed, tail and
concentrate could be taken and later processed for chemical assaying to evaluate the
recovery. If available, an OSA could be used instead. These tests would allow the
development of a model to predict grade and recovery from secondary variables.
An economic criterion, such as the net smelter return, which is a function of grade

www.ATIBOOK.ir



282 R. del Villar, A. Desbiens, M. Maldonado, J. Bouchard

and recovery, and therefore a function of the secondary variables, could then be
maximized on-line.

Implementing a rigorous optimization plan requires investments involving finan-
cial (purchase of a simulator, hiring of a consulting firm, etc.), human and time
resources (for implementation and minimum maintenance). However, the rewards,
assessed in terms of:

• lower production costs (reagent consumption, etc.);
• better metallurgical performance (grade and recovery);
• lower product quality variability;
• benefits on personnel (availability, training on new technologies, etc.);
• fewer environmental impacts, etc;

may exceed original expectations and the payback period tends to be much shorter
than in the case of major capital investments (a few weeks to a few months). This can
partly be explained by the fact that tens and even hundreds of thousands of dollars
of computer equipment, controllers, distributed control systems, programable logic
controllers, and sensors are already available in mineral processing plants and, in
most cases, only their simplest features are being used while the most powerful
ones are often “left on the shelf”, mainly due to the lack of human resources. In
other words, many control wares have already been paid for, but their potential has
not been fully exploited.
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Chapter 7
Industrial Products for Advanced Control of
Mineral Processing Plants

Aldo Cipriano

Abstract This chapter begins with some general observations on the strategic im-
portance automation technologies have acquired in the mining business, and then
reviews a series of recently available commercial advanced sensors for grinding and
flotation plants. This is followed by a brief look at developments in advanced con-
trol and the main concepts involved in the solutions offered. A number of tools for
advanced control development are presented and the reported benefits obtained in
real-world applications are noted. The chapter ends with conclusions and a brief
discussion of current tendencies.

7.1 Introduction

In recent years there has been a slow but steady growth in awareness of the con-
tribution automation technologies can make to each of the various processes in the
mining business value chain. Among producers this recognition is manifested by
such trends as the creation of automation or process control management areas or
units within company structures, the adoption of a vision that integrates automation
with information and communication technologies, the strategic status these tech-
nologies have been given, and the formation of technology companies and research
laboratories dedicated to the development of products and systems based on these
technologies oriented specifically towards the mining industry [1].

This increased activity has borne fruit, as is demonstrated by the significant
growth in the quantity of components, products and systems aimed at developing
both basic and advanced automation functions such as those described in Chapter 1
of this volume. For each of these functions, suppliers of instrumentation equipment
and automation and control systems are offering new solutions and commercial al-
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ternatives, some with broad-ranging industrial applications and others conceived
exclusively for the mining sector. Among these solutions, particularly the ones in-
tended for use in crushing, grinding and flotation, new sensors and analyzers, as well
as environments and systems for the development and implantation of advanced
control strategies are outstanding.

The rest of this chapter provides an overview of products offered in the market,
focusing on the benefits they provide. Unlike other more complete analyses such
as that by Hodouin et al. [2] and Jamsa-Jounela [3], we will confine ourselves to
a limited number of products and mention research findings just to clarify major
tendencies.

7.2 Advanced Sensors

The possibilities for developing control strategies in an industrial process are highly
dependent on what sensors are available. In the case of mineral processing, sensors
exist for measuring a variety of process variables such as those listed below:

• feeder frequency, conveyor load and crusher chute level (crushing);
• tonnage, water flow rate, mill speed, pulp level, pump speed, pulp volumetric

flow rate, pulp density, cyclone and mill pressure, and the power draw of mills,
screens, pumps and cyclones (grinding);

• pulp flow rate, cell and column pulp levels, air flow rate, reagent flow rate, wash
water flow rate and pH (flotation).

To these instruments, which may be categorized as basic given the measurement
principles they utilize, we add two more advanced ones that are also widely used:
pulp particle size distribution sensors in grinding and grade analyzers in flotation.

The last few years have seen a significant increase in the availability of indus-
trial sensors for mineral processing, some of which incorporate highly sophisticated
technologies. These include units that take granulometric size measurements on
crushing or grinding belt conveyors, determine mill operating states and charac-
terize the surface froth in flotation cells.

7.2.1 Size Distribution Sensors

The first development of size distribution sensors based on image processing date
back to 1985 [4]. Currently, there are various products that integrate hardware and
software to determine size distribution using this technique, such as Split-Online
(Split Engineering) [5] and VisioRock (Metso Minerals) [6]. KnowledgeScape [7],
Tata [8] and WipWare [9] also incorporate developments in this method.

Split-Online is an automated digital image analysis system designed to operate
continuously and monitor locations suitable for permanently installed cameras. This
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technology captures images from one or more cameras at a time interval preset by
the user or in response to a trigger signal. Its software architecture is object-oriented.
Split-Online applications include rock fragmentation size with an estimation for fine
material, determination of agglomeration quality using texture classification, auto-
matic image acquisition of fragmentation bucket-by-bucket, and size distribution
curve averaging for each truckload on cable shovels.

VisioRock [10] is a vision technology that can determine the texture and color
separately for each size class and discriminate between ore types and size distribu-
tion for different types of particles. The hardware comprises one or several cameras
and their associated lighting systems, camera–computer communication hardware
and one or more computers. The vision software is part of the vision module in the
optimization control system (OCS©1) software. The OCS© vision module embeds
numerous image processing algorithms.

VisioRock applications include evaluation of rock size distribution on conveyor
belts, the most common situations being:

1. crusher product – automatic help for setting the crusher gap;
2. semi-autogenous (SAG) or autogenous (AG) mill feed – information on feed size

to enable more highly optimized mill operation;
3. screen undersize – detecting holes in the screen or abnormal operation; and
4. feed to critical equipment – detecting wood logs or other abnormal objects on the

conveyor belt that may damage equipment or disturb production.

The size distribution of grinder feed ore is one of the main disturbances affect-
ing the mill process. The measurements provided by these sensors can therefore be
usefully incorporated as a feed-forward variable in automatic mill control strategies.
Since the sensors extract the data from the image analysis of surface ore, the mea-
surements may not be sufficiently representative of the material as a whole. This
factor led to the development of certain variants using, for example, 3-D laser scan-
ning [11].

7.2.2 Mill Operating Condition Sensors

Variables such as power draw that are typically measured for supervising and con-
trolling grinding mills only partially describe the operating condition of these in-
stallations, particularly if they are autogenous or semi-autogenous. This shortcom-
ing explains the efforts made to develop sensors or instrumentation systems that
measure other variables. The results of some of these efforts are outlined below.

The Electric Ear (Metso Minerals) [6] consists of a microphone mounted adja-
cent to the mill, with an amplifier and controller installed remotely. The microphone
converts the sound into electrical energy and transmits it to the controller. The sound

1 OCS is copyright of Metso Minerals Cisa BP 6009, 45060 Orlans Cedex 2, France, www.svedala-
cisa.com
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emitted from the mill varies in intensity as the quantity and average size of the ma-
terial being ground changes. A high noise level indicates an underloaded mill and a
low noise level, an overloaded mill. An underloaded mill leads to an excessive wear
rate of grinding media and mill lining. As a mill becomes overloaded, movement of
the grinding media is increasingly restricted and grinding diminishes.

MillSense™(Outotec) [12] is a non-contact analyzer for grinding mills provid-
ing real-time information on mill charge volume, ball charge, liner wear and grind-
ing media trajectories. Along with mill rotation speed, charge characteristics can
be used to maximize the breakage energy and therefore optimize the grinding effi-
ciency. Charge volume measurement can also be used to avoid both overloading and
underloading.

The Impactmeter [13] is an instrument comprising acoustic sensors, a processor
and software that gathers and deciphers impact signals and transmits them to provide
vital information relating to load impacts in real time and on-line. This information
may be used either directly by the mill operator or by the mill’s automatic con-
trol system to make operational adjustments that optimize impact energy and mill
performance while protecting mill linings and grinding media from excessive wear,
degradation and/or breakage.

The SAG Analyzer is an instrument equipped with software that identifies the
charge toe position and shoulder angles on the basis of acoustic signals. Using this
information together with calibrated plant data, the instrument provides on-line and
real-time estimates of mill fill level as a percentage of mill volume and ball charge
and ore charge as percentages of the total mill load. The SAG Analyzer also indi-
cates the dynamic total apparent load density.

FLSmidth Minerals (formerly FFE Minerals) [14] supplies the Impactmeter and
SAG Analyzer either as a combined instrument or as independent, stand-alone units.

7.2.3 Flotation Cell Froth Sensors

Operators of flotation plants frequently monitor cell surface froth visually and make
adjustments based on interpretation of its appearance. They categorize froths into
a number of distinct types and develop appropriate operating strategies for each
one, looking for the ideal froth appearance. This is the basis for proposals to use
image processing to obtain surface froth characterizations [15]. Image processing
sensors provide quantitative measures of certain representative froth characteristics
and offer the option of making automatic control decisions depending exclusively
on them. These measures can be classified as static or dynamic features, the former
including bubble size, bubble count and bubble density and the latter comprising
froth color, froth speed and froth stability.
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Below we briefly describe FrothMaster™ 2(Outotec) [12], JK FrothCam3 (JK-
Tech Pty. Ltd.) [16] and VisioFroth4 (Metso Minerals Cisa) [17], three industrial
products based on the foregoing principles.

Outotec’s FrothMaster™ is a tool for real-time froth surface analysis. It measures
several essential properties of froth appearance including froth speed and direction,
bubble size distribution and froth stability, and generates a froth color histogram
(RGB). The product also provides statistical data related to these variables. The froth
measurements plus on-stream analyzer assays provide the information necessary for
expert control of the flotation circuit by means of a hierarchical and multivariable
system (FrothCon™) that controls three froth properties – speed, stability and color
– and dynamically maximizes cell efficiency. FrothMaster™ also detects abnormal
situations such as froth collapse. Finally, FrothMaster™ includes web server tech-
nology.

JK Frothcam employs a statistical approach known as the texture spectrum
method to measure both bubble size and froth structure. A classification algorithm
using patterns of texture spectra recognises froth structures that can be related to
variations in flotation process performance. The height of the middle peak of the
texture spectrum provides a means of estimating the average bubble size of the froth
image. Froth speed is measured using an object-matching algorithm called pixel
tracing. The technique assumes that both froth shape and light intensity remain un-
changed during measurement.

VisioFroth, developed by Metso Minerals Cisa, furnishes mean and standard de-
viation measures of froth speed (in cm/s), froth stability (in %), bubble size dis-
tribution, color and brightness indexes and froth texture. It is typically installed to
stabilize the froth speed by manipulating level and/or airflow set-points using the av-
erage speed signals from the OCS© statistical module. The product offers 20 meth-
ods for calculating the froth speed based on correlation, masking and fast Fourier
transforms. The bubble size measurement employs a watershed-based approach.

In addition to these products, other commercial sensors based on the same tech-
nology include the PlantVision™5 image analysis system for flotation (Knowl-
edgeScape) [7] and WipFroth (WipWare) [9]. There has been extensive research
and publications on the subject. Morar et al. [18] present the results of test work
conducted at Rio Tinto’s Kennecott Utah Copper Concentrator on the application
of SmartFroth, developed at the University of Cape Town investigating the relation-
ship between froth color and concentrate grade. Morar et al. show that models can
be developed to predict concentrate grade based on color information and velocity
and stability information. Kaartinen et al. [19] describe a novel approach in which

2 FrothMaster is a registered trademark of Outotec Riihitontuntie 7 D, PO Box 86, FI-02200 Espoo,
Finland, www.outotech.com
3 FrothCam is a registered trademark of JKTechPty. Ltd. 40 Isles Road, Indooroopilly. QLD 4068
Australia, www.jktech.com.au
4 VisioFroth is copyright of Metso Minerals Cisa BP 6009, 45060 Orlans Cedex 2, France,
www.svedala-cisa.com
5 PlantVision is a registered trademark of KnowledgeScape 254 South 600 East, Suite 202, Salt
Lake City, UT, 84102, USA, www.kscape.com
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a multi-camera system and expert controllers are combined to improve flotation
performance. Forbes [20] shows that the Fourier ring and texture spectrum-based
features perform well in classifying new images at a relatively low computational
cost; results from three industrial case studies show that bubble size and texture
measures can be used to identify froth classes. As described in Chapter 3, Lin et al.
[21] present a modified texture spectrum approach and a reliable method based on
binary images of bubble size estimation. Liu and MacGregor [22] use multiresolu-
tional multivariate image analysis for numerical estimation of froth status. Núñez
and Cipriano [23] introduce a new method for the characterization and recognition
of visual information using dynamic texture techniques for prediction of froth speed.

Outotec has evaluated the benefits of using visual information provided by the
froth characteristics sensor FrothMaster™ at Newcrest Mining’s Cadia Valley Oper-
ations in New South Wales, one of Australia’s largest gold producers. As Figure 7.1
shows, a first controller, using FrothMaster™ data, adjusts cell slurry level, aeration
rate and reagent addition to control the froth speed set-point. A second controller
uses the process data from the on-stream analyzer to manipulate the froth speed
set-point so as to achieve a grade set-point specified by the plant metallurgist. For
the purposes of the evaluation, three FrothMaster™ units were installed in the first
three cells of line 1, enabling grade and recovery calculations to be accurately com-
pared with their manually controlled counterparts in line 2. The results achieved in
line 1 showed significant improvements in both grade control and product recovery.
During a 44-day trial period the average grade error in line 1 as a percentage of
target remained within 0.03%, while the average grade error recorded in line 2 was
9.99%. Copper recovery from the line 1 first rougher circuit was 5.28% higher than
from the corresponding cells in line 2, while gold recovery was 5.14% higher. At
the conclusion of the trial period, average frother consumption in line 1 was reduced
by 7.1%, representing a significant saving in annual processing costs.

7.3 Concepts for Advanced Control

An analysis of the available information on advanced control in mineral processing
reveals that despite the wide variety of existing methodologies and techniques for
process control, only a handful have given rise to commercial products applied in
industrial settings. These techniques may be divided into two categories:

• those we will call intelligent control, including ES and fuzzy logic;
• model predictive control, using linear or non-linear models originating in phe-

nomenological or empirical models adjusted on the basis of operating data.

Both categories have their own underlying concepts and application methodolo-
gies, and attempts have been made to combine them into a single integrated solution.
This is the case, for example, with the algorithms known as fuzzy model predictive
control [24].
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Figure 7.1 Visual information-based flotation control strategy evaluated at Newcrest Mining’s Ca-
dia Valley Operations

In crushing, grinding and flotation control there are numerous applications in
each of the categories. Before presenting various industrial products that make use
of these approaches, we briefly review the fundamental ideas behind them [25].

7.3.1 Intelligent Control

In engineering, knowledge is formulated in terms of mathematical models based on
the laws of physics or chemistry that are generally expressed as ordinary or partial
differential equations or difference equations. These models are used to quantita-
tively analyze the behavior of processes or systems either through analytical studies
or, where that is not possible, via simulation-based numerical studies. If the models
are dynamic they can be employed to develop automatic control algorithms, strate-
gies or systems [26].

Although model-based methodologies have a solid foundation, in many cases
mineral processing plant operators resort with considerable success, to decisions
based on their own experience or that of colleagues or supervisors. Such empirical
knowledge may be formulated as decision rules of the type

IF antecedent THEN consequent

In automatic control applications, the antecedent generally includes comparisons
between variables measured by the sensors and reference values or operating limits
as well as logical operations between linguistic variables defined by partitioning into
sets the operating ranges of a measured variable. The consequent usually implies
assigning to manipulated variables values that are sent to the actuators [27].
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Expert systems (ES) integrate the knowledge of one or more process specialists
into a set of rules or a knowledge base that defines the actions of an expert controller
who acts similarly to a proportional (P), proportional–integral (PI) or proportional–
integral–derivative (PID) automatic control algorithm.

The forms of expert control are numerous, and may:

• be based exclusively on the controller’s own knowledge of the specific process
being controlled;

• use rules to reproduce conventional control algorithms for P, PI, PID or other
control methods;

• incorporate estimates of non-measured variables based, for example, on time-
series models;

• include certainty factors in the ES control rules or take into account errors in the
measurements.

One of the most frequently adopted alternatives for improving the robustness of
expert control systems in handling uncertainties and errors is fuzzy logic. In this
approach, a membership function μ is assigned to each linguistic variable or fuzzy
set x such that 0 ≤ μ(x) ≤ 1. The most commonly used membership functions are
triangular, trapezoidal or Gaussian [28, 29].

Expert systems that incorporate fuzzy logic into processing the rules are known
as fuzzy ES. Since the first practical use of fuzzy logic in a control application by
Mamdani [30], many advances have been made at the theoretical level as well as in
applications. The wide array of variants now existing that use fuzzy logic for control
include:

• those that only incorporate fuzzy sets in the rule consequents, as proposed by
Mamdani [31];

• those that include mathematical expressions in the rule consequents, as suggested
by Sugeno [32].

In both cases the basic concepts of automatic control can be extended through the
introduction of notions such as fuzzy controller [33], fuzzy model [34, 35], fuzzy
system stability [36] or fuzzy model identification [37]. By way of example, Figure
7.2 shows the modular structure of a fuzzy controller that processes signals coming
from sensors (crisp inputs) to generate the signals that will be sent to the actuators
(crisp outputs).

7.3.2 Model Predictive Control

Model predictive control (MPC) embraces a complete family of controllers [38]
whose basic concepts are: (1) the use of an explicit dynamic model to predict pro-
cess outputs at discrete future time instants over a prediction horizon; (2) computa-
tion of a sequence of future control actions through the optimization of an objective

www.ATIBOOK.ir



7 Industrial Products for Advanced Control of Mineral Processing Plants 295

Figure 7.2 Main components of a fuzzy controller

function with given operating constraints and desired reference trajectories for pro-
cess outputs; and (3) repetition of the optimization process at each sampling instant
and application of the first value of the calculated control sequence (receding hori-
zon strategy). These three characteristics allow MPC to handle multivariable, non-
minimum phase, open-loop unstable and non-linear processes with a long time de-
lay and the inclusion, if necessary, of constraints for manipulated and/or controlled
variables. As shown in Figure 7.3, at instant t future process outputs are predicted
over the prediction horizon Np using an explicit model. The predictions depend on
known values of the manipulated and controlled variables and future control actions
u(t + j|t) over the control horizon Nu. It is assumed that Nu ≤ Np and that u(t + j|t)
remains constant for j = Nu, ...,Np. The prediction horizon Np is related to the re-
sponse time of the process and Nu is usually chosen so as to be equal to the order of
the model.

Figure 7.3 MPC strategy

The control sequence is obtained by optimizing an objective function that de-
scribes the goals the control strategy is intended to achieve. In classical MPC, an
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objective function minimizes the error between predicted outputs and the set-points
during the prediction horizon as well as the control effort Δu during the control
horizon. The function may be expressed as

J =
Np

∑
j=N1

[w(t + j)− ŷ(t + j|t)]2 + λ
Nu

∑
j=1

[Δu(t + j|t)]2, (7.1)

where ŷ(t + j|t) is the expected value of the predicted output at instant t + j with
known history up to time t, w(t + j) is the set-point at instant t + j, and Δu(t) =
u(t)−u(t −1) with u(t) the manipulated variable at instant t. Parameter λ weights
the control in the optimization problem. N1, Nu and Np define the prediction and
control horizons.

The optimization process may involve hard or soft constraints. For linear uncon-
strained systems this optimization problem is tractable and convex and can be solved
analytically, but in general applications it is common to take into account constraints
or non-linearities in the process, and in such cases the optimization problem must
be solved using iterative numerical methods [39].

A fundamental element in MPC is the model used to characterize the dynamic
behavior of the process. The origins and formulations of such models are diverse,
but may be classified as follows:

• phenomenological or first principle models, in the vast majority of cases non-
linear and continuous time;

• models obtained through numerical adjustments based on operating data using
discrete time series, either linear or non-linear.

Notable among the non-linear models are neural networks, which are used to
numerically approximate a highly complex non-linear function by interconnecting
simpler processing elements such as adders, multipliers and sigmoid functions. As
with linear time series models, the neural model must be calibrated by adjusting its
parameters to the operating data, a task generally performed by a backpropagation
gradient algorithm [40].

Numerous alternative versions of MPC algorithms have been developed based
on the foregoing concepts. They differ from one another as regards the model used
to represent the process and disturbances, the cost function to be minimized, the
constraints applied to each variable and the optimization algorithm employed. MPC
has achieved widespread recognition over the last 25 years in process industries,
where it is currently utilized in more applications than any other advanced control
technique. Even though the great majority of processes display non-linear behavior,
very few MPC developments rely on non-linear models. If such a model is used, or
if the objective function is not quadratic or subject to constraints, the optimization
problem will not be convex, difficulties will arise regarding the existence of local
optima and computational complexity will be much greater.

The popularity of MPC among academics is evidenced by the large number of
books and articles published on the subject. Unlike many other process control tech-
niques, however, MPC is also widely accepted in the industry. This is amply attested
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to by the quantity of commercial products that employ it and the 279 MPC-based
patents that have been registered with the United States Patent and Trademark Office
between 1976 and October 2008 [41].

In recent years, the application of MPC to hybrid dynamic systems has emerged
as a significant area of research [42]. In these systems, continuous dynamic sub-
processes interact with discrete event detection elements and start/stop commands.
Characterizing this type of system involves combining continuous with discrete
variables and differential or difference equations with finite state automata or
switching theory. Although this approach increases the complexity of the model,
its potential for accurately capturing the dynamic of an industrial process is much
greater.

Until recently, MPC applications in mineral processing were few and far be-
tween, as was revealed in a 2003 study by Qin and Badgwell which found that only
37 of the 4,542 applications then detected were in the mining and metallurgy sector
[43]. In just the last few years, however, this trend has changed markedly, as the next
section will demonstrate.

7.4 Advanced Control Tools and Applications

Currently many companies working in the areas of instrumentation, automation and
control are developing and offering commercial products for mineral processing
plants. For reasons of space and available information we will focus here on only
the following firms: ABB, Andritz, Honeywell, Invensys, Metso Minerals, Mintek
and SGS. We note in passing two other suppliers of multivariable predictive control
products, namely Emerson Process Management with its Delta V system [44] and
Rockwell [45], provider of Pavilion Technologies [46], see Table 7.1.

Table 7.1 MPC suppliers and technologies

Company Technology
ABB Expert Optimizer

Andritz BrainWave®6

Emerson Process Management Delta V
Honeywell Profit®7 Suite
Invensys Connoisseur

Metso Minerals Optimizing Control System
Mintek StarCS

Rockwell Pavilion Technologies
SGS MinnovEX Expert Technology

6 BrainWave is a registered trademark of IDEAS Simulation & Control Inc.
7 Profit is a registered trademark of Honeywell International, Inc.
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ABB

ABB Expert Optimizer [47] is a hybrid intelligent system designed primarily for
expert closed-loop process control and industrial process optimization, but can also
be used for decision support applications. Figure 7.4 depicts the concept of the con-
trol algorithm; see European Patent EP1553470 [48]. It is based on a mathematical
model of the process being controlled, for example:

dx
dt

= f (t,x,u); h(t,x,u) = 0, (7.2)

where x is the system state and u is the control variable. The algorithm uses optimal
control (OC) and/or MPC techniques to select the ES targets U . ES keeps the process
variables within certain bounds or close to predefined target values acting on the
control variables C. OC and MPC work by minimizing the functional

J[x(0),u] =

∫ T

0
L(τ,x(τ),u(τ))dτ (7.3)

with respect to u, subject to the constraints imposed by the mathematical model of
the extended system given by the process P and the expert system ES. This model
is a hybrid in the sense that both continuous dynamics (mostly process) and logical
relationships (mostly ES) appear in it. A mixed logical dynamical system approach
is recommended for modeling the extended plant.

Figure 7.4 ABB control algorithm concept

In the scheme shown in Figure 7.4, ES is concerned with process stability while
the OC/MPC lock takes care of optimality, that is, either OC or MPC drives pro-
cesses to their economically optimal point. The performance criterion J is therefore
related to some sort of economic performance measure.
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In a further embodiment of the control system, several layers of the scheme de-
scribed above could be put in place to optimize the process control. In such a case
an ES is supervised by an OC/MPC-based controller, which in turn is supervised by
another ES, etc. This architecture allows optimal exploitation of the advantages of
each approach for each particular task.

Expert Optimizer has been applied in many cement plants. In flotation plants,
a strategy has been developed that incorporates first principle modeling, ES, fuzzy
logic and neural networks to generate the optimal grade–recovery curve, improve
concentrate quality, stabilize flows and minimize reagent use. The manipulated vari-
ables in this strategy are reagent flow rate, cell level set-point, and air flow rates for
cells, and wash water flow for columns [49].

ANDRITZ

Ideas Simulation & Control, a member of the Andritz group, markets three products
with potential for application to mineral processing [50]: Ideas dynamic process
simulator, ACE™8 (Andritz Control Expert) expert control system and BrainWave®

predictive control software
Ideas is a dynamic simulation environment for use in process design, control

logic verification, operator training, and advanced control system design and opti-
mization. ACE is an ES that emulates the responses of an experienced operator, and
has been applied to crusher and dryer operations in combination with BrainWave®.

BrainWave® is a multivariable predictive controller based on Laguerre polyno-
mials, a technique developed at the University of British Columbia, see U.S. Patent
No. 5,335,164 [51]. It employs a model that adapts on-line and utilizes the prediction
horizon as a tuning parameter. The structure of the model, built around discrete-time
transfer functions (Z-transform), is shown in Figure 7.5. Once the model obtains the
state equation of the dynamic system, its parameters are then identified by a recur-
sive least-squares algorithm.

Figure 7.5 Model used by BrainWave®

8 ACE is a registered trademark of IDEAS Simulation & Control Inc.

www.ATIBOOK.ir



300 A. Cipriano

The application of BrainWave® has been reported in various mining processes
such as level control in secondary and tertiary crushers, particle size distribution
control in ball mills, cascade control of power and inventory in SAG mills, flota-
tion cell level control, thickener density control and molybdenum concentrate dryer
control.

BrainWave SAG Mill is a control package using model-based predictive con-
trol technology that accounts for changes in mill rotation, recycled pebbles and ore
quality to maintain mill weight and maximize production. As the weight controller
adjusts the set-point for fresh ore feed, a second BrainWave controller defines the
feeder speed to ensure that the right amount of material is delivered to the mill.
Additionally, BrainWave® can automatically adjust its control settings to allow for
different operation due to changes in ore hardness over time. BrainWave® was in-
stalled at the Minera Los Pelambres copper concentrator site in order to tightly con-
trol the weight in the SAG mill and thereby promote optimum grinding. According
to Andritz, the strategy has been demonstrated to improve mill throughput by as
much as 3%.

HONEYWELL

Honeywell offers a family of products known as Profit Suite for advanced process
control and optimization. Most of its components can be used in mineral process-
ing applications. These products include Profit Suit Early Event Detection (EED)
Toolkit, Profit® Sensor Pro, Profit® Loop, Profit® Controller, Profit® Optimizer,
Profit® Bridge, Profit® Max and UniSim Design Suite [52].

The Profit® Suite EED Toolkit provides a statistical modeling and application
environment to identify, localize and support the reduction of abnormal situations
in processes and plant equipment. It uses principal component analysis (PCA) and
fuzzy modeling. The Toolkit’s PCA modeling interface provides intuitive controls
and options to suit both novice and expert users. The Fuzzy Logic Modeling Toolkit
employs an analytical method for PCA post-processing.

Profit® Sensor Pro is a data analysis and regression tool used to develop models
for on-line prediction and soft sensor applications. Profit® Sensor Pro permits the
analysis of complex data sets using a suite of advanced mathematical tools, includ-
ing ordinary least squares (OLS), weighted least squares, and partial least squares
(PLS) regression, as well as PCA and statistical variable ranking. Profit Sensor Pro
capabilities include the development of linear and non-linear models for off-line
analysis and on-line deployment.

Profit Loop is a single input/single output MPC application designed with the
operating simplicity of a standard PID controller. This technology is a Smith pre-
dictor, gap controller, and optimizer all in one that is used for controlling discrete
analyzers, tank levels and long process delays.

Profit® Controller, based on Honeywell’s Robust Multivariable Predictive Con-
trol Technology (RMPCT), provides the tools for designing, implementing and
maintaining multivariable control and optimization strategies to control complex
and highly interactive industrial processes. The objective function employed by
Profit® Controller is
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J = ∑
i
[biyi(t + j)+ ai(yi −wi)]

2 +∑
j
[d ju j + c j(u j −m j)]

2, (7.4)

where yi is a controlled variable, wi is the corresponding reference, u j is a manip-
ulated variable, and ai , bi , c j, d j , and m j are parameters. Both error and profit
optimization can be performed.

Profit® Controller uses the range control algorithm, which determines the small-
est process moves required to simultaneously meet control and optimization objec-
tives, see U.S. Patent No. 5,572,420 [53]. Its handling of control through “funnels”
rather than specified trajectories gives the controller additional degrees of freedom
to enhance dynamic process optimization. RMPCT uses a finite impulse response
(FIR) model form, one for each controlled manipulated pair; model identification is
accomplished using open-loop tests on the process [54]. RMPCT provides robust-
ness to plant–model mismatch using singular-value thresholding and a min-max de-
sign. In the latter, the optimizer determines the control effort over all possible plants
realizations (worst case).

Profit ® Optimizer solves multi-unit and plant-wide optimization on a minute-
by-minute basis. It leverages measured process relationships and dynamic process
information residing in underlying Profit Controller applications. By accounting for
constraints and economics between operating units, Profit Optimizer can implement
optimal operating conditions without violating global plant constraints. In addition,
it dynamically coordinates the introduction of optimal set-points for a smooth tran-
sition to optimal operation using distributed quadratic programming.

Profit® Bridge integrates non-linear process models with Profit Controller and
Profit Optimizer applications. By frequently updating the linear models embedded
in these applications with information obtained from non-linear process models,
Profit Bridge delivers dynamic non-linear control and optimization at a fraction of
the cost of a full-scale, rigorous optimization system.

Profit® Max provides a first-principle modeling and optimization system within
an on-line execution environment. This solution is typically used on optimization
projects requiring mixed-integer programming, or on highly non-linear processes.

UniSim™9 Design is an interactive process modeling offering that enables en-
gineers to create steady-state and dynamic models for plant design, performance
monitoring, troubleshooting, operational improvement, business planning and asset
management. With this product, steady-state models can be extended to transient
models, allowing consistent model configurations to be used for process transient
analysis, controllability studies, and operator training applications.

Honeywell has developed various MPC applications in mineral processing plants,
one of the first being the SmartGrind ball grinding application installed at the BHP
plant in Pinto Valley, Arizona (see Figure 7.6). TotalPlant SmartGrind multivariable
control integrates MPC and neural networks to predict anomalous situations such as
mill overloads. In this ball mill example, a projected throughput increase of 4.18%
in the desired product (smaller than +65 mesh particle) was obtained. Performance

9 UniSim is a registered trademark of Honeywell International, Inc.
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data collected in December 1997 showed that control by SmartGrind rather than
operator supervision brought about an increase in throughput of 2% [55].

Figure 7.6 Block diagram of TotalPlant SmartGrind MPC

INVENSYS

Invensys offers a control system product known as Connoisseur that incorporates
two modules, one of them a model-based predictive controller and the other a static
optimizer that employs linear programming [56].

Key features of Connoisseur are the following:

• real time adaptive control, enabling the control system to be adapted to prevailing
process conditions on-line;

• constrained optimization that permits operation within the physical constraints
of the process, allowing the system to maximize process potential;

• application of MPC to processes that require multiple models. The product uses
on-line gain scheduling and can switch automatically between multiple model
sets without turning the controller off.

Connoisseur’s modeling tools are cross-correlation, power spectral density and
statistical techniques such as OLS and PLS. Recursive least squares is also used
for on-line adaptable estimation and control with FIR and ARX models. The prod-
uct enables management of hard and soft constraints including variation limits and
speeds. Additionally, it offers gain scheduling functions for processes that require
multimodels, neural networks (multilayer perceptron and radial basis function) for
non-linear systems, and fuzzy ES to complement the MPC control.

Among other mining applications, Connoisseur has been used at Asarco Mines
to improve grinding and flotation circuit performance [57]. Grinding control objec-
tives include driving the line to its optimal operating point and maintaining control
through variations in ore characteristics. The product has increased the feed rate
without violating the mill’s operating limits, such as maximum particle size, cy-
clone overflow density and cyclone pump current. It also has the ability to increase
recycle mass flow for minimizing particle sizes when the feed is limited. The re-
sult has been the dual benefit of increasing recovery while minimizing wear on the
ball mills. A separate Connoisseur multivariable controller is used to control each
of the eight grinding circuits. Each controller has access to a number of process
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models which represent process dynamics under different operating regimes. The
controller automatically selects the appropriate control model by determining which
one provides the best fit for the prevailing conditions. The controllers also make use
of Connoisseur’s on-line adaptation facility to modify control models in line with
longer-term drifts in operation such as mill wear. A rules-based scheme, applying
fuzzy logic technology, is utilized to monitor the levels of the ore storage bins fed
from the upstream ore handling facility.

METSO

Metso is a holding company active in pulp and paper (Metso Paper), mining (Metso
Minerals) and automation (Metso Automation). In each of these areas it offers mod-
eling, simulation and control products. The firm operates in the market for mining
automation and control systems through Metso Minerals-Cisa, whose main control
product is Optimizing Control Systems (OCS©), an expert control system based on
fuzzy rules that incorporates image processing, virtual sensors, statistical models,
neural networks, optimization modules and adaptive predictive models (see Figure
7.7). As with VisioRock and VisioFroth, two of the sensors described in 7.2 above,
OCS© has been installed in numerous concentration plants [17].

Metso Minerals-Cisa also markets a computer-based training (CBT©10) system
for operators based on dynamic simulation. The system permits users to visualize
the effect of control actions through text, figures, animations, videos and interactive
graphics, as well as providing evaluations of operator learning.

Figure 7.7 Metso Optimizing Control System

10 CBT is copyright of Metso Minerals Cisa BP 6009, 45060 Orlans Cedex 2, France,
www.svedala-cisa.com
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Metso has developed control strategies for flotation plants that combine Vi-
sioFroth with feed-forward and froth speed control techniques using a cascade con-
trol system in which the controller sets the pulp and air reference levels. An assess-
ment of the benefits obtained from these strategies at the Grasberg mine in Freeport,
Indonesia, which included the installation of 172 cameras, reported a recovery in-
crease of 2.6 to 3.9%, a reduction in frother dosage of 25% and a project payback
time of 51 days.

MINTEK

Mintek offers a family of products for mineral processing control known as StarCS,
an open system with OPC communication and a series of functionalities integrated
in specific applications such as MillStar and FloatStar [58].

Among these functionalities are:

• StarCS Autotuner, for self-tuning of PID controllers;
• Advanced Control Package, which includes ratio controllers, advanced PID, a

soft limiter, a dead time compensator, feed-forward control, advanced filters and
non-linear compensators;

• StarSC MMPC, a model-based multivariable predictive controller specially adapted
for processes with different numbers of controlled and manipulated variables;

• StarSC Deadbeat Controller, for processes with very long dead times;
• fuzzy logic environment for fuzzy expert control;
• dynamic simulator for continuous and discrete time systems, with non-linear

blocks and white noise generators.

Figure 7.8 shows the structure of FloatStar, a flotation control system developed
by Mintek for stabilizing pulp or froth levels and optimizing cell bank residence
times, grades and recoveries. The product includes modules for process monitoring,
level stabilization, optimization (Flow Optimiser), pH control and flotation dynam-
ics simulation. Flow Optimiser is a multivariable predictive controller whose manip-
ulated variables are the cell level and air flow references. Craig and Henning [59]
and Houseman et al. [60] detail the benefits of the FloatStar system.

SGS

SGS offers advanced process control solutions through the implementation of fuzzy
ES that utilize MET (MinnovEX Expert Technology), FLEET™11 (Flotation Eval-
uation Tool) and JKFrothCam [61]. MET is implemented on Gensym’s G2 plat-
form, which combines real-time reasoning technologies including rules, workflows,
procedures, object modeling, simulation, and graphics in a single development and
deployment environment. Two of the specific tools employed: NeurOn-Line Studio
and NeurOn-Line, are also Gensym products [62]. NeurOn-Line Studio is employed
for viewing and cleaning training data and determining sensitivities and time lags
for various model inputs. NeurOn-Line, on the other hand, is used to deploy the

11 FLEET is a registered trademark of SGS Group, http://www.sgs.com/
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Figure 7.8 FloatStar structure

model via the ES shell. With these tools, SGS has developed soft sensors for parti-
cle size measurements in the grinding ES installed at several concentrators. As for
FLEET™, it is a combination of methodology and software that analyzes the vari-
ability of flotation plant responses in order to improve their design and optimize
production planning.

The introduction in 1999 of a MET ES for SAG milling at Ok Tedi brought
about significant improvements in circuit throughput. In 2002 a MET neural net-
work model was developed and deployed to enhance the existing ES solution. The
main objective of this model was to predict the effect that changes in SAG tonnage
and density would have on mill power draw. The result was a decrease in process
variance with an associated increase in average circuit performance. The improve-
ment in power draw was 35% over that already obtained with fuzzy expert control
alone. This led to an additional 2% in calculated throughput on top of the 5.3%
quoted in an earlier paper [63]. An important supplementary benefit was the reduc-
tion in variability, which ultimately benefits flotation.

As regards developments in flotation, MET and JKFrothCam were installed in
80 OK-100 copper flotation cells at Escondida to control cell level and air flow.
An evaluation found that feed consistency in the cleaning circuit was improved and
recovery rose by 1.3%.

7.5 Conclusions and Trends

The foregoing review has shown that a significant number of industrial products,
including innovative sensors and tools for the development, implantation and eval-
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uation of advanced control strategies, are now being applied in mineral processing
plants. Other products that could also be named, such as dynamic simulators and
virtual sensors, were just briefly touched on. Furthermore, research centers are per-
fecting a whole range of new designs and developments as well as products that
are already applied in other industries. As occurred previously with visual sensors
and predictive control algorithms, these new alternatives will no doubt soon appear
in the mining sector, traditionally not a pioneer in applying automation and control
technologies.

The majority of existing mineral processing plants incorporate an excellent au-
tomation, communication and real-time information infrastructure, and with the ba-
sic stages thus in place, the time seems ripe for a widespread application of automa-
tion technologies in mineral processing and a broadening of their field of action.

New developments and products can be expected in the following areas:

• Visual sensors with greater accuracy and robustness.
• On-line hardness and mineralogy analyzers.
• New sensors for the measurement of grinding, classification and flotation vari-

ables.
• Additional new tools for advanced control that combine ESs with model-based

control and continuous with discrete control (hybrid systems).
• Dynamic optimization applications for integrated processes (e.g., SAG mills

and secondary grinding, cell and column flotation) and plant interconnection
(crushing-grinding-flotation).

If users are to fully reap the expected benefits of all this greater technological
sophistication, certain shortcomings in the training of professionals and technicians
charged with supervising and operating mineral processing automation equipment
will have to be resolved first [64]. Interestingly, technology can also contribute to
strategies for overcoming these problems through the application of solutions al-
ready proven in other industries. These include certifications, continuing education,
e-learning, project-based learning and operator training simulators.
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[24] Flores A, Sáez D, Araya J, Berenguel M, Cipriano A (2005). Fuzzy predictive control of a
solar power plant. IEEE Transactions on Fuzzy Systems 13(1): 58–68
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